
Introduction
Bounded cut

Unbounded cut
Application to δ′-interaction

Summary

Trace Hardy Inequality for Euclidean Space with Cut

Michal Jex
Joint work with Vladimir Lotoreichik

Institute of Analysis
Department of Mathematics

Karlsruhe Institute of Technology

Graz, 25.2.2019

Michal Jex Trace Hardy Inequality for Euclidean Space with Cut



Introduction
Bounded cut

Unbounded cut
Application to δ′-interaction

Summary

Outline
Traditional Hardy Inequality
Preliminaries

Outline

Introduction

Preliminaries

Inequality for bounded cut

Inequality for unbounded cut

Application to δ′-interaction

Summary

Michal Jex Trace Hardy Inequality for Euclidean Space with Cut



Introduction
Bounded cut

Unbounded cut
Application to δ′-interaction

Summary

Outline
Traditional Hardy Inequality
Preliminaries

Hardy Inequality

The classical Hardy inequality in the Euclidean space Rd , d ≥ 3∫
Rd

|∇u|2dx ≥ (d − 2)2

4

∫
Rd

|u|2

|x |2 dx , ∀ u ∈ H1(Rd)

Various trace versions of the Hardy inequality, e.g.∫
Rd

+

|∇u|2dx ≥ 2

(
Γ( d

4
)

Γ( d−2
4

)

)2 ∫
∂Rd

+

|u|2

|x ′| dx
′, ∀ u ∈ H1(Rd

+)

where Rd
+ denotes upper half-space in Rd for d ≥ 3

Usually holds for d ≥ 3
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Preliminaries

We consider a connected, possibly unbounded, Lipschitz hypersurface
Σ ⊂ Rd with two faces Σ±

The domain Rd\Σ with a cut across Σ is connected

The boundary ∂Σ of Σ can be viewed as a (d − 2)-dimensional manifold
naturally embedded into Rd .

For any x ∈ Σ, we denote by ρΣ(x) the geodesic distance between x and
∂Σ, measured in the induced Riemannian metric of Σ.

We denote by Sr1,r2 the open spherical shell centred at the origin with the
inner radius r1 > 0 and the outer radius r2 > r1.

For any u ∈ H1(Rd\Σ), its traces u|Σ± onto two faces Σ± of Σ are
well-defined functions in L2(Σ).

The jump of the trace [u]Σ := u|Σ+ − u|Σ− is a well-defined and non-trivial
function in L2(Σ).
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Inequality for bounded cut

Theorem

Let Σ ⊂ Rd be a bounded Lipschitz hypersurface be as above. Then there
exists a constant C = C(Σ) > 0 such that∫

Rd

|∇u(x)|2dx ≥ C

∫
Σ

|[u]Σ(x)|2

ρΣ(x)
dσ(x), ∀ u ∈ H1(Rd \ Σ).
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Sketch of proof

Lemma

Let Σ ⊂ Rd be a Lipschitz hypersurface as above. Then the following
statements hold.

1 For any ε > 0, there exists a constant Cε = Cε(Σ) > 0 such that

‖[u]Σ‖2
L2(Σ)≤ε‖∇u‖

2
L2(Rd ;Cd ) + Cε‖u‖2

L2(Rd )

holds for all u ∈ H1(Rd\Σ).

2 Assume that Σ is bounded and let Ω ⊂ Rd be a bounded C∞-smooth
domain such that Σ ⊂ Ω. Then there exists a constant C̃ = C̃(Ω,Σ) > 0
such that ∫

Σ

|[u]Σ(x)|2

ρΣ(x)
dσ(x) ≤ C̃‖u‖2

H1(Ω\Σ),

holds for any u ∈ H1(Ω\Σ).
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Sketch of proof

Let Ω ⊂ Rd be a bounded connected C∞-smooth domain such that Σ ⊂ Ω
holds and Ω\Σ is connected.

For any u ∈ H1(Rd \ Σ) we have∫
Rd

|∇Rd\Σu|
2dx ≥

∫
Ω

|∇Ω\ΣuΩ|2dx

where uΩ := u|Ω
The average of uΩ is well defined

〈uΩ〉 =
1

|Ω|

∫
Ω

uΩ(x)dx

It is easy to see that

[uΩ − 〈uΩ〉]Σ = [uΩ]Σ and ∇Ω\Σ

(
uΩ − 〈uΩ〉

)
= ∇Ω\ΣuΩ.
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Sketch of proof

The constant function on Ω is the eigenfunction corresponding to the
lowest eigenvalue of the Neumann Laplacian on Ω\Σ
The function uΩ − 〈uΩ〉 is orthogonal to constant function.

By the min-max principle we can estimate the L2-norm of the difference
〈uΩ〉 as

λN
2 (Ω\Σ)‖uΩ − 〈uΩ〉‖2

L2(Ω) ≤ ‖∇Ω\Σ(uΩ − 〈uΩ〉)‖2
L2(Ω;Cd )

where λN
2 (Ω\Σ) > 0 denotes the second eigenvalue of the Neumann

Laplacian

we rewrite the inequality from Theorem as follows∫
Σ

|[u]Σ(x)|2

ρΣ(x)
dσ(x) =

∫
Σ

|[uΩ]Σ(x)|2

ρΣ(x)
dσ(x) =

∫
Σ

|[uΩ − 〈uΩ〉]Σ(x)|2

ρΣ(x)
dσ(x)

≤ C̃
(
‖∇Ω\Σ(uΩ − 〈uΩ〉)‖2

L2(Ω;Cd ) + ‖uΩ − 〈uΩ〉‖2
L2(Ω)

)
≤ C̃(1 + (λN

2 (Ω\Σ))−1)‖∇Ω\Σ(uΩ − 〈uΩ〉)‖2
L2(Ω;Cd ).
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Conformal mapping

Function M is smooth analytic complex function with non-zero derivative
everywhere in S ⊂ C
conformal map acts as follows

x̃ = <(M(x + iy))

ỹ = =(M(x + iy))

Cauchy-Riemann equations

∂x x̃ = ∂y ỹ ∂x ỹ = −∂y x̃

Linear fractional transformation-LFT

For a, b, c, d ∈ C such that ad − bc 6= 0 the mapping M : Ĉ→ C is an LFT if
one of the two conditions holds:
1) c = 0, d 6= 0, M(∞) :=∞, and M(z) := (a/d)z + (b/d) for z ∈ C.
2) c 6= 0, M(∞) := a/c, M(−d/c) :=∞, and M(z) := az+b

cz+d
for z ∈ C,

z 6= −d/c.
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Conformal mapping

Lemma

Let M be an LFT as above with the Jacobian JM. Then for any
x ∈ R2\{ZM} and for any function u : R2 ' C→ C differentiable at the point
M(x) equality |(∇v)(x)|2 = |(∇u)(M(x))|2JM(x) holds with v = u ◦M.

Lemma

Let Σ ⊂ R2 be an unbounded, piecewise-C 1 curve, parametrized via the
unit-speed mapping σ : (0,∞)→ R2. Let M be an LFT as above with the
Jacobian JM and such that ZM,ZM−1 /∈ Σ. Let the bounded curve
Λ :=M−1(Σ) be parametrized by λ :=M−1 ◦ σ. For arbitrary u ∈ H1(R2\Σ)
set v := u ◦M. Then the following hold.

1 The identity
∫
R2 |∇R2\Σu|2dx =

∫
R2 |∇R2\Λv |2dx is satisfied.

2 If, in addition, u ∈ C∞c (Rd\Σ), then∫∞
0

[JM(σ(s))]1/2
∣∣[u]Σ(s)

∣∣2ds =
∫ |Λ|

0

∣∣[v ]Λ(s)
∣∣2ds.
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Conformal mapping approach

Theorem

Let an unbounded piecewise-C 1 curve Σ ⊂ R2 be parametrized by the mapping
σ : R+ → R2 with |σ̇(s)| ≡ 1. Then there exists a constant C = C(Σ) > 0 such
that ∫

R2

|∇u(x)|2dx ≥ C

∫ ∞
0

∣∣[u]Σ(s)
∣∣2

1 + |σ(s)|2 ds, ∀ u ∈ H1(R2\Σ)

as long as there exists a conformal mapping M such that Σ is mapped to
non-closed, bounded and non-intersecting curve.

Sketch of the proof: Application of previous theorems.
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Inequality for unbounded cut

Admissible hypersurface

An unbounded Lipschitz hypersurface Σ ⊂ Rd is admissible if for an increasing
unbounded sequence 0 = r0 < r1 < . . . rn < . . . , the domains Srn,rn+1\Σ are
connected for all n ∈ N0.

Theorem

Let an unbounded Lipschitz hypersurface Σ ⊂ Rd be admissible. Then there
exists a function WΣ : Σ→ (0,∞) such that∫

Rd\Σ

|∇u(x)|2dx ≥
∫

Σ

WΣ(x)|[u(x)]Σ(x)|2dσ(x), ∀ u ∈ H1(Rd\Σ).

Sketch of the proof: Splitting of space into shells and working with them
separately.
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Perforated hyperplane

Perforated hyperplane

The surface Π ⊂ {(x ′, xd) ∈ Rd : xd = 0} is an admissible perforated
hyperplane if for some r > 0 and R > 2r holds

1 ∃ x0 ∈ Br (0) : Π ∩ Br (x0) = ∅.

2 ∃ x ∈ SR+r,2R−r : Π ∩
(
∪∞n=1 B2n−1r (2n−1x)

)
= ∅.
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Perforated hyperplane

Theorem

Let Σ ⊂ Rd be an admissible perforated hyperplane. Then there exist
Ĉ = Ĉ(Σ) > 0 and ω = ω(Σ) > 0 such that∫

Rd

|∇u(x)|2dx ≥
∫

Σ

W(x)|[u]Σ(x)|2dσ(x), ∀ u ∈ H1(Rd\Σ),

with the weight

W(x) :=

{
ω, |x | < R

21−nω, 2n−1R≤|x | < 2nR, n ∈ N.

where R is the same as in Definition above.

Sketch of the proof: Splitting of space into shells and working with them
separately.
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Definition of the δ′-interaction on non-closed manifold

the symmetric sesqulinear form

aΓ
δ′,β [f , g ] :=(∇fi,∇gi)i + (∇fe,∇ge)e + β−1(fe|Γ−fi|Γ, ge|Γ−gi|Γ)Γ,

dom aΓ
δ′,β := H1(Ωe)⊕H1(Ωi),

is closed, densely defined and lower-semibounded in L2(Rd)

linear mapping

Λ: H1(Ωe)⊕H1(Ωi)→ L2(Γ \ Σ), Λf := fe|Γ\Σ − fi|Γ\Σ,

symmetric, densely defined and lower-semibounded form

aΣ
δ′,β [f , g ] := aΓ

δ′,β [f , g ], dom aΣ
δ′,β := {f ∈ dom aΓ

δ′,β : Λf = 0}.

the self-adjoint operator −∆Σ,β in L2(Rd) is induced by the form aΣ
δ′,β
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Absence of negative eigenvalues for non-closed hypersurface

Key inequality

Let Γ,Σ ⊂ Rn be as above. Then there exists a constant C = C(Σ) > 0 such
that

‖ψΣ+ − ψΣ−‖
2
L2(Σ) ≤ C‖∇ψ‖2

L2(Rn ;Cn)

holds for any ψ ∈ H1(Rn \ Σ).

Theorem

Let Λ be a non-closed compact Lipschitz manifold of the codimension 1. Then
there exists β0 such that the operator −∆Σ,β is positive as long as β < β0.
Furthermore the spectrum is σ(−∆Σ,β) = σess(−∆Σ,β) = R+.
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Hardy inequality for a cut

Holds also in dimension 2

Works for bounded and unbounded cuts

Application to δ′-interaction

Thank you for your attention
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