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Hardy Inequality

@ The classical Hardy inequality in the Euclidean space RY, d > 3

_oy2 2
/ |Vul?dx > u/ Ll dx, Yue H(RY)
Rd R

4 @ |x]?

@ Various trace versions of the Hardy inequality, e.g.

d 2
2 (7) ‘U‘ ’ 1/mpd
/JR" [Vul| dx22<r(d42)> ./BRd ‘X/‘dx, Vue H(RY)
+ +

where Ri denotes upper half-space in RY for d > 3
@ Usually holds for d > 3
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Preliminaries

@ We consider a connected, possibly unbounded, Lipschitz hypersurface
¥ c RY with two faces ¥4

@ The domain R?\X with a cut across X is connected

@ The boundary 0% of X can be viewed as a (d — 2)-dimensional manifold
naturally embedded into R?.

@ For any x € X, we denote by py(x) the geodesic distance between x and
0X, measured in the induced Riemannian metric of .

@ We denote by S;,,, the open spherical shell centred at the origin with the
inner radius 1 > 0 and the outer radius rn» > n.

o For any u € H'(RY\X), its traces u|x, onto two faces ¥+ of ¥ are
well-defined functions in L*(Z).

@ The jump of the trace [u]s := u|z, — u|s_ is a well-defined and non-trivial
function in L2(X).
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Inequality for bounded cut

Let ¥ C RY be a bounded Lipschitz hypersurface be as above. Then there
exists a constant C = C(X) > 0 such that

/ |V u(x)|?dx > c/ Hul=(F 4, (x), Yue H'(RY\X).

px(x)
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Sketch of proof

Let ¥ C RY be a Lipschitz hypersurface as above. Then the following
statements hold.
@ For any € > 0, there exists a constant C. = C.(X) > 0 such that

2 2 2
Iulllio@) <ellVullizga,cay + Cellulli2ga)

holds for all u € H'(RY\X).

© Assume that ¥ is bounded and let  C RY be a bounded C*°-smooth
domain such that X C Q. Then there exists a constant C = C(€2,X) > 0
such that
uls ~
[MA=CIE 45109 < Ciluarey

holds for any u € H'(Q\X).
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Sketch of proof

o Let Q c RY be a bounded connected C°°-smooth domain such that £ C Q
holds and Q\X is connected.

o For any u € H*(R?\ ) we have

/ \de\):u|2dx2/\vg\zun\2dx
R Q

where ug 1= ulq

@ The average of ugq is well defined

7i uq(Xx)ax
(um) = 757 [ walo)d

@ |t is easy to see that

[ug — (ua)]y = [ualz and Va\z(ua — (ue)) = Vasua.
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Sketch of proof

@ The constant function on Q is the eigenfunction corresponding to the
lowest eigenvalue of the Neumann Laplacian on Q\X

@ The function uq — (uq) is orthogonal to constant function.

@ By the min-max principle we can estimate the L2-norm of the difference
(uq) as

22 (Q\T)|ug — (ua)l[iz) < [IVays(ua — (u0))lli2a,cs)

where AY(Q\X) > 0 denotes the second eigenvalue of the Neumann
Laplacian

@ we rewrite the inequality from Theorem as follows

0 g — [ = ) [ o=

r pe(x) r  p(x)
<¢ (||VQ\2(UQ — () @y + uua - <un>||Lz<m)

< CL+ (A (@) DI Vars(un — {ua)lF2qico)-
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Unbounded cut

Conformal mapping

@ Function M is smooth analytic complex function with non-zero derivative
everywhere in S C C

@ conformal map acts as follows
R(M(x + iy))
S(M(x + iy))

X
y
@ Cauchy-Riemann equations

R =08, O =—0,%

Linear fractional transformation-LFT

For a, b, c,d € C such that ad — bc # 0 the mapping M: C — Cisan LFTif
one of the two conditions holds:

1) ¢=0,d#0, M(c0) := 00, and M(z) := (a/d)z + (b/d) for z € C.

2) c#0, M(c0) :=a/c, M(—d/c) := o0, and M(z) := ££ for z € C,

z# —d/c.
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Conformal mapping

Lemma

Let M be an LFT as above with the Jacobian Ja¢. Then for any

x € R*\{Z} and for any function u: R? ~ C — C differentiable at the point
M(x) equality [(Vv)(x)*> = [(Vu)(M(x))|?Tm(x) holds with v = uo M.

Lemma

Let ¥ C R? be an unbounded, piecewise-C* curve, parametrized via the
unit-speed mapping o: (0,00) — R?. Let M be an LFT as above with the
Jacobian Jx and such that Zaq, Z,.-1 ¢ X. Let the bounded curve
A := M~Y(X) be parametrized by A\ := M ™' o g. For arbitrary u € H*(R*\X)
set v := uo M. Then the following hold.

Q The identity [, |Vga\sul®dx = [5; [Vez2\av|’dx is satisfied.

@ If, in addition, u € C$°(RY\X), then

oo 2 A 2
ST ()2 [ulz(s)*ds = [, [[vIa(s)[ds.
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Conformal mapping approach

Theorem

Let an unbounded piecewise-C! curve ¥ C R? be parametrized by the mapping
o: Ry — R? with |5(s)| = 1. Then there exists a constant C = C(X) > 0 such
that )
/ IV u(x)]Pdx > c/ Mds Vue H(RA\X)
L+ |o(s)P?
as long as there exists a conformal mapping M such that ¥ is mapped to
non-closed, bounded and non-intersecting curve.

Sketch of the proof: Application of previous theorems.
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Unbounded cut

Inequality for unbounded cut

Admissible hypersurface

An unbounded Lipschitz hypersurface ¥ C R? is admissible if for an increasing
unbounded sequence 0 =rnn < n < ...r < ..., the domains S rn+1\): are
connected for all n € Np.

n,

Theorem

Let an unbounded Lipschitz hypersurface ¥ C RY be admissible. Then there
exists a function Wx: X — (0, 00) such that

/Rd\z |Vu(x)|2dx > /ZWz(x)|[u(x)]):(x)|2da(x), Yue Hl(Rd\Z).

Sketch of the proof: Splitting of space into shells and working with them
separately.
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Perforated hyperplane

The surface M C {(x’,x4) € R?: x4 = 0} is an admissible perforated
hyperplane if for some r > 0 and R > 2r holds

Q@ Ix € B(0): MN B (x) = 2.
Q Ix € Spyror—r: NN (U, anflr(2n71X)) =a.
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Perforated hyperplane

Theorem

I_Aet ZAC R? be an admissible perforated hyperplane. Then there exist
C=C(X)>0and w=w(X) > 0 such that

[, vutorax> [ Weollde(ordet).  Vue HE\ED)
with the weight

W(x) = w, x| < R
T2t "w, 2"'R<|x| <2"R,neN.

where R is the same as in Definition above.

Sketch of the proof: Splitting of space into shells and working with them
separately.
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Definition of the §’-interaction on non-closed manifold

@ the symmetric sesqulinear form
ag,”@[f, gl:=(V£,Vg)i + (Vf, Vg)e + B (felr —filr, gelr —&ilr)r,
dom a5 = H'(Qe) ® H' (),

is closed, densely defined and lower-semibounded in L*(R?)

@ linear mapping
A: HY Q) @ HY () — LP(T\ X), Af = folns — filns,
@ symmetric, densely defined and lower-semibounded form
ay 5lf, 8] :=ay 5l g],  domay g :={f € domay g: Af =0}.

o the self-adjoint operator —Asx 5 in L?(R9) is induced by the form a(;z,ﬁ
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Definition of &-interaction

- 0° ¢ Absence of the ground state
Application to & -interaction

Absence of negative eigenvalues for non-closed hypersurface

Key inequality

Let I, C R" be as above. Then there exists a constant C = C(X) > 0 such
that

s, —¥s_ Ity < ClIVII2gancny
holds for any 1 € H'(R" \ X).

Theorem

Let A be a non-closed compact Lipschitz manifold of the codimension 1. Then
there exists o such that the operator —As g is positive as long as 3 < [o.
Furthermore the spectrum is o(—As g) = Oess(—Asx,5) = RT.
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Summary

Hardy inequality for a cut
@ Holds also in dimension 2
@ Works for bounded and unbounded cuts

Application to §’-interaction

Thank you for your attention
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