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• Annales Henri Poincaré 19 (2018) [with Rafael Tiedra de Aldecoa]

• ZAMP (2019) [with Philippe Briet & Hamza Abdou-Soimadou]



Outline



Outline

0. Spectral-geometric motivations



Outline

0. Spectral-geometric motivations

1. Twisted tubes 2. Sheared ribbons 3. Ruled strips



Outline

0. Spectral-geometric motivations

1. Twisted tubes 2. Sheared ribbons 3. Ruled strips

4. Conclusions



Part 0.

Spectral-geometric motivations



Part 0.

Spectral-geometric motivations



Which geometry is better to travel in ?

K = 0 K > 0 K < 0



Which geometry is better to travel in ?

K = 0 K > 0 K < 0

critical bad good



Which geometry is better to travel in ?

K = 0 K > 0 K < 0

critical bad good

σ(−∆) = [0,∞) σ(−∆) =
{

ℓ(ℓ+ 1)K
}

∞
ℓ=0 σ(−∆) =

[ |K|
4 ,∞

)



Which geometry is better to travel in ?

K = 0 K > 0 K < 0

critical bad good

σ(−∆) = [0,∞) σ(−∆) =
{

ℓ(ℓ+ 1)K
}

∞
ℓ=0 σ(−∆) =

[ |K|
4 ,∞

)

∥

∥e−t(−∆)
∥

∥ = e−tminσ(−∆)



From super-transport to no-transport
[Donnelly, Li 1979]

Let −∆ be the Laplacian of a complete surface with finitely generated fundamental group.

K(x) −−−−→
|x|→∞

−∞

⇓
σ(−∆) = σdisc(−∆)



From super-transport to no-transport
[Donnelly, Li 1979]

Let −∆ be the Laplacian of a complete surface with finitely generated fundamental group.

K(x) −−−−→
|x|→∞

−∞

⇓
σ(−∆) = σdisc(−∆)

NB (K = 0)

V (x) −−−−→
|x|→∞

+∞ =⇒ σ(−∆+ V ) = σdisc(−∆+ V )



From super-transport to no-transport
[Donnelly, Li 1979]

Let −∆ be the Laplacian of a complete surface with finitely generated fundamental group.

K(x) −−−−→
|x|→∞

−∞

⇓
σ(−∆) = σdisc(−∆)

NB (K = 0)

V (x) −−−−→
|x|→∞

+∞ =⇒ σ(−∆+ V ) = σdisc(−∆+ V )

|B(x)| −−−−→
|x|→∞

+∞ =⇒ σ((−i∇+A)2) = σdisc((−i∇+A)2)

B = rotA



Part 1.

Twisted tubes



Twisting versus bending in curved waveguides

−∆Ω
D in L2(Ω)

Ω := local deformation of R× ω
ω ⊂ R

2 bounded domain (cross-section)

E10 E10 E10



Twisting versus bending in curved waveguides

−∆Ω
D in L2(Ω)

Ω := local deformation of R× ω
ω ⊂ R

2 bounded domain (cross-section)

geometry of Ω ←→ spectrum of −∆Ω

D

E10 E10 E10



Twisting versus bending in curved waveguides

−∆Ω
D in L2(Ω)

Ω := local deformation of R× ω
ω ⊂ R

2 bounded domain (cross-section) E1 := minσ(−∆ω
D)

geometry of Ω ←→ spectrum of −∆Ω

D

Ω straight (1800 ?)1 bent (1989)2 twisted (2008)3

interaction null attractive repulsive

spectrum E10 E10 E10

math criticality bound states Hardy inequalities
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[J. Math. Phys. 30] [Arch. Ration. Mech. Anal. 188]



From local to global twisting

Ω :=











1 0 0
0 cos θ(s) sin θ(s)
0 − sin θ(s) cos θ(s)









s

t1
t2



 : (s, t1, t2) ∈ R× ω







θ ∈W
1,∞
loc (R)

twisting angle



From local to global twisting

Ω :=











1 0 0
0 cos θ(s) sin θ(s)
0 − sin θ(s) cos θ(s)









s

t1
t2



 : (s, t1, t2) ∈ R× ω







θ ∈W
1,∞
loc (R)

twisting angle

−∆Ω
D in L2(Ω) ∼= −

(

∂s − θ′(s) ∂τ
)2
−∆t in L2(R× ω)

∂τ := t2∂t1 − t1∂t2 (angular derivative)



From local to global twisting

Ω :=











1 0 0
0 cos θ(s) sin θ(s)
0 − sin θ(s) cos θ(s)









s

t1
t2



 : (s, t1, t2) ∈ R× ω







θ ∈W
1,∞
loc (R)

twisting angle

−∆Ω
D in L2(Ω) ∼= −

(

∂s − θ′(s) ∂τ
)2
−∆t in L2(R× ω)

∂τ := t2∂t1 − t1∂t2 (angular derivative)

θ′(s) −−−−→
|s|→∞

0 (local) [Ekholm, Kovǎŕık, D.K. ARMA 2008]

σ(−∆Ω
D) = [E1,∞), E1 := min

f∈W 1,2
0

(ω)
f 6=0

∫

ω
|∇f |2

∫

ω
|f |2

, −∆Ω
D − E1 ≥

c

1 + s2



From local to global twisting

Ω :=











1 0 0
0 cos θ(s) sin θ(s)
0 − sin θ(s) cos θ(s)









s

t1
t2



 : (s, t1, t2) ∈ R× ω







θ ∈W
1,∞
loc (R)

twisting angle

−∆Ω
D in L2(Ω) ∼= −

(

∂s − θ′(s) ∂τ
)2
−∆t in L2(R× ω)

∂τ := t2∂t1 − t1∂t2 (angular derivative)

θ′(s) −−−−→
|s|→∞

0 (local) [Ekholm, Kovǎŕık, D.K. ARMA 2008]
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β (global) [Exner, Kovǎŕık LMS 2005] Received 6 May 2005

σess(−∆
Ω
D) = [E1(β),∞), E1(β) := min

f∈W 1,2
0

(ω)
f 6=0

∫

ω

(

|∇f |2 + β2 |∂τf |
2
)

∫

ω
|f |2

≥ E1
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′(s)|−1∂s

t2
− |t|−1∂t|t|∂t

in L2
(

R× (a1, a2), |θ
′(s)| |t| dsdt

)

∼=

∫ ⊕

R

(

−
1

|t|

d

dt
|t|

d

dt
+

m2

t2

)

dm

=⇒ σess(−∆
Ω
D) = [λ1,∞) with λ1 := minσ(−∆

Aa1,a2

D )

raise of dimension Aa1,a2 :=

{(

t cosϕ
t sinϕ

)

: t ∈ (a1, a2), ϕ ∈ [0, 2π)

}
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|θ′(s)| −−−−→
|s|→∞

∞

Theorem 1. σess(−∆
Ω
D) = [λ1,∞) λ1 := minσ(−∆

Aa1,a2

D )

Aa1,a2
:=

{(

t cosϕ
t sinϕ

)

: t ∈ (a1, a2), ϕ ∈ [0, 2π)

}

a1a2 ≤ 0 a1a2 > 0

Theorem 2. If a1a2 ≤ 0 then minσ(−∆Ω
D) < λ1. (∃ bound states)
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Open problems

¿ (non-standard) Weyl-type asymptotics ? cf. [Barseghyan, Khrabustovskyi 2018]

¿ existence/number/properties of discrete eigenvalues (eigenfunctions) ?

¿ nature of the essential spectrum ? (embedded eigenvalues, Mourre theory, etc.)

¿ (reliable) numerics ?


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

