A Gelfand-Levitan Trace Formula for Generic
Quantum Graphs

Ji¥i Lipovsky !

University of Hradec Kralové, Faculty of Science
jiri.lipovskyQuhk.cz

joint work with P. Freitas

Graz, February 27, 2019

Univerzita Hradec Kralové
Prirodovédecka fakulta

1Support by the project “International mobilities for research activities of the
University of Hradec Krélové” CZ.02.2.69/0.0/0.0/16_027/0008487 and hospitality of
the University of Lisbon during my stay is aknowledged.



Gelfand’s and Levitan's result

o In 1953 Gelfand and Levitan? proved that for eigenvalues
An(q) of the operator —f—; + g(x) on (0, 7) with Neumann
boundary conditions and eigenvalues A,(0) of the same
operator with g = 0 the following equality holds under the
conditon [i g(x)dx =0

S @) — Mn(0)] = gla(m) + 9(0)].
n=1

2GELFAND, I. M. AND LEVITAN, B., On a simple identity for the
characteristic values of a differential operator of the second order. (Russian),
Doklady Akad. Nauk SSSR 88 (1953), 593-596.



Generalization to g with non-zero average

o let us assume §(x) = g(x) — g, where g =1 [ g(x) dx

™

@ the Schrodinger equation is

_UZ(X) + q(X)Un(X) = )‘n(q)un(x) )
_UZ(X) + G(x)un(x) (An(q) — @)un(x) = An(§)un(x) .

@ moreover,

—_

1. 3 1 - 1 _
21a(m)+4(0)] = [g(m)~g+4(0)~a] = ;[a(m)+4(0)] - 53.

@ we have

> [An(q) —an(0) - /0 ’ q(x)dx] - %[q(ﬁ)+q(0)]—% /0 " g(x) dx



Description of the model

@ set of ordinary differential equations

@ graph consists of set of vertices V), set of d not oriented finite
edges £ (lengths of the edges are /;)

@ Hilbert space of the problem

d
H =P L3([0,4])
j=1

e the Hamiltonian acting as —dd—; + gj(x), where gj(x) is
bounded — corresponds to the Hamiltonian of a quantum
particle for the choice hi=1, m=1/2



Domain of the Hamiltonian

e domain consisting of functions in W?22(T") satisfying coupling
conditions at each vertex

@ coupling conditions given by
(U, — 1LV, +i(U, + 1)V, =0.

where W, = (11(0), ...,wdv( )T and
= (¢1(0),...,%4,(0)")T are the vectors of limits of

functional values and outgoing derivatives where d, is the
number edges emanating from the vertex v and U, is a
unitary d, X d, matrix

@ assume that —1 & o(U,)

@ this set does not include Dirichlet, delta or standard coupling



Flower-like model

@ description of coupling conditions using one-vertex graphs
@ suppose that I has d edges of finite length
@ the coupling condition

(U- NV +i(U+ NV =0

describes coupling on the whole graph; U is 2d x 2d unitary
matrix consisting of blocks U,
@ the above equation decouples into conditions for particular
vertices
@ U encodes not only coupling at the vertices, but also the
topology of the graph
U3 Lo
0
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Generalizations of Gelfand’s and Levitan's formula to
graphs

o first attempts to obtain a trace formula for graphs by Roth 3

@ a formula involving integrals of the potential and the
eigenfunctions by Carlson 4

@ results closer to Gelfand’s and Levitan's formula: equilateral
star graphs with different boundary conditions ® ©, segment
with discontinuity boundary conditions *

3Roth, J.-P. Spectre du laplacien sur un graphe, C.R. Acad. Sci. Paris 296
(1983), 793795.

“Carlson, R. Eigenvalue cluster traces for quantum graphs with equal edge
lengths Rocky Mountain. J. Math. 42 (2012), 467490.

®Yang, C.-F. Regularized trace for Sturm-Liouville differential operator on a
star-shaped graph. Complex Anal. Oper. Theory 7 (2013), 11851196.

®Yang, C.-F. and Yang, J.-X. Large eigenvalues and traces of Sturm-Liouville
equations on star-shaped graphs. Methods Appl. Anal. 14 (2007), 179196.

"Yang, C.-F. Traces of Sturm-Liouville operators with discontinuities.
Inverse Problems in Science and Engineering 22 (2014), 803813.



Asymptotic behaviour of eigenvalues

@ we subtract the eigenvalue for zero potential, not a known
particular value — a more elegant result

@ asymptotic behaviour of the spectrum: the leading term of
. . d .
the secular equation is [[;_;(—ksin (k¢;))

@ we obtain d sequences of eigenvalues in the following way:
denote the sequence of all eigenvalues in increasing order by
{An}52; and let the sequence {p,}7; correspond to the
non-negative zeros of the above product also arranged in
increasing order, with the first d entries being 0

@ pair A\, with u,
o define the subsequences {\j,}72, as subsequences of {\,}7
which are paired with those zeros of Hjj:l(—k sin (k¢;)) which

are positive zeros of sin (k¢;) for a given i (the first entry of
this sequence \jp is paired with 0)



Main result

Theorem 1 (Freitas,L.)

We assume a quantum graph with d edges with arbitrary lengths
¢, i=1,...,d, and associated coupling matrix U not having —1
in its spectrum. Then, denoting the eigenvalues of the Hamiltonian
with a potential g and with the zero potential by \j,(q) and
Ain(0), respectively, in the way described above, and the
component of the potential on the i-th edge by q; € W'1((0,¢;)),
the following trace formula holds

ii [Am(q) — Ain(0) - ; /0 e dx] _
Zd: { [9i(¢;) + qi(0)] — 21& /Oéi q,-(x)dx} )

i=1



The secular equation

@ we rewrite the coupling condition as
HVY +V' =0,

where H = —i(U+1)7}(U — ) is a Hermitian 2d x 2d matrix

@ independent solutions on the edges

cj(x, k) = cos (kx) + /OX Sin(k(:_t))qj(t)cj(t, k)dt,
RRE 2 iy YT N



@ the solution on each edge can be expressed as
fi(x) = Ajci(x, k) + Bjsj(x, k),

@ we substitute this expression to the coupling conditions and

obtain
[HM]_(k) + M2(k)](A17 Bla A27 B27 ce. 7Ad) Bd)T =0.
1 0 0 0
Cl(gl,k) Sl(fl,k) 0 0
My (k) = 0 0 ! 0
0 0 ca(la, k) s2(f2, k)
0 1 0 0
—C{(fl,k) —S{(fl,k) 0 0
Mo (k) = 0 0 0 L
0 0 —cy(l2, k) —s3(L2, k)



@ the first three terms of the secular equation

0= (k)= H( ksin (k¢;) +Z H —ksin (k¢;))

= i
[cos (k¢;)(a; — Tr H;) — 2Re H1p]+

d d : :
+; 11 (—ksin (kfo)) {S'” (ki")_s”l’ (k) (o 1, + a/Tr Hj—
i<j Noij
—bj — bj — det H; — det H;) + cos (k{;) cos (k¢;)[a;jaj — a;'Tr Hj—
—ajTr H — (|Fha]® + [Hi2ii|? + [Ha1jl® + [Hazi|?) + Tr HiTr Hj]+
+ cos (k£;)[2(Tr H; — aj)Re Hipj — 2Re (HujFhoj + HaoijFouj)]+
~+ cos (kﬁj)[Q(Tr H; — aj)Re Hii — 2Re (H11Uf:/21,'j + H22,'jf:112,'j)]+

+4Re HipiRe Hipj — 2Re (HizijHorjj + HavjjHazij) } +
+o (kd—zeumk\z;’:l e,—) ‘
Gelfand-Levitan Formula ~ 12/18



Proof of the main result
Theorem 2 (Freitas,L.)

For all € > 0 there exists K > 0 so that for all N > K and
N & U9, Unen, (% A gi) the functions

]_[,‘-i:l(—k sin (k¢;)) and p(k)have the same number of zeros inside
the contour 'y (counter-clockwise contour with vertices N — iN,
N+ iN, =N + iN, —N — iN).

@ proof using the symmetric Rouché’s theorem

Theorem 3 (Rouché)

Let f and g be holomorphic functions in the bounded subset V' of
C and continuous at its closure V. Let us assume that on the
boundary OV of V the following relation holds |f — g| < |f| + |g|.
Then functions f and g have the same number of zeros in V.



Lemma 4 (Freitas,L.)

It is possible to choose € > 0 and K > 0 such that there exists a
strictly increasing sequence {Np}3° 1 with K < Ny and satisfying

nmt & nm €
Ny @ U Upeny (T2 S M €
1% € i=1 YneNy <£’ E,’ f,’ + E,)
and
lim N, = 4o00.
p—00

and there are at most d eigenvalues \ = k* of H with

Np < k < Np41, for all p € N. Furthermore, all these eigenvalues
belong to different sequences A\, and there are at most d zeros i
ofH;i:l sin (k¢;) with N, < p < Np41, Vp € N. The number of
eigenvalues and zeros with this property is the same.

@ C, the counter-clockwise rectangles with vertices
Np+1 — in+1, Np+1 + in+1, Np + in+1 and Np — in+1



Theorem 5 (Freitas,L.)

Let us assume that inside the contour C, there are the points 7
and ki, = /i, for a given i. Then \j, = kl-zn behaves
asymptotically as

2
2
Ay — (’”) + [[a,- — Ty H; — (~1)"2Re Hya] +

¢
Z[ |H11U|2+|H12U| +|H21u| +|H22U| )+
j#i
— L 2Re(H11UH12U+ HooijHo1j)+
sin T,-
(—1)

7 2Re (Hi2ijHo1jj + Hi1ijHooj)+

sin Z,

nm/{; — _
(—1)"cot E.JQRQ(HHUHZlij + H22in12ij)] +0 <n2> .

1



Corollary 6 (Freitas,L.)
The sum
d oo 23/
Z Z Ain(q) — Ain(0) — 7
i=1 n=0 !

is absolutely convergent, where \j,(q) and and \i,(0) denote the
eigenvalues for the potential q and for the null potential,
respectively.

@ idea of the proof: subtracting rhs of the equation in
Theorem 5

@ the term with 1/n depends only on H, not on the potential



Proof of Theorem 1

@ we choose the contours 'y in the “allowed regions” with
N —

o for sufficiently large N, there are d + 27:1 LMJ eigenvalues

™

@ the number of k, with k,% = A\p is double
@ we have
a 12 ’J
1 ¢(k)
2 )\m - m - — = In 2k dk.
z; HZ;)[ (0)] 2ri Jr,, vo(k)
e we send N to infinity
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