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Dirac differential expression in two dimensions

Pauli matrices

σ1 =
(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
and σ3 =

(
1 0
0 −1

)
.

First-order Dirac differential expression

D = −i(σ1∂1 + σ2∂2) = −i
(

0 ∂1 − i∂2
∂1 + i∂2 0

)
.

The off-diagonal entries resemble Cauchy-Riemann operators: interplay
with complex analysis.
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Infinite mass boundary conditions

Ω ⊂ R2 - bounded C2-domain; ν=(ν1, ν2)> : ∂Ω→ R2 - outer unit normal

DΩu :=Du, domDΩ :=
{
u ∈ H1(Ω,C2) : u2|∂Ω = i(ν1 + iν2)u1|∂Ω

}
.

Physics literature: Berry-Mondragon-87, 2-D neutrino billiards.

Proposition (Benguria-Fournais-Stockmeyer-Van Den Bosch-17)
DΩ is self-adjoint in L2(Ω,C2).

(i) The spectrum of DΩ is discrete and symmetric with respect to zero.
(ii) 0 /∈ σ(DΩ).

· · · ≤ −µ2(Ω) ≤ −µ1(Ω) < 0 < µ1(Ω) ≤ µ2(Ω) ≤ . . .

µ1(Ω) := inf(σ(DΩ) ∩ R+) describes the size of the spectral gap.
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Where is the mass and why infinite mass?

Massless Dirac operator in R2

DR2u := Du, domDR2 := H1(R2,C2)

Large mass in the exterior of Ω

DR2 + Mσ3χR2\Ω︸ ︷︷ ︸
mass term

M→∞−−−−→ DΩ, (in a proper sense).

Barbaroux-Cornean-Le Treust-Stockmeyer-18.
Stockmeyer-Vugalter-16.
Moroianu–Ourmières-Bonafos–Pankrashkin-18.

One can create effective large mass in graphene ⇒ a way to construct
graphene quantum dots (GQD).

Eigenmodes of such GQD are effectively described by DΩ.
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Variational characterisation of µ1(Ω)

Ω ⊂ R2 – bounded, C3-domain.

κ : ∂Ω→ R – signed curvature of ∂Ω: κ ≥ 0 for convex Ω’s.

Computing the quadratic form for D2
Ω and applying the min-max principle:

(
µ1(Ω)

)2 = inf
u∈dom DΩ\{0}

RΩ[u] = inf
u∈dom DΩ\{0}

∫
Ω
|∇u|2 + 1

2

∫
∂Ω
κ|u|2∫

Ω
|u|2

.

domDΩ ⊃ H1
0 (Ω,C2) =⇒ µ1(Ω) ≤

√
λDir

1 (Ω).

It is not attained for D and is not sharp for domains "close to" D.

Aim: to get a bound on µ1(Ω) in the spirit of an isoperimetric inequality.
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The analysis of the unit disk: unusual ground-state

Proposition
µ1(D) > 0 is the smallest non-negative solution of J0(µ) = J1(µ). An
eigenfunction associated to µ1(D) is

u◦
(
r , θ
)

:=
(

J0(µ1(D)r)
ieiθJ1(µ1(D)r)

)
.

The “ground-state” for D depends on θ and is complex-valued.

7 Symmetric decreasing rearrangement.
7 Parallel coordinates.
3 Conformal maps.
3 Shrinking coordinates.
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Intermezzo: Hardy spaces & conformal maps

H(D) – the space of holomorphic functions on D.

Hardy norm of h ∈ H(D)

‖h‖H2(D) = sup
0≤r<1

( 1
2π

∫ 2π

0
|h(reiθ)|2dθ

)1/2

Hardy space
H2(D) := {h ∈ H(D) : ‖h‖H2(D) <∞}.

Ω ⊂ R2 – bounded, simply connected, C3; f : D→ Ω – a conformal map.

Kellogg-Warschawski theorem =⇒ f ∈ C2(D) =⇒ f ′ ∈ H2(D)

‖f ′‖H2(D) =
( 1
2π

∫ 2π

0
|f ′(eiθ)|2dθ

)1/2
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An abstract upper bound

Ω ⊂ R2 – bounded, simply connected, non-circular C3-domain, 0 ∈ Ω.

f : D→ Ω, f (0) = 0 – conformal map; rc := 1
max |κ| ; ri := minx∈∂Ω |x|

Theorem (VL-Ourmières-Bonafos-18)

µ1(Ω) < µ1(D)
(

2π
|Ω|+ πr2

i

)1/2 1
rc
‖f ′‖H2(D).

This bound is slightly unsatisfactory due to the factor ‖f ′‖H2(D).

Geometric estimates of ‖f ′‖H2(D)

Star-shaped (nearly circular): Warschawski-50, Specht-51, Gaier-62
Convex: Kovalev-2017
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The abstract bound + Kovalev’s estimate of ‖f ′‖H2(D)

Ω
0 ro

ri

Ω is convex in addition
ri := minx∈∂Ω |x |
ro := maxx∈∂Ω |x |

‖f ′‖H2(D) ≤ rc
( ri
rc

)2 ro−rc
ri−rc (Kovalev-17)

FK(Ω) :=
(

2π
|Ω|+πr2

i

)1/2 ( ri
rc

)2 ro−rc
ri−rc .

Theorem (VL-Ourmières-Bonafos-18)
µ1(Ω) < µ1(D)FK(Ω).

Inspired by λDir
1 (Ω) ≤ |∂Ω|

2ri|Ω|λ
Dir
1 (D) for convex Ω’s (Pólya-Szegő-51)
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Discussion

Proposition (Reverse Faber-Krahn)

FK(Ω) = FK(Dr ) = 1
r =⇒ µ1(Ω) < µ1(Dr ).

Ellipse Ωx with axes a = 1 + x and b = 1
1+x

FK(Ωx ) =
(
1 + 2x + x2

1 + x + x2
2

) 1
2

(1+x)8+8x+4x2 = 1+ 17x
2 +O(x2), x → 0+

FK(Ωx ) grows super-exponentially as x →∞
The bound µ1(Ωx )<FK(Ωx )µ1(D) is tight only if Ωx is close to D.

Private communication with L. Kovalev
It might be impossible to bound ‖f ′‖H2(D) asymptotically better.

V. Lotoreichik (NPI CAS) Spectral gap for graphene quantum dots 26.02.2019 13 / 19



Discussion

Proposition (Reverse Faber-Krahn)

FK(Ω) = FK(Dr ) = 1
r =⇒ µ1(Ω) < µ1(Dr ).

Ellipse Ωx with axes a = 1 + x and b = 1
1+x

FK(Ωx ) =
(
1 + 2x + x2

1 + x + x2
2

) 1
2

(1+x)8+8x+4x2 = 1+ 17x
2 +O(x2), x → 0+

FK(Ωx ) grows super-exponentially as x →∞
The bound µ1(Ωx )<FK(Ωx )µ1(D) is tight only if Ωx is close to D.

Private communication with L. Kovalev
It might be impossible to bound ‖f ′‖H2(D) asymptotically better.

V. Lotoreichik (NPI CAS) Spectral gap for graphene quantum dots 26.02.2019 13 / 19



Discussion

Proposition (Reverse Faber-Krahn)

FK(Ω) = FK(Dr ) = 1
r =⇒ µ1(Ω) < µ1(Dr ).

Ellipse Ωx with axes a = 1 + x and b = 1
1+x

FK(Ωx ) =
(
1 + 2x + x2

1 + x + x2
2

) 1
2

(1+x)8+8x+4x2 = 1+ 17x
2 +O(x2), x → 0+

FK(Ωx ) grows super-exponentially as x →∞
The bound µ1(Ωx )<FK(Ωx )µ1(D) is tight only if Ωx is close to D.

Private communication with L. Kovalev
It might be impossible to bound ‖f ′‖H2(D) asymptotically better.

V. Lotoreichik (NPI CAS) Spectral gap for graphene quantum dots 26.02.2019 13 / 19



Discussion

Proposition (Reverse Faber-Krahn)

FK(Ω) = FK(Dr ) = 1
r =⇒ µ1(Ω) < µ1(Dr ).

Ellipse Ωx with axes a = 1 + x and b = 1
1+x

FK(Ωx ) =
(
1 + 2x + x2

1 + x + x2
2

) 1
2

(1+x)8+8x+4x2 = 1+ 17x
2 +O(x2), x → 0+

FK(Ωx ) grows super-exponentially as x →∞
The bound µ1(Ωx )<FK(Ωx )µ1(D) is tight only if Ωx is close to D.

Private communication with L. Kovalev
It might be impossible to bound ‖f ′‖H2(D) asymptotically better.

V. Lotoreichik (NPI CAS) Spectral gap for graphene quantum dots 26.02.2019 13 / 19



Discussion

Proposition (Reverse Faber-Krahn)

FK(Ω) = FK(Dr ) = 1
r =⇒ µ1(Ω) < µ1(Dr ).

Ellipse Ωx with axes a = 1 + x and b = 1
1+x

FK(Ωx ) =
(
1 + 2x + x2

1 + x + x2
2

) 1
2

(1+x)8+8x+4x2 = 1+ 17x
2 +O(x2), x → 0+

FK(Ωx ) grows super-exponentially as x →∞
The bound µ1(Ωx )<FK(Ωx )µ1(D) is tight only if Ωx is close to D.

Private communication with L. Kovalev
It might be impossible to bound ‖f ′‖H2(D) asymptotically better.

V. Lotoreichik (NPI CAS) Spectral gap for graphene quantum dots 26.02.2019 13 / 19



Back to the 60s: Gaier’s estimate of ‖f ′‖H2(D)

Definition (Nearly circular domains)
Bounded C3-domain Ω ⊂ R2, star-shaped with respect to the origin and
parametrized by ρ = ρ(θ), is called nearly circular if

ρ? = ρ?(Ω) := sup
θ∈[0,2π)

|ρ′(θ)|
ρ(θ) ∈ (0, 1).

‖f ′‖H2(D) ≤ ro
(1 + ρ?
1− ρ?

)1/2
, (Gaier-62).

Theorem (VL-Ourmières-Bonafos-18)

µ1(Ω) < µ1(D)
(

2π
|Ω|+πr2

i

) 1
2 ro

rc

(
1+ρ?

1−ρ?

)1/2
.
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Outline

1 Dirac operator with ∞-mass boundary conditions

2 Upper bounds on the size of the spectral gap

3 Key ideas of the proof
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Test function: beautiful idea of G. Szegő

Szegő proved in 1954 a reverse Faber-Krahn for the 1st non-trivial
Neumann EV via conformal maps.

f : D→ Ω – a conformal map with f (0) = 0.

u◦(r , θ) =
(

J0(rµ1(D))
ieiθJ1(rµ1(D))

)
: D→ C, (ground-state of DD)

Bad news: u◦ ◦ f −1 /∈ domDΩ can not serve as a test function!

Updated test function

u? :=
(

J0(rµ1(D))
in(θ)J1(rµ1(D))

)
◦ f −1, where n(θ) := ν1(f (eiθ)) + iν2(f (eiθ)).

Lemma
u? ∈ domDΩ.
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An upper bound involving the conformal map

Eigenvalues(
µ1(D)

)2 = RD[u◦] = ND
DD

and
(
µ1(Ω)

)2 ≤ RΩ[u?] = NΩ
DΩ

.

Using
∫
∂Ω κ = 2π, Chebyshev’s inequality, properties of Bessel functions,

geometric aspects of complex analysis, we get

Estimates of DΩ,NΩ through DD,ND

DΩ >

(
|Ω|+ πr2

i
2π

)
DD and NΩ ≤

1
r2
c
‖f ′‖2H2(D)ND.

An upper bound on µ1(Ω)

µ1(Ω) < µ1(D)
(

2π
|Ω|+ πr2

i

)1/2 1
rc
‖f ′‖H2(D).
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Some further challenges

A better way to estimate ‖f ′‖H2(D)?

Theorem (Benguria et. al.-17, Raulot-06)

µ1(Ω) >
√

2π
|Ω| . (?)

Not intrinsically Euclidean: µ1(D) ≈ 1.4347 and
√

2π
|D| =

√
2 ≈ 1.4142

The Dirac operator DΩ can be defined on 2-manifolds with boundary.

S. Raulot proved that the equality in (?) is achieved iff Ω is a hemisphere.

The disk or not the disk?|Ω| = π

Ω � D
??=⇒ µ1(Ω) > µ1(D).
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Thank you

V. L. and T. Oumières-Bonafos, A sharp upper bound on the
spectral gap for convex graphene quantum dots, arXiv:1812.03029.

Thank you for your attention!
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