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Overview

Our work concerns the study of the supremum of the first

2
eigenvalue of the Schrédinger operator —j? + q(z) with ¢ € Ly
with fixed total mass () and Robin conditions on metric graphs.

» The problem was originally formally posed by A. G. Ramm in
'82 for the Dirichlet case on the interval.

» The case of Dirichlet boundary condition on the interval has
been studied by G.Talenti '84, E.M.Harrell '84, M.Essén '87,
Egnell '87, V. A. Vinokurov and V. A. Sadovnichii '03 and
S.S.Ezhak '07.

» The case with fixed Robin conditions on the interval were
considered by E.S. Karulina and A.A. Vladimirov '13.
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Introduction

The operator
» Schridinger operator on I, L'(T') = —dd—; +q(x), qely
in the Hilbert space La(T).
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Introduction

The operator
» Schridinger operator on I, L'(T') = —dd—; +q(z), g€l
in the Hilbert space La(T).

> We consider delta vertex conditions (d-v.c.) at the vertices v € V

1) is continuous in v,
Y 0 O(7) = h(w)i(v),

where 91)(x;) denotes the normal derivative of ).

Hence LZ(F) acts on the following domain

d?
D (Lh(f‘ : @WQ (en) | NC(T) : —ﬁukn + qule,, € La(en),Vn;

Z du(zi) = h(v)u(v) Yo € V(T) &,

x;EV
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Introduction

Spectrum of Compact Finite Quantum Graphs

Proposition (The spectrum is discrete)

The spectrum of the Schrédinger operator LZ(I‘) with Li-potential
q and with real d-vertex conditions h is discrete.
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Spectrum of Compact Finite Quantum Graphs

Proposition (The spectrum is discrete)

The spectrum of the Schrédinger operator LZ(I‘) with Li-potential
q and with real d-vertex conditions h is discrete.

If the graph is connected then the first eigenvalue is simple:
A< A< ...
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Introduction

Spectrum of Compact Finite Quantum Graphs

Proposition (The spectrum is discrete)

The spectrum of the Schrédinger operator LZ(I‘) with Li-potential
q and with real d-vertex conditions h is discrete.

If the graph is connected then the first eigenvalue is simple:

A< A< ...
Our aim is to study eigenvalues inequalities, in particular in this
case we focus on estimating from above the ground energy

A< (Z(D) <A (1)
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Previous works and main results

> Eigenvalues inequalities for the Laplacian on metric graphs (¢ = 0).
Kennedy, Kurasov, Malenova and Mugnolo; Band and Levy; Rohleder; Ariturk;

Berkolaiko, Kennedy, Kurasov and Mugnolo; Kurasov, S.
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Introduction Previous works and main results Methods

> Eigenvalues inequalities for the Laplacian on metric graphs (¢ = 0).
Kennedy, Kurasov, Malenova and Mugnolo; Band and Levy; Rohleder; Ariturk;

Berkolaiko, Kennedy, Kurasov and Mugnolo; Kurasov, S.

» Lower bound of the Ground state of Quantum Graphs (g # 0)

Theorem (Karreskog, Kurasov, Kupersmidt '15)

Let LZ(F) be a Schrédinger operator on a finite compact metric
graph T' with the total negative strength [~ := [¢~ +> h™ , and
the total positive strengths I™ := [q" + > h™. Then

M(LH([0, £])) < M(Lq(T))
where on the interval [0, L] the following §-vertex conditions

O1(0) = I'T9p1(0), Y1 (L) = I ¢1(L).
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Previous works and main results

The optimisation problem.

Given a graph I' we are interested in

AT, Q, H) := sup A (Lh(D)) (2)
Under ass. 1,2,3.

— the optimal upper bound under the following assumptions:
Assumption

1. fr q(x) de = Q, (the total strength of the potential be fixed),

2. Z h(v) = H, (the total strength of the singular interaction be fixed),
veV
q(z) 20 ifQ >0,

Ve eT.
q@) <0 ifQ<0,

3. the potential is sign-definite: {
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Previous works and main results

Main result

Our main results can be formulated as follows:

» The optimisation problem is independent of the topology of
the graph, hence it is enough to study flower graphs.

» If Q- H > 0, then the optimal configuration (¢*, h*) exists
and is unique. It is described by explicit formulas.

» If Q- H <0, then the optimal configuration does not exist,
but the value of the optimal ground state energy can either be
given explicitly by showing an optimising sequence (¢, h,,)
or as an eigenvalue of the Laplacian on a flower graph with
delta interactions.
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Introduction Previous works and main results Methods

Perron-Frobenius Theorem

Proposition (Perron-Frobenius theorem for quantum graphs)
The ground state may be chosen strictly positive 11 > 0.
Moreover, the corresponding eigenvalue is simple (T is connected).

Corollary

Let 1 be a real nonnegative eigenfunction of L}(T"), then ¢ = 11,
i.e. it is the ground state eigenfunction.
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Introduction Previous works and main results Methods

Perron-Frobenius Theorem

Proposition (Perron-Frobenius theorem for quantum graphs)
The ground state may be chosen strictly positive 11 > 0.
Moreover, the corresponding eigenvalue is simple (T is connected).

Corollary

Let 1 be a real nonnegative eigenfunction of L}(T"), then ¢ = 11,
i.e. it is the ground state eigenfunction.

Idea of the proof: Let 1)1 > 0 be the GS with A\; # X and use the
orthogonality of the eigenfunctions to reach a contradiction.
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Associated quadratic form and Rayleigh quotient

We denote by QLh<F) the quadratic form associated with LQ(F), given by
q

Quiry () = /12 + / (@h@Pdr+ > h)u)?, 6)

veV(TI")

on the domain
N
D (QL;;(U) - <@W§(en)> ne(r)
n=1

Proposition (Rayleigh quotient)
Qra(r)(uw)

Al (LZ(I‘)) = min E

ueD (QLZL(F))

Lh(r
The minimiser coincides with the ground state 1), a(™ (=} when h is fixed)
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We denote by QLh<F) the quadratic form associated with LQ(F), given by
q

Quiry () = /12 + / (@h@Pdr+ > h)u)?, 6)

veV(TI")

on the domain

N
D (@) - (@W&(e@) new) 2 (L4m).
n=1

Proposition (Rayleigh quotient)
Qra(r)(uw)

Al (LZ(I‘)) = min E

ueD (QLZL(F))

Lh(r
The minimiser coincides with the ground state 1), a(™ (=} when h is fixed)
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Introduction ’revio s and main results Methods

Sufficient condition for optimality

Lemma (Optimality criterion 1)

Let the delta couplings (h) be fixed. Assume that ¢* > 0 such that

suppq” C My« = {x er:yf (z) = glg;cwf* (y)} : )

then

» the potential q* is optimal in the sense, that
AL(L (1) = M (LH(T)) (5)

holds Yq > 0 with the same total strength fF q*(z)dx = fF q(x)dzx.

» The optimal potential q* is unique.
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nain results Methods

Sufficient condition for optimality

Lemma (Criterion for optimality)

If supp ¢ C M~, then

M (Lf;(r)) <M\ (LZ* (r)) Vg € {q e Li(D) : /Fq(x) dz = Q} .

Proof.
A (L) =
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Sufficient condition for optimality
Lemma (Criterion for optimality)

If supp ¢* C M+, then

A (Lg(r)) <\ (L;a (F)) Vg € {q e L(T) : /Fq(x) dz = Q} :

Proof.
A (L) = QT 1)

= |l41'll3 + /Fq*|¢f\2dx+ > ()i ()
veV

(6)
O
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Sufficient condition for optimality

Lemma (Criterion for optimality)

If supp ¢* C Mg+, then

M (LED)) < A (L) vge {q € Ly(T) : /Fq(m) d = Q} .

Proof.
M(LE) = Qh(T,4f)
= ||ly1 H2+Qbup\l/) 2+ 3 h)|¥iP(v)

veV

(6)
0
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Sufficient condition for optimality
Lemma (Criterion for optimality)

If supp ¢* C M+, then

A (Lg(r)) <\ (L;a (F)) Vg € {q e L(T) : /Fq(x) dz = Q} :

Proof.
ML) = QT 0?) > QT ¥ )

> 0I5+ [ il do+ X b))
’ veV

(6)
O

Andrea Serio
Optimal potentials on quantum graphs with §-couplings



Introduction Previous works and main results Methods

Sufficient condition for optimality
Lemma (Criterion for optimality)

If supp ¢* € My«, then

A (Lf;(r)) <\t (LZ* (r)) Vg € {q e L(T) : /Fq(x) de = Q} .

Proof.
M(LE) = Qh.(T,yf ) > QMT,wf) > g;am@’% ¥) = M (L.

> min (ku2+ [alvf? do+ 3 ) >>

veV

(6)
0
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Introduction ’revio s and main results Methods

Optimal configuration on the loop graph

Theorem (Kurasov,S.)

On the loop graph L = [—%, +§] with H,Q > 0 there exists an optimal configuration
(g%, h*)

q*(m:{o w*<x>={“’s<k(x|—5+a)> | >

k2 1 lz| <

k2(0 - 20) = Q

where o and k are the smallest positive solutions of
2k tan(ka) = H
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Optimal configuration on flower graphs
> Qn > 0 then

Go (@) = {0 i (®) = { (k (121 = (e =5))) lal = o= 5

)
2
k )

1, lz] <o — %l,
(7)
> @Qn =0 then
cos ko
Ga,k(z) =0, Ya,k(z) = m cos kx,
(8)

> H, =2ktankl,/2.

where « is a common real parameter.
We calculate the corresponding total potential and total singular interaction and put
them equal to @ and H respectively and get the following system

Yt —20)=Q,

Ln>2c

Z 2k tan ko + Z 2k tankly /2 = H.

lp>20 Ly <2a

(9)
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Optimal configuration on flower graphs

Theorem

Any flower graph F, for any given H,(Q > 0 total strength of the interactions, admits
an optimal potential q with corresponding optimal ground state 1) > 0 such that

1 (L () = M(F,H,Q),
2. the pair q,% satisfies the optimality criterion: suppq C My,

3. the restriction of q,%) on each of the petals are symmetric,

=

the ground state <) has all its oriented derivatives nonnegative. 0y (x;) > 0
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Negative case (Q) < 0, H < 0)
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Surgery on Quantum Graphs

Definition (cutting with respect to v without disconnecting the graph)

Let ¢ € D(LZ(F)) and let v € V(T'),v1,v2 € V(Ie),v = vy Uwa.
We define the restriction of the d-vertex conditions h to h. on I'c in the following way

he(w) = {h(w) ifweV(Te)\ {v1,v2}, (10)

ﬁ ijevi OYP(z;) if w=v1,02.

therefore we say that the graph I is cut in v into I'. with respect to .
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Surgery on Quantum Graphs

Definition (cutting with respect to v without disconnecting the graph)

Let ¢ € D(LZ(F)) and let v € V(T'),v1,v2 € V(Ie),v = vy Uwa.
We define the restriction of the d-vertex conditions h to h. on I'c in the following way

he(w) = {h(w) ifweV(Te)\ {v1,v2}, (10)

ﬁ ijevi oP(xj) if w=w1,vs.
therefore we say that the graph I is cut in v into I'. with respect to .

Definition (glueing two vertices of a graph)

Let v;,v; € V(T).
We define the new d-vertex conditions hgy on I'y in the following way

_ ) hw) if w e V(Te) \ {v1,v2},
hy(w) = {h(vl)+h(1}2) if w=wv1 Uuvs. )

therefore we say that the graph I'y is obtained by glueing v;,v; € V(T') into v.
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Cutting/glueing a graph vs the ground energy

Lemma (cutting)

A (L3(0) = A (Lge(Te))
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Cutting/glueing a graph vs the ground energy

Lemma (cutting)
A (L3(0) = A (Lge(Te))

Idea of the proof.

Apply the corollary of
Perron-Frobenius Theorem on I'¢
and . O
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Cutting/glueing a graph vs the ground energy

Lemma (cutting) Lemma (glueing)

A(F7H7 Q) S A (ngHr Q)
A (L3(0) = A (Lge(Te))

Idea of the proof. Idea of the proof.
Apply the corollary of Notice that by the definition of glueing C (I'y) € C (I);
Perron-Frobenius Theorem on T’ Hence by glueing the domain shrinks
and . O
% Dy 5= (QLZg(Fg)> CD:=D (QLZ(F)> and

Qi (Tg, %) = QR(T, %), Vo € Dy,
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Cutting/glueing a graph vs the ground energy

Lemma (cutting) Lemma (glueing)

A(F7H7 Q) S A (ngHr Q)
A (L3(0) = A (Lge(Te))

Idea of the proof. Idea of the proof.
Apply the corollary of Notice that by the definition of glueing C (I'y) € C (I);
Perron-Frobenius Theorem on T’ Hence by glueing the domain shrinks
and . O
% Dy 5= (QLZg(Fg)> CD:=D (QLZ(F)> and

Qf;g (Tg,9) = QZ(F,Q/J), Vi) € D 4.The inequality follows
from comparing the minimum of the Rayleigh quotient over
the domains D 4, D
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Cutting/glueing a graph vs the ground energy
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From flowers to generic graphs

Given I', H,Q
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From flowers to generic graphs

Given I', H,Q

» Consider Fr, the flower graph with the same edges as I all joined in
only one vertex. We call it the flower graph associated to I'.
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only one vertex. We call it the flower graph associated to I'.

» Consider either

» the optimal potential ¢ and optimal GS v of Lf(Fp), or...
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From flowers to generic graphs

Given I', H,Q

» Consider Fr, the flower graph with the same edges as I all joined in
only one vertex. We call it the flower graph associated to I'.

» Consider either

» the optimal potential ¢ and optimal GS v of Lf(Fp), or...
> an optimising sequence ¢, V., .

> Cut Fr along ¢ (resp. vy,) finitely times so to get obtain T...
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From flowers to generic graphs

Given I', H,Q

» Consider Fr, the flower graph with the same edges as I all joined in
only one vertex. We call it the flower graph associated to I'.

» Consider either

» the optimal potential ¢ and optimal GS v of Lf(Fp), or...
> an optimising sequence ¢, V., .

> Cut Fr along ¢ (resp. vy,) finitely times so to get obtain ... ... at
each cut ensures that

» the function ¢ (resp. 1,,) is still the GS by the corollary of the
Perron-Frobenius Theorem,
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From flowers to generic graphs

Given I', H,Q
» Consider Fr, the flower graph with the same edges as I all joined in
only one vertex. We call it the flower graph associated to I'.
> Consider either
» the optimal potential ¢ and optimal GS v of Lf(Fp), or...
> an optimising sequence ¢, V., .
> Cut Fr along ¢ (resp. vy,) finitely times so to get obtain ... ... at
each cut ensures that

» the function ¢ (resp. 1,,) is still the GS by the corollary of the
Perron-Frobenius Theorem,
> the pair ¢, h. is still an optimal on the cut graph.
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From flowers to generic graphs

Given I', H,Q

» Consider Fr, the flower graph with the same edges as I all joined in
only one vertex. We call it the flower graph associated to I'.
> Consider either
» the optimal potential ¢ and optimal GS v of Lf(Fp), or...
> an optimising sequence ¢, V., .
> Cut Fr along ¢ (resp. vy,) finitely times so to get obtain ... ... at
each cut ensures that

» the function ¢ (resp. 1,,) is still the GS by the corollary of the
Perron-Frobenius Theorem,
> the pair ¢, h. is still an optimal on the cut graph.

> AT, H,Q) < A(Fr, H, Q) = ML (Fr)) = MLy~ ().
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Optimality for arbitrary graphs

Theorem (Kurasov,S.)

Let Fr be the flower graph associated to a given graph T'.
A(FaQaH) :A(FervH)a anHGR (12)

In particular, if ¢* is the optimal potential on Fr then (¢*,h') is
the optimal configuration on T, where h' is obtained by cutting Fr
into I" along the flower ground state. Moreover the same function
is a ground state for LI (T).
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Optimality for arbitrary graphs

Theorem (Kurasov,S.)

Let Fr be the flower graph associated to a given graph T'.
A(FaQaH) :A(FervH)a anHGR (12)

In particular, if ¢* is the optimal potential on Fr then (¢*,h') is
the optimal configuration on T, where h' is obtained by cutting Fr
into I" along the flower ground state. Moreover the same function
is a ground state for LI (T).

ADQ.H) < AUFr,Q.H)  ALQH) < A(F,Q H)
i [ i Tno oo
MEEMD) = n(LEE)) ML) = (2 ()
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Conclusion

Properties of the optimal configuration

The optimal configuration has the following
properties:

Andrea Serio
Optimal potentials on quantum graphs with §-couplings



Conclusion

Properties of the optimal configuration

The optimal configuration has the following
properties:

» The optimal configuration does not depend
on the topology of the graph, but just on the
lengths of its edges,
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Properties of the optimal configuration

The optimal configuration has the following
properties:

» The optimal configuration does not depend
on the topology of the graph, but just on the
lengths of its edges,

P> The optimal ground state 7 attains the same
value at all the vertices ¥(v) = C,Vv € V,

» Moreover, if the potential is dominant over
the singular interaction then A(T', H, Q) can
be computed just from

> L(T') the total length of the graph,
> #E(T") the number of edges,

> H,(Q the strength of the interactions.
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Two non-optimal cases, () - H < 0

Lemma (0 < |H| < |Q])

IfO< —H <Q or0 < H < —Q then there is no optimal

configuration and
Q+H

L(T)

AT, Q,H) = .
Lemma (0 < |Q| < |H])

If 0<—Q < H or0< Q < —H then no optimal configuration

exists and
AT, Q, H) = M (L& (Fr)) .
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Thanks for your attention!
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