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Anderson model

@ Schrodinger equation

iat(p(tvx) = 7A90(tvx) + Vw(X)SD(ta X); te R+7X S r,
©(0,x) = po(x); xeT
e Eg = R T=279T-= (V, ) discrete or metric graph

@ Unitary time evolution

Goal: Prove Dynamical Localization (in some energy regions)

Solution ¢(t,-) is localized whenever initial state ¢o(-) is localized, almost
surely

The spectral localization (i.e. p.p. spectrum&exponentially decaying
eigenfuncitons) is a prerequisite.
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Anderson—Bernoulli model on Z¢ and on a tree

® L] ® L] ®
o { 2 L3 ® L 2 ® °
® @ ® ® ° ® °®
[ 2 L] ° L] ® ® °
[ 2 ® ° * ® ® °
® L] L[] L] ®

PWV)={p: V= C: Z lo(v)|? < oo}

vey
H,= -A + Vo 5 H, €B(2(V))

~—~ ~—~
adj. matrix of V' mult. by w, i.i.d.
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RAGE Theorem

(o F(Hhey = [ FE)a(E)

spec(H)
@ Spectral measure
d,uw = dutp,ac + d,ucp,sc + d,ucp,pp
@ 04(H) :=0d{H [pw),} e €{ac, sc, pp}.
Given an initial state p € ¢2(V) we have
@ i, is absolutely continuous then the particle “travels freely”
® /i, is pure point then the “dynamic is confined” to a compact set

@ 1, is singular continuous the particle “escapes” compact sets in some
time-average sense
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Phase diagram for Anderson model on Z¢

e d = 1: Localization for arbitrary strength of disorder (proved)
e d = 2: Localization for arbitrary strength of disorder (conjecture)

e d > 2: Localization near spectral edges (proved) & extended states for weak
disorder (conj.) p

N / \
Frohlich-Spencer (80s) ,/ \
/ \
\
Aizenman—Molchanov (90s) / \ Conjectured in
& many others the physics literature
ac ac Y
(conjectured) (conjectured)
—2d 2d E

Hy, n = —A+ AV, A-strength of disorder
o(H, ») = [—2d,2d] + Asupp(p), a.e.
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Phase diagram for Anderson model on the discrete

Bethe lattice

|P(w € dv) = f(v)av]| r

PP PP

Frohlich-Spencer (80s)

Aizenman—Molchanov (90s)
ac ac
& many others (conjecture) (conjecture)

/

Aizenman-Warzel, 13 ‘ ac ac F Aizenman-Warzel, 13

—2vK ‘ Klein '98

2vVK E

H,n = —A+ AV, A-strength of disorder
o(Hux) = [-2VK,2VK] + Asupp(u), a.e.
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Random continuum models

O

o b(v) =wi(lv]), fe=uw2(gen(e)), q(v)=ws(|v]).

@ w1 3 are sequences of i.i.d. random variables with arbitrary non-trivial
distributions

o H,, denotes the Laplace operator on a random realization of the tree subject
to random d—type vertex conditions.

@ In particular, we consider Random branching model (RBM), Random length
model (RLM), and Random Kirchhoff model (RKM).
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Random discrete models

I/

/L
—

e N\
O\

o b(v) =wi(lvl), p(u,v) =wa((u,v)), q(v)=ws(]v]).
® w3 are sequences of i.i.d. random variables with arbitrary non-trivial
distributions

Bafl(w) == pu(u,v)f(v), felP(V), veV,
[Jofl(u Z (qu(u —f(v)), ferV), ve.
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Dynamical and spectral localization for metric trees

Theorem, [Damanik—Fillman-S, 2019]

There exists a discrete set ©® C R such that the following two assertions hold.

(i) The operator H,, exhibits Anderson localization at all energies outside of ©.
That is, almost surely, H,,, has pure point spectrum and any eigenfunction of
H,, corresponding to an energy E € R\ D enjoys an exponential decay
estimate of the form

Ce—
wo(|x|)

with C > 0 and A > 0, where w,(|x|) denotes the number of vertices in the
generation of x, i.e., wy(|x|) = #{y € V : gen(y) = gen(x)}.

[F(x)] <

(ii) For every compact interval | € R\ D there exists a set Q* C Q with
1(£2*) = 1 such that for every p > 0 and every compact set }C C I, ¢, one
has _
sup [|IX " (Hu)e ™ xkl ar,, ) < 00 @ €2,

where x(H,) is the spectral projection corresponding to /.
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Dynamical and spectral localization for metric trees

Theorem, [Damanik—Fillman-S, 2019]

There exists a set D of cardinality at most one such that the following assertions
hold.

(i) The operator J,, exhibits Anderson localization at all energies outside of D.
That is, almost surely, J,, has pure point spectrum and any eigenfunction of
J. corresponding to an energy E € R\ D enjoys an exponential decay
estimate of the form

—Alx|
()] < =2

V()

X EV,

where C, A > 0 are constants.

Selim Sukhtaiev (Rice) Random trees TU Graz, February 28, 2019 10 / 16



Dynamical and spectral localization for discrete

trees, contd.

0
(ii) For every compact interval I C R\ D there exist Q* C Q with u(Q*) =1 and
6 > 0 such that for every x,y € V, |x| > |y|, w € Q* one has

_i Ce—Gdist(x,y)
sup |(3, X1 (Jw)e ™" by )eo(v)| € — s,
=0 wy (Ix] = Ty[)

for some C = C(y,w,0) > 0. In particular, for all y € V, w € Q*, R > 0 one
has

> sup [(8e, xi(Jw)e ™4 8y) | < ve "R,
|X|ZR t>0

for some k = k(y) > 0 and v = y(y) > 0.
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Naimark—Solomyak decomposition of metric trees

@ Naimark—Solomyak decomposition

oo m(s)

H,, = H(bu, b, qu) = D @ H(T" b, Tlw, Tqu),
=0 k=1

e H, = H(T*b,, T*L,, T*q.) is the Laplace operator on the half-line
(tx, +00) subject to Dirichlet condition at t, and

{\/»f(t J ), J >

() +af () = VBFI(E) j= =

Theorem, [Damanik—Fillman-S, 2019]

There exists a discrete set ©® C R such that for every compact interval | C R\ ©
and every p > 0, there exists Q C Q with p(Q2) = 1 such that

—itH,,
igg|||X|pX/(H b)e " 7JJHLz(R )y <00, wWe Q

22+¢e

whenever ¢ € L?(R, ) and v(x) = O(e="28" " x) e > 0.
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Breuer decomposition of discrete trees

]

oo m(n)

J(b,p.a) ~EDEP HT"b, T"p, T"9q),
n=0 k=1

(bopo + P-1)q0 V'bopo 0

V'bopo (bip1 + po)ar  Vbip
J(b,p,q) := .
0 Vbipy

Theorem, [Damanik—Fillman-S, 2019]

The operator J,, exhibits Anderson localization at all energies outside of a set D
of cardinality at most one.
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Strategy of the Proof

@ Lyapunov exponent. The cocycle is defined by
E( . |4(07) u(ty)
ME) (o)) - )
where —u” = Eu and u satisfies the vertex conditions defining dom(H,,).
This is a product of SL(2,R) random matrices. Lyapunov exponent for E € R
1
L(E) = nILn;O - log ||ME(W)|l; 11— ae. w

this limit exists and it is deterministic due to ergodicity.

@ L(E) >0 for E € R\ D(not easy!). Thus there is an exponentially decaying
solution (by the Osceledets Theorem).

Anderson localizer’s dream

For u— a.e. w one has

1
L(E) = lim = log||ME(w)l|;for all E€R
n—oo N
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Anderson localizer’s dream

For yu— a.e. w one has

1
L(E) = n|L>n;o; log || ME (w)|); for all E € R

Gorodetski—Kleptsyn: For j1—a.e. w there exists E from a dense Gs subset of the
almost—sure spectrum such that

1 1
liminf = log || ME (w)]| < limsup = log | M5 (w)]|
n—oo N n—oo N

Anderson localizer’'s dream revised

For pi— a.e. w one has

1
L(E) = lim = log||ME(w)]|;for all generalized eigenvalues £
n—oo N

Claim, [Damanik—Fillman-S, 2019]

The revised Anderson localizer's dream holds and it implies spectral localization.
Furthermore, the dynamical localization holds.
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Strategy of the Proof

Fiirstenberg's Theorem for L(E) > 0

Elimination of double resonances (originally by Bourgain—Schlag for the
doubling map model)

Avalanche principle (due to Goldstein—Schlag)

Semi-uniformly localized eigenfunctions

Asymptotic formula for the number of centers of localizaiton in [0, L] as
L— o0

Naimark—Solomyak/Breuer decomposition reversed
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