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0. STIELTJIES STRINGS

Stieltjes string: [Gantmakher, Krĕın 1941/50]

elastic string of zero density bearing n point masses with n∈N ∪ {∞};
first n < ∞ (if n = ∞, accumulation only at one endpoint)
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An experimental setup: [Cox, Embree, Hokanson SIAM Rev. 2012∗]

*’One Can Hear the Composition of a String: Experiments with an Inverse Eigenvalue Problem’



Equations of motion:

vk(t),k=1, 2, . . . , n: transverse displacements of k-th mass mk at time t,

k = 0, n + 1: of left/right end of string.

Lagrange equations:

vk(t)− vk+1(t)
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lk−1
+mkv
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k (t) = 0, k = 1, 2, . . . , n.



Equations of motion:

vk(t),k=1, 2, . . . , n: transverse displacements of k-th mass mk at time t,

k = 0, n + 1: of left/right end of string.

Lagrange equations:

vk(t)− vk+1(t)

lk
+

vk(t)− vk−1(t)

lk−1
+mkv

′′
k (t) = 0, k = 1, 2, . . . , n.

Boundary equations: Dirichlet at left end, Dirichlet/Neumann at right end

v0(t) = 0, vn+1(t) = 0 (DD)

v0(t) = 0,
vn+1(t)− vn(t)

ln
= 0 (DN)



Equations of motion:

vk(t),k=1, 2, . . . , n: transverse displacements of k-th mass mk at time t,

k = 0, n + 1: of left/right end of string.

Lagrange equations:

vk(t)− vk+1(t)

lk
+

vk(t)− vk−1(t)

lk−1
+mkv

′′
k (t) = 0, k = 1, 2, . . . , n.

Boundary equations: Dirichlet at left end, Dirichlet/Neumann at right end

v0(t) = 0, vn+1(t) = 0 (DD)

v0(t) = 0,
vn+1(t)− vn(t)

ln
= 0 (DN)

Separation of variables: vk(t) = uk e
iλt , k = 0, 1, . . . , n + 1  
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R2k−1(z) = −mkzR2k−2(z) + R2k−3(z),
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(D...) u0 = 0 =⇒ R−1(z) =
1
l0
, R0(z) = 1 (start of recurrence, k = 0)

(DD) un+1 = 0 =⇒ R2n(λ
2) = 0 Dirichlet eigenvalues

(DN) un+1−un = 0 =⇒ R2n−1(λ
2) = 0 Neumann eigenvalues
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and S0-function if

◮ 0 is no pole of f .
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For ϕ: p = n (number of masses),

a0 = ln > 0, ak = ln−k , bk = mn−k+1, k = 1, 2, . . . , n,

f (0) = a0 + a1 + · · ·+ ap = l0 + l1 + · · ·+ ln = l ,

where l is the total length of the Stieltjes string.
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I. STAR GRAPH OF STIELTJIES STRINGS

A star-shaped vibrating system:

TritareTM,

guitar-like instrument using 6 Y-shaped
networks instead of 6 simple strings;

[Gaudet/Léger ’03] A new family of

stringed musical instruments, see

http://acoustics.org/pressroom/httpdocs/151st/Leger.html

to hear how it may sound.

http://acoustics.org/pressroom/httpdocs/151st/Leger.html
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• masses m
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k and lengths between l
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Notation. • number of Stieltjes strings q ≥ 2;

• string j has nj masses and length lj ;

• masses m
(j)
k and lengths between l

(j)
k on string j (numbered from ext.);

• mass M ≥ 0 at central vertex.

Two problems. Dirichlet conditions at pendant vertices+ continuity and

Dirichlet condition at central vertex for (D1),

Neumann condition at central vertex for (N1).
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Direct spectral problem:

THM. 1. The Dirichlet and Neumann eigenvalues of (D1) and (N1) are
the zeros and poles of

φq(z) :=
φD,q(z)

φN,q(z)
=

1
∑q

j=1

1

ϕj(z)
−Mz

which, after cancellation of common factors (if any) in the numerator
and in the denominator, becomes an S0-function.
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3) the multiplicity of λk does not exceed q − 1.
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2) ζk−1 = λk if and only if λk = ζk , k = 2, 3, . . . , n;
3) the multiplicity of λk does not exceed q − 1.

COR. One of two disjoint neighbouring Neumann eigenvalues is simple.
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between them,
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such that {ζk}
n
k=1 and {λk}

n+1
k=1 are Dirichlet and Neumann eigenvalues

of corr. star graph of Stieltjes strings!

REM. Analogous results when root is at pendant vertex.
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Star graph G with distinguished edge e0

T0,T1, ...,Tq, symmetric linear relations
with equal defect numbers 1, e.g. induced
by differential operators on e0, e1, ..., eq,

[Simonov/Woracek ’14]
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T0,T1, ...,Tq, symmetric linear relations
with equal defect numbers 1, e.g. induced
by differential operators on e0, e1, ..., eq,

[Simonov/Woracek ’14]

here joined by an arbitrary selfadjoint ’matching condition’  TA,B.

QUESTIONS: For a fixed edge, say e0:

• Is there a “simpler” system that “coincides on e0”with the original one?

• If all edges are of one type (e.g. Stieltjes strings), can the new part be
chosen of same type?

ANSWERS: YES, after a two step reduction . . .
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e0
v0 ✛q rv Γ01g0+ n0(z)Γ02g0=0

Edge e0 with z-depending boundary condition at v

Step 1: Reduction to T ∗
0 with z-depending boundary condition

T =
⊕q

j=0 Tj with equal defect numbers q+1,

(C, Γj1, Γj2), (C
q+1,Γ1,Γ2) boundary triplets for T ∗

j , T
∗,

ϕj , M=diag (ϕ0, ϕ1, ..., ϕq) corr. Weyl-Titchmarsh functions,

TA,B restriction of T∗ by AΓ1y + B Γ2y = 0 (MC):

n0(z) :=
1(

(AMq(z)− B)−1Aǫ0, ǫ0
)
Cq+1

, z ∈ C \ R,

Mq=diag (0, ϕ1, ..., ϕq), ǫ0=(1, 0, ..., 0), and
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Step 1: Reduction to T ∗
0 with z-depending boundary condition

T =
⊕q

j=0 Tj with equal defect numbers q+1,

(C, Γj1, Γj2), (C
q+1,Γ1,Γ2) boundary triplets for T ∗

j , T
∗,

ϕj , M=diag (ϕ0, ϕ1, ..., ϕq) corr. Weyl-Titchmarsh functions,

TA,B restriction of T∗ by AΓ1y + B Γ2y = 0 (MC):

n0(z) :=
1(

(AMq(z)− B)−1Aǫ0, ǫ0
)
Cq+1

, z ∈ C \ R,

Mq=diag (0, ϕ1, ..., ϕq), ǫ0=(1, 0, ..., 0), and n0 Nevanlinna function!
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Reduced path graph G̃

Step 1: Reduction to T ∗
0 with z-depending boundary condition

Step 2: Replace z-depending boundary condition by new system T̃1,
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e0
v0 ✛q rv Γ01g0+ n0(z)Γ02g0=0

Edge e0 with z-depending boundary condition at v

ẽ1
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v0 ✛q q
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Reduced path graph G̃

Step 1: Reduction to T ∗
0 with z-depending boundary condition

Step 2: Replace z-depending boundary condition by new system T̃1,

by applying various inverse results to obtain

[Langer/Textorius ’77]  symmetric lin. relation T̃1,

[DeBranges ’62]  trace-normed canonical system T̃1 on ẽ1=[0,∞),

[Krĕın ’68]  if n0 Stieltjes function: Krein string T̃1 on ẽ1,

joined at v with standard matching conditions.



Special case: Robin type matching conditions

AR Γ1y −
1

τ
BR Γ2y = 0 (RtMC)

(τ=∞: Dirichlet conditions; τ=0: standard matching conditions); then

n0(z) =
1

τ +
1

ϕ1(z)
+

1

ϕ2(z)
+ · · ·+

1

ϕq(z)

, z ∈ C \ R.
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THM 4. Let all edges ej =[0, ℓj ], j=0, 1, ..., q, be Stieltjes strings and
let ϕj , j=1, 2, ..., q, be the Titchmarsh-Weyl functions corr. to Neumann
condition at v (= 0). If

τ ≥ −
1

ϕ1(0−)
−

1

ϕ2(0−)
− · · · −

1

ϕq(0−)
, (∗)

there exists a Stieltjes string ẽ1 joined to e0 by standard matching con-
ditions such that the resolvents for the star graph G with q + 1 edges
e0, e1, ..., eq and for the path graph G̃ with 2 edges e0, ẽ1 “coincide on e0”.
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THM 4. Let all edges ej =[0, ℓj ], j=0, 1, ..., q, be Stieltjes strings and
let ϕj , j=1, 2, ..., q, be the Titchmarsh-Weyl functions corr. to Neumann
condition at v (= 0). If

τ ≥ −
1
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−

1

ϕ2(0−)
− · · · −

1
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there exists a Stieltjes string ẽ1 joined to e0 by standard matching con-
ditions such that the resolvents for the star graph G with q + 1 edges
e0, e1, ..., eq and for the path graph G̃ with 2 edges e0, ẽ1 “coincide on e0”.

Rem. (∗) =⇒ n0 Stieltjes function.



Rem. The Stieltjes string ẽ1 with its masses m̃k , k=1, 2, ..., ñ, and its
lengths l̃k , k=0, 1, ..., ñ, ñ ∈ N ∪ {∞}, is obtained from the CFE of n0,

n0(z) = l̃0 −
1

m̃1z +
1

l̃1 −
1

m̃2z +
.. .

, z ∈ C \ R.
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