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Figure: lllustration of the line defect and the strip Q = (0,1) x R.
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Periodic Problem & Floquet Transform |

Consideration of TE-modes leads to the spectral problem for the
selfadjoint operator Lo acting on L2(R?) given by

1
Lou = —div *VU,
€0

where o(x,y) > ¢ > 0 is bounded and 1-periodic in both x and y.
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Periodic Problem & Floquet Transform |

Consideration of TE-modes leads to the spectral problem for the
selfadjoint operator Lo acting on L2(R?) given by

1
Lou = —div *VU,
€0

where o(x,y) > ¢ > 0 is bounded and 1-periodic in both x and y.
Floquet transform U in the x-direction, gives a family of problems:

1
—div ;Vu:)\u in Q:=(0,1) xR
0

with quasiperiodic boundary conditions

; ou i ou
u(l,y) =e™u(0,y) and —=(1,y)=e"="(0,y) (1)

for ke € B := [—m, 7.
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Periodic Problem & Floquet Transform Il

Let Lo(kx) be the operator in L2(S2) given by
1

Lo(ky)u = —div —Vu
€0

subject to the quasi-periodic boundary conditions (1).
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Let Lo(kx) be the operator in L2(S2) given by
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Let Lo(kx) be the operator in L2(S2) given by

1
Lo(ky)u = —div —Vu
€0

subject to the quasi-periodic boundary conditions (1). Then

®
Lo = /Lo(kx) dke and  o(Lo) = | J o(Lo(ky)).
B k«€eB

For each ks, another Floquet transform in the y-direction gives operators
Lo(ky, k), k € B, on L2(]0,1]?) subject to gp-bcs in both x and y.
For the spectrum, we have

o(Lo(kx)) = | o(Lo(kx, k))

keB
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Periodic Problem & Floquet Transform Il

Let Lo(kx) be the operator in L2(S2) given by

1
Lo(ky)u = —div —Vu
€0

subject to the quasi-periodic boundary conditions (1). Then

®
Lo = /Lo(kx) dke and  o(Lo) = | J o(Lo(ky)).
B k«€eB

For each ks, another Floquet transform in the y-direction gives operators
Lo(ky, k), k € B, on L2(]0,1]?) subject to gp-bcs in both x and y.
For the spectrum, we have

o(Lo(ka) = | a(Lo(ke, k) = (U )\,,(kx,k)>

keB n keB

Any gap in the spectrum of Ly is due to gaps in the spectra of all Lo(kx).
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Bloch Functions

Let {\s(k)}sen and {1s(k)}sen be the eigenvalues and eigenfunctions of

Lo(ky, k), i.e. Lo(kx, k)1s(k) = As(k)tbs(k). These are analytic functions
in k on B.
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Bloch Functions

Let {\s(k)}sen and {1s(k)}sen be the eigenvalues and eigenfunctions of
Lo(ky, k), i.e. Lo(kx, k)1s(k) = As(k)tbs(k). These are analytic functions
in k on B.

The Bloch functions are complete: for any r € L2(Q) we have

_ 1 " _
(D)= =3 [ (U000 (oK) e

seN
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Bloch Functions

Let {\s(k)}sen and {1s(k)}sen be the eigenvalues and eigenfunctions of
Lo(ky, k), i.e. Lo(kx, k)1s(k) = As(k)tbs(k). These are analytic functions
in k on B.

The Bloch functions are complete: for any r € L2(Q) we have

rX Ur( k) ¢5( k)>¢5( )
-l

We have the resolvent representation
(Ur(: ( k)) ¥s(X, k)
((Lo(ke) = 2)7Hr) (%) = mz/ﬂ o dk

for A outside the spectrum of Lo(ky).
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On L2(R?) consider Lju = —div e]*Vu, where
@ ¢1 periodic in the x-direction,

o co(x,y) = e1(x,y) for y £ (0,1),
@ £1 —¢g > 0 and there exists a ball D such that ey —¢g > 0on D.
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On L2(R?) consider Lju = —div e]*Vu, where
@ ¢1 periodic in the x-direction,

° co(x,y) = ei(x,y) for y £ (0,1),
@ £1 —¢g > 0 and there exists a ball D such that ey —¢g > 0on D.
Floquet transform in the x-direction gives family of problems

Li(ke)u := —div e]*Vu (2)

in L2(Q) satisfying qp-boundary conditions (1) with k. € B.
The spectrum of the waveguide problem is given by

o(L) = | o(La(k)).

kx€B
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@ ¢1 periodic in the x-direction,

° co(x,y) = ei(x,y) for y £ (0,1),
@ £1 —¢g > 0 and there exists a ball D such that ey —¢g > 0on D.
Floquet transform in the x-direction gives family of problems

Li(ke)u := —div e]*Vu (2)
in L2(Q) satisfying qp-boundary conditions (1) with k. € B.
The spectrum of the waveguide problem is given by
o(L) = | o(La(k)).
ke€B

Aim: Fix k. and assume (Ag, A1) is a spectral gap for Lo(kx). Introduce a
line defect into the crystal and compare o(L;(ky)) and o(Lo(kx))-

lan Wood (Kent) Waveguides Graphs and Waveguides 6/14



On L2(R?) consider Lju = —div e]*Vu, where

@ ¢1 periodic in the x-direction,

° co(x,y) =ei(x,y) for y £ (0,1),

@ ¢1 — &g > 0 and there exists a ball D such that e —e¢g > 0 on D.
Floquet transform in the x-direction gives family of problems

Li(ke)u := —div e]*Vu (2)

in L2(Q) satisfying qp-boundary conditions (1) with k. € B.
The spectrum of the waveguide problem is given by

o(L) = | o(La(k)).

kx€B

Aim: Fix k. and assume (Ag, A1) is a spectral gap for Lo(kx). Introduce a
line defect into the crystal and compare o(L;(ky)) and o(Lo(kx))-

Let Avi(kx, ko) = A1 and assume that Ap(ky, k) # A1 for all k different
from ko. Analyticity implies Ay(kx, k) < A1 + alk — kol?.
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Bilinear Forms

Recall £g,e1 € L* with a positive lower bound.
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The Bilinear Forms

Recall £g,e1 € L* with a positive lower bound.

Hio(Q) = {u € Hpo(R?) : u(% + (m,0)) = e™Mu(%), m € Z,x € R*}.
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The Bilinear Forms

Recall £g,e1 € L* with a positive lower bound.
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The Bilinear Forms

Recall £g,e1 € L* with a positive lower bound.

Heo(Q) = {u € Huo(R?) : u(X + (m,0)) = e*"u(x), m € Z,% € R?}.

Bjlu, v] :—/ ( I )Vqu—i—uv) dx, for u,v € H;p(Q),j:O,l.
€j

Equip H,,(2) with the norm coming from By.
Let £; + 1 be the operator in Hg, (Q) associated with B; and
8 = (2 +1)!

Proposition
o £o and &g are self-adjoint in H,}(RQ).
o o(Lo(kx)) = 0(Lo) and o(L1(kx)) = o(£,).
@ The essential spectra of &, and &, coincide.
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Approach: Birman-Schwinger Type Reformulation

(Li(ks) = AN)u=0 with X € (Ag, A1) is equivalent to

1 1 1
_ —0f - .
(&, = p)u =0 for p /\+1€<A1+1’A0+1>
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Approach: Birman-Schwinger Type Reformulation

(Li(ks) = AN)u=0 with X € (Ag, A1) is equivalent to

1 1 1
_ —0f - .
(&, = p)u =0 for p /\+1€<A1+1’A0+1>

Moreover,

(&, —pu=0 & (&, —pu+ (B, —&,)u=0
e (I —p®, Hu+ (6,716, — Nu=0
s ut (I —ps, ) Y8, 76, — u=0.

Note that (/ — u®, 1)t = —(A+1)(L€, — \) L.
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Approach: Birman-Schwinger Type Reformulation

(Li(ks) = AN)u=0 with X € (Ag, A1) is equivalent to

1 1 1
_ —0f - .
(&, = p)u =0 for p /\+1€<A1+1’A0+1>

Moreover,
(&, —pu=0 & (&, —pu+ (B, —&,)u=0
e (I —p®, Hu+ (6,716, — Nu=0
s ut (I —ps, ) Y8, 76, — u=0.

Note that (/ — u®, 1)t = —(A+1)(L€, — \) L.

Let K := &, ', — . Then K : H_H(Q) — H,H(Q) is positive and
symmetric and Ran K C HZ!, the space of distributions on Q with

compact support in the y-direction.
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The Inner Product Space K and A,

Set X = Ran K and let P : Hq_pl(Q) — K be the orthogonal projection.

On K, we introduce a new inner product given by (f, g) := <Kf7g>H<;)1 .
A, =Pl —p®, ) K K = K, for € BN
wo HOo . ’ 12 /\1+17/\0+1 .
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The Inner Product Space K and A,

Set X = Ran K and let P : Hq_pl(Q) — K be the orthogonal projection.

On K, we introduce a new inner product given by (f,g), := (Kf,g)H‘;l .
A, =Pl —p®, ) K K = K, for € BN
wo HOo . ’ 12 /\1+17/\0+1 .

o (&, — p)u =0 has a non-trivial solution iff —1 is an eigenvalue of A,,.

e A, is symmetric and compact in K.
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The Inner Product Space K and A,

Set X = Ran K and let P : Hq_pl(Q) — K be the orthogonal projection.

On K, we introduce a new inner product given by (f,g), := <Kf,g>H‘;)1 .
A, =Pl —p®, ) K K = K, for € BN
wo= HOo : ) I M+l Ao+1)

o (&, — p)u =0 has a non-trivial solution iff —1 is an eigenvalue of A,,.

e A, is symmetric and compact in K.

K “— min (Auu, U>IC
(1) := uz0 (U, u)e

For 1 in the spectral gap ((A1 4+ 1)1, (Ao +1)7!) of &, we have that
w — k(w) is continuous and increasing.
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Expression for numerator

Let u € K, (vn) in L?(Q) such that v, — Ku € H_; (). Then
(Apu,u)e = (KAuu, u> -
(Auu, Ku>
= (P l—u@% ) Ku, Ku),,
< | — p®, ! 1Ku Ku>H 1
= nl'_)”go <(/ — u®o~ ) Vn7Vn>H—1
= lim {So(l — uBe ™) v, vi) 0

n—o0

. . UVH7¢S> 2‘
- n'L”;oZ/_,r T a0, D) (sl T D
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Expression for numerator

Let u € K, (vn) in L?(Q) such that v, — Ku € H_; (). Then
(Apu,u)e = (KAuu, u> -
(Auu, Ku>
= (P l—u@% ) Ku, Ku),,
< | — p®, ! 1Ku Ku>H 1
= nl'_)”go <(/ — u®o~ ) Vn7Vn>H—1
= lim {So(l — uBe ™) v, vi) 0

n—o0

: UV"?¢S>L2‘
= | k.
nL”;oZ/ =0+ 1) () + D)
On the one hand, for a suitable test function u € K (such that
[(€0 = £)m(:, ko)][G1u] # 0),
(Apu,u)c — —oo as u — 1/(A1 +1).
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Lower Estimate for x(u)

Recall: )\M(k)((), ko) == /\1.

. Um s/|2
(Apu,u) e > nl'_>r202/_ o~ v ¢>L(|)\S+1))dk

s>M
> ns k
> Alﬂmz/_ﬂ (U )24
1
> dk
il /\1+1 n—>ooz/ /\ k)—|—1 UVn7¢S>|
1
- mn'b"éo“ﬁ”"’”"m
1 1 2
= s lim vl = e Kul
(/\ +1) Im HV”H 1 1-[1(/\1—’-1) H UHH 1
N S 1Y | Iul2
1-— N(/\l + 1) €1 €0 |l oo K
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Result on Generation of Spectrum

Theorem

Assume that
1 1

€1 €0

A1 — Ao

< .
o (Not+1)

Then weak localization takes place, i.e. the problem

€1
€0

(e}

—V () Vuk) = x®) e Q=(0,1) xR

has a nontrivial k%-quasiperiodic solution ulk) ¢ L2(2) for some
N < A < Mg
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Result on Generation of Spectrum

Assume that
1 1

€1 €0

A1 —No

< .
o (Not+1)

Then weak localization takes place, i.e. the problem

€1
€0

(e}

—V ey ()7IVuk) = 2k geQ=(0,1) xR

has a nontrivial k%-quasiperiodic solution u(k!) ¢ L2(2) for some
N < A < Mg

Proof.

Combining the upper and lower estimates with the knowledge that x(u) is
monotonically increasing in p and continuous, we obtain our main result
from the Intermediate Value Theorem. Ol

v

lan Wood (Kent) Waveguides Graphs and Waveguides 12/14



Further Results

Let ¥ = {(s,k) € N x [-m, 7] : As(k) = A1}. Assume

(i) e0,€1 € L°(R2).

(i) i > co > 0 for some constant ¢y and i =0, 1.

(iii) The perturbation is nonnegative, i.e. €1(x) — eo(x) > 0.
(iv) There exists a ball D such that e; — g > 0 on D.

(v) The band functions \s are not constant as functions of k € [—m, ].
(vi) There are « > 0 and & > 0 such that for all (5, k) € ¥ and
k € [—m, ] satisfying |k — k| < &, we have Ag(k) > A1 + alk — k|2.

Then |X| is finite.
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Let ¥ = {(s, k) € Nx [—m, 7] : As(k) = A1}. Assume
(i) e0,€1 € L°(R2).

(i

(iii) The perturbation is nonnegative, i.e. e1(x) — eo(x) > 0.

) €i > ¢o > 0 for some constant ¢y and i =0, 1.

)
(iv) There exists a ball D such that e; — g > 0 on D.
)

)

(v) The band functions \s are not constant as functions of k € [—m, 7].

(vi) There are « > 0 and & > 0 such that for all (5, k) € ¥ and
k € [—m, 7] satisfying |k — k| < &, we have A\s(k) > A1 + alk — k|?.
1 _ 1

x5 > 0 be sufficiently small.
(e}
Then the number of eigenvalues of £, in the gap (Ao, /A1) equals |X|.

Then |X| is finite. Moreover, let

lan Wood (Kent) Waveguides Graphs and Waveguides 13 /14



Further Results

Let ¥ = {(s, k) € Nx [—m, 7] : As(k) = A1}. Assume
(i) €0,€1 € L(R?).
(i) i > co > 0 for some constant ¢y and i =0, 1.

(iii) The perturbation is nonnegative, i.e. e1(x) — eo(x) > 0.

)
)
(iv) There exists a ball D such that e; — g > 0 on D.
(v)
(vi)

The band functions As are not constant as functions of k € [—m, 7].
There are a« > 0 and § > 0 such that for all (3, /2) € X and
k € [—m, 7] satisfying |k — k| < &, we have A\s(k) > A1 + alk — k|?.

Then |X| is finite. Moreover, let ||+ — 1

x5 > 0 be sufficiently small.
(e}
Then the number of eigenvalues of £, in the gap (Ao, /A1) equals |X|.

For the case when all fields are constant in the z-direction, the results for
TM- and TE-fields together imply the same results for the Maxwell system.
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Thank you
for your attention!




