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1. Project 01: Random walk models on graphs and groups

1.1. Principal Investigator and Speaker of the DK-plus: Wolfgang Woess
Institut für Mathematische Strukturtheorie
Technische Universität Graz
Steyrergasse 30
8010 Graz
AUSTRIA

1.2. Keywords: random walk, transition operator, spectrum, horocyclic product, group ac-
tion, internal aggregation

1.3. Research interests of the Faculty Member. The central topic of the research of
W. Woess is “Random Walks on Infinite Graphs and Groups”, which is also the title of the
quite successful monograph [150] (= item 1 in 1.11). Here, Random Walks are understood
as Markov chains whose transition probabilities are adapted to an algebraic, geometric, resp.
combinatorial structure of the underlying state space. The main theme is the interplay between
probabilistic, analytic and potential theoretic properties of those random processes and the
structural properties of that state space. From the probabilistic viewpoint, the question is
what impact the particular type of structure has on various aspects of the behaviour of the
random walk, such as transience/recurrence, decay and asymptotic behaviour of transition
probabilities, rate of escape, convergence to a boundary at infinity and harmonic functions.
Vice versa, random walks may also be seen as a nice tool for classifying, or at least describing
the structure of graphs, groups and related objects.
The work of W. Woess is not limited to those aspects that concentrate on the link between
random walks and structure theory. One one side, there is also a body of more “pure” work
on infinite graphs, group actions, and also formal languages (which entered the scene via the
free group). This comprises past and current collaboration with T. Ceccherini-Silberstein. On
another side, some recent and less recent work concerns locally compact groups and their
actions in relation with the computation of norms of transition operators, and harmonic
functions on certain manifolds that arise as so–called horocyclic products: past and current
collaboration with S. Brofferio, M. Salvatori, L. Saloff-Coste and A. Bendikov.
Woess’ research is interdisciplinary between several Mathematical areas: Probability – Graph
Theory – Geometric Group Theory – Discrete Geometry – Discrete Potential Theory – Har-
monic Analysis and Spectral Theory.

1.4. Short description of two showcases of PhD Research Projects.

1. Horocyclic and wreath products: group actions and random walks. This work goes back
to two roots: one is a long paper of Cartwright, Kaimanovich and Woess [30] which studies
random walks on the stabilizer of an end in a homogeneous tree in the spirit of products
of random affine transformations. The other (itself twofold) is in the paper of Soardi and
Woess [136] (one of the most frequently cited among Woess’ papers), where amenability and
unimodularity of totally disconnected groups are linked with random walks on graphs, and
where Woess posed the following problem: does there exist a vertex-transitive graph that is
not quasi-isometric with a Cayley graph ? Diestel and Leader Diestel and Leader proposed an
example to answer the above question positively. It can be described as the horocyclic product
of two homogeneous trees with degrees q + 1 and r + 1, respectively where q 6= r (that is,
a horosphere in the product of two trees). It was only very recently that Eskin, Fisher and
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Whyte [49] succeeded to prove that these Diestel-Leader graphs are indeed not quasi-isometric
with any Cayley graph. On the other hand, as pointed out by R. I. Möller, when q = r, it is a
Cayley-graph of the so-called lamplighter group, the wreath product of a finite group with the
infinite cyclic group. All these facts opened the doors to work with multiple flavour. First of
all, random walks on DL-graphs could be studied by Bertacchi [17] by adapting the methods
of [30]. The simple desciption of a Cayley graph of the lamplighter group (whose geometry
had not been understood so clearly before) lead to a quite complete body of work regarding
the Martin boundary and the spectrum of transition operators [items 7 and 8 in 1.11 below]
and the long case study [item 3 in 1.11], where horocyclic products of an arbitrary number
of trees are studied under several different viewpoints, including “pure” combinatorial group
theory besides spectral and boundary theory.
This is a starting point for further promising research to be undertaken. Orient the regular
tree T = T (d1, d2) such that every vertex has indegree d1 and outdegree d2, and consider
the associated “horocycles” plus horocyclic products of two or more such trees, possibly with
different di. From the above, the case d1 > d2 = 1 is well understood, where the involved
groups are all amenable, which is not true when d1, d2 ≥ 2.
When are those extended horocyclic products amenable, resp., when do they satisfy a strong
isoperimetric ineqality ? This appears to be the simplest of the questions to be posed, and a
good starting point for a young PhD student to embark on this type of research by learning
tools such as the action of vertex-stabilizers, the topology of isometry groups of graphs, related
harmonic analysis, probability, etc.
What can be said about group actions on and quasi-isometries of these products ? How can
one extend the methods of [item 3 in 1.11] to show that they are Cayley graphs when they are
amenable ? Did such groups appear in Geometric Group Theory before in different contexts ?
How are these graphs related with wreath products, Baumslag-Solitar and related groups ?
What is the behaviour at infinity of such random walks ? This should be preceded by a study
of random walks on Aut(T (d1, d2)) in the spirit of [30].
Another interesting feature of the DL-graphs is that the “simple random walk” transition op-
erator has pure point spectrum. This goes back to work of Girgorchuk and Żuk [70] and Dicks
and Schick [43] regarding lampligher groups, which simplifies and extends via the elementary
understanding of the geometry of DL-graphs. One should mention here that the phenomenon
of a pure point spectrum had been quite new for random walks on groups (contrary to frac-
tals). Is the spectrum of random walks on the above more general horocyclic products of trees
again pure point ?
Via the link between lamplighter groups and DL-graphs, this is also related with recent work
of Lehner, Neuhauser and Woess [item 2 in 1.11], who revealed a direct connection between
the spectrum of random walk on wreath products and on percolation clusters.
To summarize, we all know that it is a subtle task to find and propose good topics for PhD
research in Pure Mathematics. On one hand, answers should not be obvious, while on the
other, a responsible advisor should only propose questions which appear to have the potential
for successful work within reasonable time. The above topic seems to have that potential, and
to offer promising work to even more than one PhD student.

2. Random walks, the rotor-router model and other internal aggregation processes The rotor-
router model is an automaton that generates a deterministic motion of one or more particles
on a graph. See e.g. Levine and Peres [110] (& the references given there), as well as the
nice-to-read article by Patrick [120]. Given a locally finite graph, an arrow – the rotor – is
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placed at each vertex, pointing to one of its neighbors. A walker starts at the root and follows
the directions of the arrows; after each step, the last arrow is rotated so that it then points to
the next neighbor of its initial vertex. (A cyclic ordering for the neighbors of each vertex has
to be pre-chosen and followed by the rotor.) This model has striking similarities with random
walk. In particular, there is the random-walk-driven process called internal diffusion limited
aggregation (IDLA) introduced by Diaconis and Fulton in 1991. In IDLA, successive particles
are emitted from a root vertex in a graph. Each performs a random walk until it hits an
unoccupied vertex where it stays. One obtains an increasing sequence of random subgraphs
consisting of the occupied sites. The main question is to determine the asymptotic geometry
(shape) of those clusters. This was studied in detail on the integer lattices by Lawler, see [103]
(& the references given there).
On integer lattices, it turns out that IDLA has striking similarities with rotor router aggrega-
tion, where the particles instead of random walk follow the rotor arrows. This and the close
relation of those two models with the divisible sandpile are studied in recent work of Levine
and Peres, see – among other – [110]. In recent work that Woess had stimulated, Blachère and
Brofferio [24] have determined the limit shape of IDLA on groups with exponential growth.
Currently, at Graz, W. Huss is studying IDLA, rotor aggregation and the divisible sandpile
on the “comb lattices” as part of his PhD project. The latter are non-homogeneous graphs
which are the simples examples where random walk shows a basic “anomaly” (absence of the
so-called Einstein relation). The future work proposed here is to study those three models
on other classes of non-homogeneous graphs, most notably the Sierpinski graph and other
simple pre-fractals. This task is certainly harder than what is outlined in Project 1. It has
to be based on a good study of the potential kernel (Green kernel) and will be preceded by
numerical simulations, which are already being undertaken by a Master student.
In another direction, one should extend the work of [120] beyond binary trees. There, the
rotor router trajectory of a single particle is studied probabilistically with respect to different
(random) initial configurations of the rotors. The behaviour then is related with a Galton-
Watson process induced by that configuration. This can certainly be understood also on larger
classes of infinite graphs.
There is another interesting and promising question. Branching random walk combines a
random walk (or any Markov chain) with a Galton Watson process: while following a random
walk, particles produce offspring which again move (independently) according to the same
rules. Basic results concern recurrence and transience questions, see e.g. Gantert and Müller
[55] (& the references there), and more refined questions are related with the behaviour at
infinity (in space) of the population, see Hueter and Lalley [83]. Does branching rotor-router
walk exhibit the same phenomena as branching random walk? One should start once more by
comparing these models on trees.

1.5. Collaborations within the DK-plus. The closest direct link within the DK-plus part-
ners is the one with Peter J. Grabner (subproject 04). Grabner and Woess share an interest in
the application of methods from Complex Analysis to problems that have to do with enumera-
tion in a wide sense. A particular emphasis has been on complex dynamics related with fractal
graphs and a resulting oscillatory phenomenon of transition probabilities, see [69]. Later on
they have organized the conference “2001 – Fractals in Graz” and edited the resulting pro-
ceedings with contain very substantial contributions, e.g. by Kaimanovich and by Bartholdi,
Nekrashevich and Grigorchuk, and also by J. Thuswaldner (subproject 08).
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The use of probabilistic tools and the study of limit theorems constitute the links between
Woess and I. Berkes (subproject 02). Group theory in general (although the directions are
quite different) constitute a link with A. Geroldinger (subproject 03). Graph Theory and
probabilistic methods in Combinatorial Optimization (non-homogeneous Markov chains) are
the encounter points between Woess and B. Klinz & R. Burkard (subproject 07). The need to
incorporate tools from Differential Geometry at a higher level and the interests in its discrete
versions is what makes the presence of J. Wallner (leader of subproject 10) very precious for
subproject 01.

1.6. Collaborating research groups where PhD Students could perform their re-
search stay abroad.

• Pierre Mathieu and Christophe Pittet, CMI, Université de Provence, Marseille, France.
• Laurent Saloff-Coste, Department of Mathematics, Cornell University, Ithaca, NY,

USA.
• Laurent Bartholdi, Mathematisches Institut, Universität Göttingen, Germany.
• Nina Gantert, Institut für Mathematische Statistik, Universität Münster, Germany.

1.7. Know-how and infrastructure of the research group. At the current state (June
2009), the research group which W. Woess has built up at TU Graz since 1999 consists of 2
persons with regular (yet temporary) employment at the University and 5 project collabora-
tors.
Senior member is Dozent Dr. Franz Lehner, who took his PhD in Paris under the supervision of
G. Pisier in 1997 and holds an assistant prof. position since 2004. He works on free probability
and spectral theory; see his CV a few pages further below. Dipl.-Ing. Christoph Temmel took
his master degree very recently. Part of his master thesis on percolation on trees and related
topices was elaborated during an Erasmus stay at Univ. Marseille. His advisors were, jointly,
W. Woess and P. Mathieu (Marseille). Temmel is currently holding an assistant position with
teaching duties, and has begun thesis work on random walks on trees. From October 2009
to June 2010, he will be again at Univ. Marseille as part of a “Cotutelle” program of joint
PhD supervision by Mathieu and Woess. Woess, Lehner and Temmel (together with an older
assistant professor who does not take part in the research activities of the group and will retire
in October, 2010) carry the quite heavy teaching load of the institute for the numerous students
of engineering and computer science students besides mathematics. Dr. Lorenz Gilch took
his master degree at Passau University (Germany). He held a regular TUG assistant position
from 2004 to 2008 and obtained his PhD under Woess’ supervision in 2007. He is now a
PostDoc at the same Insitute with a grant of Deutsche Forschungsgemeinschaft (DFG) until
2010. He works on the rate of escape of random walks, with emphasis on methods of explicit
computation an estimation. Dr. Florian Sobieczky holds his own FWF project “Random
Walks on Random Partial Graphs” concerning, among other, random walk on finite percolation
clusters and horocyclic products of random trees (collaboration with V. A. Kaimanovich).
Mag. Ecaterina Sava is a PhD student from Romania. She is employed within the “NAWI
Graz” cooperation project between the University and the Technical University of Graz. Her
work under the supervision of Woess focuses on Poisson boundaries of lamplighter random
walks and related issues. More recently, Mag. Elisabetta Candellero took up her PhD studies
on random walks on free products. Previously, she took her Master (“laurea”) degree at Torino
Univ. after elaborating her Master Thesis under Woess’ advice during an Erasmus stay at
TU Graz. Dipl.-Ing. Wilfried Huss is a PhD student oroginally employed in Woess’ current
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FWF project “Random Walks, Random Configurations, and Horocyclic Products”. He is
undertaking a careful study of internal diffusion limited aggregation, the divisible sandpile
and the rotor router model on comb lattices. (Currently, he is substituting F. Lehner who
is on temporary leave.) Within the same FWF project Dr. James Parkinson was employed
from 2007 to 2008 – an excellent PostDoc from Sydney (PhD supervisor: D. I. Cartwright)
working on affine buildings with emphasis on Hecke algebras, harmonic analysis and random
walks. He has recently obtained a regular position in Sydney. His successor as a FWF project
collaborator is Dr. Agelos Georgakopoulos who comes from the successful group of R. Diestel
at Hamburg working on topological aspects of infinite graphs.
At the current, quite marvellous state, the different research areas complement each other
very nicely and the whole team is amazingly harmonious – a good environment for a warm
and fruitful welcome of new PhD students. The necessary physical infrastructure is of course
guaranteed by a sufficient number of rooms, computer workplaces, internet and library access.

1.8. CV of the Faculty Member.

Education.
23.7.1954: born in Vienna.
1960–1972: school education in Vienna.
1972–1973: military service.
1973–1978: studies of Mathematics at Vienna University of Technology (TU Wien).
1978: graduation (diploma = master degree).
1978–1980: PhD studies at the Universities of Munich and Salzburg.
1980: PhD at the University of Salzburg (supervisor: P. Gerl).
1985: “Habilitation” in Mathematics at the University of Salzburg.

Employment.
1980–1981: research grant at the University of Salzburg.
1982–1988: assistant professor at the Institute of Mathematics and Applied Geometry

of Montanuniversität Leoben (Austria).
1984/1985: on leave, research fellowship (sponsored by the Italian CNR) at the Depart-

ment of Mathematics of the University of Rome (research group of A. Figà-Talamanca).
1988–1994: associate professor for Mathematical Analysis at Università di Milano (Italy).
1994–1999: full professor of Probability at Università di Milano (Italy) and (1998–1999)

at the newly founded Università di Milano-Bicocca (Italy) .
since 1999: full professor of Mathematics at Graz University of Technology.

Visiting positions.
1986–1999: various visiting positions and reserach visits of 1 month or longer at dif-

ferent universities in Italy (Rome-I, Milano), USA (Washington Univ. – St. Louis,
CUNY, Harvard), Canada (Montréal, Simon Fraser Univ.), Australia (Sydney), Aus-
tria (Salzburg, Vienna, Graz, Linz) and France (Paris 7, Rennes).

August/September 2000: visiting prof. at Cornell University.
April + June 2002: visiting prof. at Institut H. Poincaré, Centre Emile Borel, Paris.
April 2004: visiting prof. at the University of Sydney.
April 2005: visiting prof. at the University of Rome-I.
August 2005: Probability course at the Summer School in Perugia, Italy.
April + June 2006: visiting prof. at Univ. Tours, France.
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Organisation of conferences.
June 1997: conference “Random Walks and Discrete Potential Theory”, Cortona, Italy

(with V. A. Kaimanovich, M. A. Picardello and L. Saloff-Coste)
March–June 2001: Special semester “2001 – Random Walks” at the Schrödinger Institute

in Vienna (with V. A. Kaimanovich and K. Schmidt)
June 2001: conference “2001 – Fractals in Graz” (with P. Grabner)
September 2003: member of the program committee of the congress of the Austrian

Mathematical Society in collaboration with UMI and SIMAI, Bozen/Bolzano, Italy.
June 2004: conference “Geometric Group Theory, Random Walks, and Harmonic Analy-

sis”, Cortona, Italy (with T. Ceccherini-Silberstein, T. Nagnibeda, L. Saloff-Coste and
M. Salvatori)

June 2005: special session “Stochastic Analysis on Metric Spaces” at 2nd Joint Meeting
of AMS, DMV, ÖMG, Mainz, Germany (with L. Saloff-Coste and K.-Th. Sturm)

March 2006: RDSES/ESI Educational Workshop on Discrete Probability, Schrödinger
Institute, Vienna (with V. A. Kaimanovich and K. Schmidt)

July 2009: Workshop on “Boundaries”, TU Graz (with E. Sava, T. Nagnibeda and Ch.
Pittet)

Award.
• 1987 biennial prize of the Austrian Mathematical Society.

Refereeing and editorial activities.
• 1989 & 1990: Referee for NSF research grant applications.
• 1990–1999: Associate Editor of the journal “Circuits, Systems and Signal Processing”

(Birkhäuser).
• 2003: Referee for Italian Cofin grant applications (comparable with NSF).
• 2007: Referee for the evaluation of the Mathematical Institute of the Slovak Academy

of Sciences.
• Referee for a very wide range of the international mathematical research journals; for

a list, see http://www.math.tugraz.eadat/∼woess/♯refereeing
• editor of proceedings volumes: (1) with M. A. Picardello: Random Walks and Dis-

crete Potential Theory (Cortona 1997), Symposia Mathematica XXXIX, Cambridge
University Press, 361+ix pages, 1999.
(2) with P. M. Grabner: Fractals in Graz 2001 – Analysis - Dynamics - Geometry -
Stochastics (Graz 2001), Birkhäuser, Basel, 283+iii pages, 2003.
(3) with V. A. Kaimanovich and K. Schmidt: Random Walks and Geometry (ESI,
Vienna, 2001), de Gruyter, Berlin, 532+x pages, 2004.

Organisational activities.
• 2000–2003: secretary of the Austrian Mathematical Society.
• Since 2005: head of the Committee for Doctoral Studies of TU Graz.
• Since 2007: member of the Senate of TU Graz.

Supervision of PhD theses. At Università degli Studi di Milano:
• Maura Salvatori, PhD (1991), now associate professor of Mathematical Analysis at

the same University;
• Sara Brofferio, Laurea degree supervised by W.W. (1996), then PhD at Univ. Paris 6

(2002), PostDoc at TU Graz, now assistant prof.,Univ. Paris–Sud;



65

• Bernhard Krön, Master degree supervised by W.W. (1997) obtained from Salzburg
University, then PhD at TU Graz (2001) – W.W. was 2nd advisor; PostDoc in Sydney
and Hamburg, now assistant prof. at Univ. Vienna;

• Daniela Bertacchi, PhD (2000), now assistant prof. of Probability, Univ. Milano–
Bicocca;

• Fabio Zucca, PhD (2000), now assistant prof. of Probability, Politecnico di Milano.
At TU Graz:
• Ali Ünlü, PhD (2004), now assistant prof. in Statistics, Univ. Augsburg;
• Lorenz Gilch, PhD (2007);
• Ecaterina Sava, Wilfried Huss, Christoph Temmel and Elisabetta Candellero, current

PhD students.

1.9. PhD Students of the last 5 years (overview).

Name of the Sex Research topic Title of the thesis (year) Number of
Student publications
Ali Ünlü M Knowledge spaces The Correlational 15

Agreement Coefficient CA≤
and an alternative κ (2004)

Lorenz Gilch M Random walks Rate of Escape 4
of Random Walks (2007)

Ecaterina Sava F Random walks Poisson boundary of 1
lamplighter groups (current)

Wilfried Huss M Random walks Divisible sandpile and internal 2
diffusion limited aggregation
(current)

Christoph Temmel M Random walks Random walks on trees 0
(current)

Elisabetta Candellero F Random walks Random walks on 0
free products (current)

1.10. Externally funded national and international projects (last 5 years).

A. Asymptotic Properties of Random Walks on Graphs. FWF Project Nr. P15577-N05.
Duration: 1.10.2002–15.7.2006;
PostDoc fellows: S. Brofferio (1.10.2002–28.2.2003), R. Ortner (1.10.2002–31.7.2003),
M. Neuhauser (1.10.2003–30.9.2005) F. Sobieczky (1.10.2004–31.8.2005 and 1.1.–30.4.2006),
E. Teufl (1.4.2005–30.9.2005), A. Timar (15.1.–15.7.2006).
B. Internal Diffusion Limited Aggregation on Non-Homogeneous Structures. EU Marie Curie
fellowship HPMF-CT-2002-02137. Duration: 1.3.2003 – 31.8.2004;
PostDoc fellow: S. Brofferio.
C. Random Walks, Random Configurations, and Horocyclic Products. FWF Project Nr.
P18703-N18. Duration: 1.10.2006–ongoing;PhD fellow: W. Huss (1.10.2006–current);
PostDoc fellows: S. Müller (1.4.–30.9.2007); J. Parkinson (15.10.2007–current).
D. GROUPS: European Training Courses and conferences in Group Theory. Marie-Curie
conferences Contract Nr. MSCF-CT-2006-045987. Duration: 2006–2009. Consortium project
coordinators: H. Short, Ch. Pittet, Marseille. Workshop on “Boundaries” in Graz in July
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2009, organizer. W. Woess.
E. Poisson boundaries of lamplighter random walks. PhD project funded within the NAWI
Graz cooperation of TU and Graz University. Duration: 2006–2010; PhD fellow: E. Sava.
F. Random processes on free products. PhD project with “kickoff” funding by the NAWI Graz
cooperation of TU and Graz University. Duration: April–December 2009; PhD fellow: E.
Candellero.

Overview:
Funding Number Research topic of Amount funded
organization of the project the project (duration) in KEURO

FWF P15577-N05 Asymptotic Properties 242
of Random Walks
on Graphs (2002–2006)

EU Marie Curie HPMF-CT-2002-02137 Internal Diffusion 100
Limited Aggregation on
Non-Homogeneous Structures
(2003–2004)

FWF P18703-N18 Random Walks, 267
Random Configurations,
and Horocyclic Products
(2006–ongoing)

EU Marie Curie MSCF-CT-2006-045987 GROUPS: European 41
Training Courses and
conferences in Group Theory
(2006–2009)

NAWI Graz Poisson boundaries; Free 94
products (2006–2009)

1.11. Most relevant publications of the last 5 years.

1. W. Woess: Random Walks on Infinite Graphs and Groups. Cambridge Tracts in
Mathematics 138, Cambridge University Press, 334+xiv pages, 2008 (paperback re-
edition of the original from 2000).

2. F. Lehner, M. Neuhauser and W. Woess: On the spectrum of lamplighter groups and
percolation clusters. Mathematische Annalen 342 (2008) 69–89.

3. L. Bartholdi, M. Neuhauser and W. Woess: Horocyclic products of trees. J. European
Math. Society 10 (2008) 771–816.

4. D. I. Cartwright and W. Woess: The spectrum of the averaging operator on a network
(metric graph). Illinois J. Math. 51 (2007) 805–830.

5. R. Ortner and W. Woess: Non-backtracking random walks and cogrowth of graphs.
Canadian J. Math. 59 (2007) 828–844.

6. L. Saloff-Coste and W. Woess: Transition operators on co-compact G-spaces. Revista
Matematica Iberoamericana 22 (2006) 747–799.

7. S. Brofferio and W. Woess: Green kernel estimates and the full Martin boundary for
random walks on lamplighter groups and Diestel-Leader graphs. Annales Inst. H.
Poincaré (Prob. & Stat.) 41 (2005) 1101-1123 , Erratum in vol. 42 (2006) 773–774.
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8. L. Bartholdi and W. Woess: Spectral computations on lamplighter groups and Diestel-
Leader graphs. J. Fourier Analysis Appl. 11 (2005) 175–202.

9. W. Woess: A note on the norms of transition operators on lamplighter graphs and
groups. Int. J. Algebra and Computation 15 (2005) 1261–1272.

10. D. I. Cartwright and W. Woess: Isotropic random walks in a building of type Ãd.
Math. Zeitschrift 247 (2004) 101–135.
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1.12. Project 01 – Associated Scientist: Franz Lehner
Institut für Mathematische Strukturtheorie
TU Graz
Steyrergasse 30
8010 Graz
AUSTRIA

1.13. Research interests of the Associated Scientist. In noncommutative probability
one replaces commutative algebras of random variables with arbitrary, possibly noncommuta-
tive ones. This is similar to quantum physics, where functions are replaced by noncommutative
observables. In recent years Voiculescu’s free probability [145] has enjoyed increasing popu-
larity. Using notions from classical probability, deep analogies have been established and
applied to various problems of analysis on noncommutative structures and random matrices.
My research interests currently focus on such applications, in particular spectral theory of
convolution operators on amalgamated free products, where many technical problems remain
to be solved.
Related to these questions is the recently discovered connection between lamplighter random
walks and random walks on percolation clusters [108]. A main open question in this area is
the existence of continuous spectrum which can be attacked with the above methods.
On the combinatorial side, inspired by Speicher [139] I established a combinatorial theory of
noncommutative independence [105, 104, 106, 107] which hopefully can be applied to harmonic
analysis on relatively free groups.

1.14. CV of the Associated Scientist.

Education:

31.8.1969: born in Linz
1975–1979: elementary school
1979–1987: high school
11.6.1987: final exam
1987–1993: studies at University of Linz
1.7.1993: graduation
1993–1997: PhD studies at University Paris 6
22.9.1997: graduation
1.7.2005: habilitation at TU Graz

Employment and visiting positions.

April 1997–June 1999: Post-Doc at Odense Universitet in the EU-network ERB FMRX
CT960073 “Non-commutative geometry”.

July 1999–October 1999: Post-Doc at Université d’Orléans in the EU-network “Non-
commutative geometry”.

October 1999–June 2000: Participation at the special semester “Probabilités libres et Es-
paces d’Opérateurs” at Institut Henri Poincaré, Paris, with a grant from the Ostrowski
foundation.

July 2000–June 2001: Post-Doc at Équipe d’Analyse, Université Paris 6, in the EU-
network HPRN-CT-2000-00116 “Classical Analysis, Operator Theory, Geometry of
Banach spaces, their interplay and their applications”
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July 2001–November 2004: Post-Doc in the Erwin Schroedinger follow-up program of the
FWF, (Project number R2-MAT), at Institute for Mathematics C, TU Graz.

December 2004: Assistant at Institute for Mathematics C, TU Graz.
September 2006: ERASMUS exchange lecturer at University of Marseilles
October 2007: Visiting researcher at SFB 701 “Spektrale Strukturen und Topologische

Methoden in der Mathematik”, University of Bielefeld.
September–December 2008: Visiting prof., University of Bielefeld.
February – July 2009: Maitre de conferences suppleant, Geneve University

Organisation of conferences:
March 1999: Organisation of a Workshop on “Operator Algebras and Noncommuta-

tive Probability” Number Theory” at the Erwin Schrödinger Institute, Vienna (with
J.B. Cooper, P. Müller and C. Stegall)

February–April 2011: ESI Programm “Bialgebras in Free Probability”, (with M.Aguiar,
D.Voiculescu snd R.Speicher)

Refereeing and editorial activities:
• Referee for Colloquium Mathemathicum, Discrete Mathematics, Mathematische Zeitschrift,

Probability Theory and Related Fields and Journal of Functional Analysis.

1.15. Externally funded national and international projects (last 5 years).

Funding organization Number Research topic of the project Amount funded
of the in KEURO
project

FWF R2-MAT Spectral Computation and Free Probability 126

1.16. 7 Most relevant papers of the last 5 years.

1. F. Lehner. Cumulants, lattice paths, and orthogonal polynomials. Discr. Math.,
270:177–191, 2003.

2. F. Lehner. Cumulants in noncommutative probability theory I. Noncommutative ex-
changeability systems. Math. Z., 248:67–100, 2004.

3. F. Lehner. Cumulants in noncommutative probability theory II. Generalized Gaussian
random variables. Probab. Theory Related Fields, 127:407–422, 2003.

4. F. Lehner. Cumulants in noncommutative probability theory III. Creation- and anni-
hilation operators on Fock spaces. Inf. Dim. An. Quant. Prob. Rel. Top., 8:407–437,
2005.

5. F. Lehner. Cumulants in noncommutative probability theory IV. Noncrossing cumu-
lants: De Finetti’s theorem and Lp-inequalities. J. Functional Analysis, 239:214–246,
2006.

6. F. Lehner, M. Neuhauser and W. Woess. On the spectrum of lamplighter groups and
percolation clusters. Math. Annalen, 342:69–89, 2008.

7. F. Lehner. On the eigenspaces of lamplighter random walks and percolation clusters
on graphs. Proc. Amer. Math. Soc., in print.
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2. Project 02: Probabilistic methods in combinatorial number theory

2.1. Principal Investigator: István Berkes
Institute of Statistics
Graz University of Technology
Münzgrabenstrasse 11
8010 Graz
AUSTRIA

2.2. Keywords: almost everywhere convergence, discrepancy, entropy, lacunary series

2.3. Research interests of the Faculty Member. Probability Theory: asymptotic theory
of independent, exchangeable, stable and mixing processes, invariance principles, pathwise
central limit theory.
Analysis: random phenomena for lacunary series, discrepancy theory, applications of proba-
bility theory in analysis, pseudorandomness, metric entropy.
Mathematical Statistics: limit theorems, statistical inference, time series, empirical processes,
long range dependence.

2.4. Short description of two showcases of PhD Research Projects. Probabilistic
methods play an important role in different branches of Discrete Mathematics such as in
Number Theory, Combinatorics, and Random Walks. We propose two research problems in
Discrete Mathematics which are accessible by probabilistic techniques.

(a) Gap theory and harmonic analysis. Convergence (almost everywhere or in norm)
of trigonometric series is a much investigated and well understood area of analysis. Much
less is known about the behavior of more general series

∑∞
k=1 ckf(nkx) where f is a periodic

measurable function and (nk) is an increasing sequence of integers. In contrast to Carleson’s
theorem, such a series can diverge a.e. even if f is continuous and

∑∞
k=1 c2

k < ∞ (Nikishin
[119]) and in the case of divergence, estimating the growth of the partial sums

∑N
k=1 ckf(nkx)

is generally a very difficult problem. For example, it is still unknown for which periodic
integrable functions f we have N−1

∑N
k=1 f(kx) → 0 a.e. (Khinchin’s problem, 1923). As it

turns out, the convergence properties of
∑∞

k=1 ckf(nkx) in the general case are determined by
a delicate interplay between the coefficient sequence (ck), the analytic properties of f and the
growth speed and number-theoretic properties of (nk). By a basic result of Wintner, in the
case nk = k the series

∑∞
k=1 ckf(nkx) converges in norm for all sequences (ck) with

∑

c2
k < ∞

if and only if the Dirichlet series
∑∞

n=1 ann−s,
∑∞

n=1 bnn−s are regular and bounded in the half-
plane ℜ(s) > 0; here ak bk are the Fourier coefficients of f . For general (nk) the convergence
behavior of the series is much more complicated: for example, for rapidly increasing (nk) the
series behaves like a sum of independent random variables, but its finer asymptotic properties
are strongly influenced by the arithmetic structure of nk: we have completely different behavior
for nk = 2k, nk = 2k − 1 or if nk = θk for a transcendental θ.

Despite the great difficulties in the study of such series, substantial results can be obtained,
using probabilistic tools, for certain special subclasses, e.g. if the sequence (nk) is irregular
or if there are large gaps in the sequence (nk) or in the frequencies occurring in the Fourier
series of f . See the recent paper of Berkes and Weber [16] for a survey. In particular, there



71

are several problems in the field which are manageable and which are suitable PhD topics for
good students.

(1) By a well known extension of Carleson’s theorem due to Gaposhkin [59], the series
∑∞

k=1 ckf(kx) converges a.e. if
∑

c2
k < ∞ and f ∈ Lip (α), α > 1/2 and by Berkes [11]

this fails for α = 1/2. However, the precise condition on the modulus of continuity of f
implying a.e. convergence remains open. Another interesting and important case is when the
Fourier series of f contains only special frequencies, such as numbers 2k (Gaposhkin [59]) or
primes (Berkes [11]), clearly calling for generalizations and a possible characterization.

(2) Let the sequence (nk) be random, e.g. let it be an increasing random walk (i.e. let nk+1−nk

be independent, identically distributed positive random variables). Berkes and Weber [16]
showed that under mild condition on the periodic square integrable function f and on the
distribution of the random variables nk+1 − nk, the series

∑∞
k=1 ckf(nkx) has the Carleson

property. This calls for a general analysis of such series, e.g. finding criteria for its absolute
and unconditional convergence, analytic properties of its sum and, in the case of divergence,
describing the asymptotic growth and distribution properties of their partial sums, such as
central limit theorems and laws of the iterated logarithm.
(3) By a classical theorem of Kac,

∑∞
k=1 ckf(nkx) converges a.e. if f is a Lipschitz function

and (nk) satisfies the Hadamard gap condition nk+1/nk ≥ q > 1. Here the Hadamard gap
condition cannot be weakened, but by a central limit theorem of Erdős, under the gap condi-
tion nk+1/nk ≥ 1 + ck−α (0 ≤ α < 1/2), the terms of the series have strong independence
properties, opening the way to study the convergence of the series in the subexponential case.
For example, it is natural to expect that Kac’s theorem remains valid under the Erdős gap
condition if f(kx) is quasi-orthogonal (a necessary and sufficient condition for this is Wintner’s
criterion mentioned above). A detailed asymptotic study of such series would be important to
undertake and seems to be a feasible project. Partial results are given in Berkes and Weber [16].

(b) Metric discrepancy theory, uniform limit theorems and entropy. Given a se-
quence (x1, . . . , xN ) of real numbers, the value

DN = DN (x1, . . . , xN ) = sup
0≤a<b≤1

∣

∣

∣

∣

∣

1

N

N
∑

k=1

1[a,b)(xk) − (b − a)

∣

∣

∣

∣

∣

is called the discrepancy of this sequence. Here 1[a,b) is the indicator function of the interval
[a, b), extended with period 1. We say that an infinite sequence (xk)k≥1 is uniformly distributed
mod 1 if DN (x1, . . . , xN ) → 0. By a classical theorem of H. Weyl, for any increasing sequence
(nk) of positive integers, the sequence (nkx)k≥1 is uniformly distributed mod 1 for all real
x, except for a set of Lebesgue measure 0. The asymptotic properties of this sequence have
been studied extensively in the literature since the 1930’s, but the order of magnitude of the
discrepancy DN ({nkx}) has been found only in a few cases, e.g. for nk = k (Kesten [88])
and in the lacunary case nk+1/nk ≥ q > 1 (Philipp [122]). In the latter case the precise
order of magnitude of DN ({nkx}) is O(

√

log log N/N ) which is the same as for independent
random variables, but the probabilistic picture is only partly correct: the fine asymptotics of
DN ({nkx}) depends strongly on the number-theoretic properties of (nk) as well and is known
only in a few special cases. In a series of papers (see for instance [1], [12], [15]) Aistleitner,
Berkes, Philipp and Tichy (see also Fukuyama [54]) gave a detailed analysis of this interesting
phenomenon and showed that the above discrepancy problem is closely connected with the
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number of solutions of Diophantine equations of the type

a1nk1
+ . . . + apnkp

= b, 1 ≤ k1, . . . , kp ≤ N.

In particular, in the Hadamard lacunary case precise characterizations for the LIL and related
asymptotic results were given. The case nk+1/nk → 1 is considerably more complicated
and only partial results exist. The results in [1], [12] show that in the sublacunary case the
discrepancy behavior depends, beside the arithmetic properties of (nk), on the distribution of
the numbers nk in exponential intervals, i.e. on the behavior of the cardinality numbers

ak = #{j : nj ∈ [2k, 2k+1)}.
Specifically, "nice" behavior of DN ({nkx}) requires that all the numbers ak, 1 ≤ k ≤ N
are negligible compared to their sum. This is clearly a probabilistic condition, playing an
important role in classical central limit theory and its analysis promises to yield complete
discrepancy results also in the sublacunary case. The existing results also indicate that the
probabilistic effect is weakening as the parameter α in Erdős gap condition approaches 1/2
and dissipates at α = 1/2; to clear this up is another important and realistic research objective.

Using a different terminology, the estimation of DN ({nkx}) is equivalent to the asymptotic
study of

sup
f∈F

∣

∣

∣

∣

∣

∣

1

N

∑

k≤N

f(nkx) −
∫ 1

0
f(t)dt

∣

∣

∣

∣

∣

∣

where F is the class of indicator functions of intervals I ⊂ (0, 1), extended with period
1. This formulation connects metric discrepancy theory with the theory of uniform laws of
large numbers and uniform Glivenko-Cantelli convergence in probability theory and provides
a powerful probabilistic machinery to study the problem. In the 1970’s and 1980’s a deep
uniformity theory has been developed for independent random variables indexed by classes
A of sets in Euclidean spaces; see e.g. Dudley [46]. As it turned out, the validity of the
uniform law of large numbers, central limit theorem and law of the iterated logarithm is
closely connected with the integral

∫ 1

0
(log M(A, N, x))1/2 dx

where M(A, N, δ) is the metric entropy of the class A. In their recent papers [13], [14], Berkes,
Philipp and Tichy extended this theory to uniform laws of large numbers when uniformity
is meant with respect for classes of subsequences of a given r.v. sequence. This requires
developing entropy concepts in sequence spaces and leads to upper bounds for the quantity

(1) W
(A)
N (x1, . . . , xN ) := sup

(pk)∈A
sup

0≤t≤1

∣

∣

∣

∣

∣

∣

∑

pk≤N

(

1(xpk
≤ t) − t

)

∣

∣

∣

∣

∣

∣

,

where (xn)n≥1 is a real sequence and A is a class of subsets of positive integers. In the case
when A is the class of arithmetic progressions, quantity (1) was introduced (in a slightly dif-
ferent form) by Mauduit and Sárközy [113] as a measure of pseudorandomness of the sequence
(xn)n≥1. The idea behind the quantity (1) (called well-distribution measure) is that pseu-
dorandomness of a sequence (xn) implies not only its uniform distribution mod 1, but also
uniform distribution of its arithmetical subsequences. In a long series of papers, Mauduit and
Sárközy estimated the well-distribution measure for a large class of classical pseudorandom
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constructions. Berkes, Philipp and Tichy extended this concept for arbitrary classes A of
sequences of integers and showed that W

(A)
N (x1, . . . , xN ) is closely connected with the metric

entropy of the class A, enabling them to give sharp bounds for WN in a number of important
random structures, such as i.i.d. and mixing sequences, lacunary sequences, etc. It is now a
natural project to continue the investigations of Mauduit and Sárközy and Berkes, Philipp and
Tichy [13], [14] and develop a detailed metric theory of generalized well-distribution measure.
For example, it is an important question is to estimate WN for various stochastic structures
such as Markov, Gaussian, stationary sequences. Also note that no lower bounds exist for WN

for dependent random sequences, and thus the accuracy of the existing upper bounds remains
open. Solving problems of this type seems to be within the power of standard probabilistic
techniques and thus they are suitable for PhD topics.

2.5. Collaborations within the DK-plus. The main methodological tools within this
project comes from probability theory, harmonic analysis and functional analysis. Such meth-
ods are also in the focus of Project 01 and thus there is an obvious possibility of collaboration.
Furthermore, questions of metric discrepancy theory are important in the analysis of pseu-
dorandom numbers. This topic is also a relevant part within Project 14. Within these two
projects there will be an intensive cooperation and there is a natural basis since there exist
several joint papers of Berkes and Tichy. Here we explicitly mention the recent paper [13]
which was awarded the best paper award of Journal of Complexity in 2007. In metric dis-
crepancy theory in the last years a big progress could be achieved by a fruitful combination of
diophantine methods with analytic and probabilistic tools. Thus this project will also cooper-
ate with Project 09 dealing with diophantine equations and even with projects of an algebraic
flavor.

2.6. Collaborating research groups where PhD students could perform their re-
search stay abroad.

• Michel Weber, Université Louis Pasteur, Strasbourg, France
• Lajos Horváth, University of Utah, Salt Lake City, USA
• Endre Csáki, Rényi Mathematical Institute of the Hungarian Academy of Sciences,

Budapest, Hungary

2.7. Know-how and infrastructure of the research group. The research group of the
Institute of Statistics consists of two full professors: Ernst Stadlober and István Berkes, who
is the principal investigator (PI) of Project 2. Further, there are two associate professors:
Wolfgang Müller and Herwig Friedl. The research fields of Ernst Stadlober and Herwig Friedl
are applied, resp. theoretical statistics and due to their interest in stochastics, they can also
contribute to the research in Project 2. The research group also comprises two assistant
professors of the Institute: Johannes Schauer and Moritz Jirak. Schauer was a PhD student
of Berkes in the period 2006-2009 and defended his thesis on May 13, 2009. His work is also
connected with probabilistic number theory: currently he works on statistical properties of
continued fractions. Jirak started doctoral work in October 2007 in statistical inference; he
plans to complete his PhD in 2010. Finally, the research group comprises Christoph Aistleitner,
who was a PhD student of Berkes in the period 2005-2008 and defended his thesis on May
16, 2008. At present, he is postdoc in the continuation project NFN-S96/03 of Robert Tichy
and István Berkes; they plan to continue joint work in the coming project period in the
DK. Aistleitner was awarded the prize for the best PhD dissertation of 2009 by the Austrian
Mathematical Society.
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2.8. CV of the Faculty Member.

Education:

16.9.1947: born in Barcs, Hungary
1954–1961: elementary school
1962–1966: high school
14.5.1966: final exam
1966–1971: university studies
5.5.1971: graduation
1971–1974: PhD studies
14.6.1974: graduation
12.9.1977: habilitation

Employment and visiting positions.

1971-2001: Rényi Mathematical Institute, Hungarian Academy of Sciences
2002-2008: Professor of Statistics, Graz University of Technology
1983-1984: Visiting professor, Universität Göttingen
1984-1985: Visiting Professor, Texas A&M University
1991-1993: Visiting professor, University of Texas at Austin
1993-1994: Visiting professor, University of Illinois, Urbana
1999-2001: Visiting professor, University of Utah, Salt Lake City

Organisation of conferences:

June 1974: Limit theorems in probability and statistics, Keszthely
June 1982: Limit theorems in probability and statistics II, Veszprém
June 1989: Limit theorems in probability and statistics III, Pécs
June 1999: Limit theorems in probability and statistics IV, Balatonlelle
May 2004: Statistical properties of financial data, Graz
June 2006: Dependence in probability, analysis and number theory, Graz
May 2007: Statistical properties of financial data II, Graz

Awards:

• Catherine Rényi Prize, Budapest, 1972
• Grünwald Prize, Budapest, 1974
• Rényi Prize, Budapest 1988
• Academic Prize, Budapest, 2003
• Paper of the year, Journal of Complexity Theory, 2008

Refereeing and editorial activities:

• Editor of: Stochastic Processes and their Applications, Uniform Distribution Theory,
Periodica Mathematica Hungarica.

• Referee for several journals: Annals of Probability, Probability Theory and Related
Fields, Compositio Mathematica, Econometric Theory, etc.
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Supervision of PhD theses:

• Siegfried Hörmann, 2003–2007, PhD: October 2007
• Christoph Aistleitner, 2005–2008, PhD: May 2008
• Johannes Schauer, 2006–2009, PhD: May 2009
• Moritz Jirak 2007–

2.9. PhD students of the last 5 years.

Name of the Sex Research topic Title of the thesis Number of
Student Publications
Siegfried Hörmann M probability theory Fluctuation analysis of 17

dependent random processes
Christoph Aistleitner M probabilistic Investigations in 7

number theory metric discrepancy theory
Johannes Schauer M probability theory Strong approximation 5

and statistics of stationary pprocesses
Moritz Jirak M econometrics ongoing thesis

2.10. Externally funded national and international projects (last 5 years).

Funding organization Number Research topic of the project Amount funded
of the in KEURO
project

FWF NFN S9603 probabilistic discrepancy 241
theory and Diophantine equations

NSF-OTKA Grant DMS 0604670 probability theory 30.000 USD

2.11. Most relevant papers of the last 5 years.

1. I. Berkes and M. Weber. Upper-lower class tests and frequency results along subse-
quences. Stoch. Processes Appl, 115:679–700, 2005.

2. I. Berkes, L. Horváth and P. Kokoszka. Near-integrated GARCH sequences. Ann.
Appl. Probab., 15:890-913, 2005.

3. I. Berkes, W. Philipp and R.F. Tichy. Empirical processes in probabilistic number
theory: the LIL for the discrepancy of (nkω) mod 1, Illinois J. Math., 50:107-145,
2006.

4. I. Berkes and L. Horváth. Convergence of integral functionals of stochastic processes.
Econometric Theory, 22:304-322, 2006.

5. A. Aue, I. Berkes and L. Horváth. Strong approximation for the sums of squares of
augmented GARCH sequences. Bernoulli, 12:583-608, 2006.

6. I. Berkes and M. Weber. Almost sure versions of the Darling-Erdős theorem. Statist.
Probab. Lett., 76:280-290, 2006.

7. I. Berkes, L. Horváth, P. Kokoszka and Q.M. Shao. On discriminating between long-
range dependence and changes in mean. Ann. Statist., 34:1140-1165, 2006.

8. I. Berkes, W. Philipp and R.F. Tichy. Pseudorandom numbers and entropy conditions,
J. Complexity, 23:516-527, 2007.
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9. I. Berkes, I., W. Philipp and R.F. Tichy. Entropy conditions for subsequences of
random variables with applications to empirical processes. Monatsh. Math., 153:183–
204, 2008

10. I. Berkes and M. Weber. On the convergence of
∑

ckf(nkx). Memoirs of the Amer.
Math. Soc., to appear.
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3. Project 03: Additive group theory, zero-sum theory and non-unique

factorizations

3.1. Principal Investigator: Alfred Geroldinger
Institut für Mathematik und Wissenschaftliches Rechnen
Karl-Franzens-Universität Graz
Heinrichstraße 36
8010 Graz
AUSTRIA

3.2. Keywords: zero-sum sequences, addition theorems, inverse zero-sum problems, non-
unique factorizations

3.3. Research interest of the Faculty Member.

• Combinatorial and additive number theory : My research centers on zero-sum theory
in abelian groups. Classical topics are the Theorem of Erdős-Ginzburg-Ziv and ques-
tions around the Davenport constant. Direct as well as inverse zero-sum problems
arise naturally in various branches of combinatorics, number theory and geometry.
In particular, zero-sum problems in a group G are closely related with arithmetical
problems of Krull monoids with class group G. Main methods in this area stem from
additive group theory including all type of addition theorems, see [56, 67].

• Non-unique factorizations in monoids and integral domains : The main objective of fac-
torization theory is a systematic treatment of phenomena related to the non-uniqueness
of factorizations in structures of arithmetical interest. The main focus areas are prin-
cipal and non-principal orders in algebraic number and function fields, Mori domains,
Krull monoids and congruence monoids. The methods are algebraic (key word: mul-
tiplicative ideal theory), combinatorial (key word: zero-sum problems) and analytic
(key word: abstract analytic number theory), see Narkiewicz’ book [117], which is a
classic, and [4, 35, 34, 63, 64] for recent surveys and proceedings.

• Structure and ideal theory of commutative rings and monoids : The main objective of
multiplicative ideal theory is the description of the multiplicative structure of com-
mutative monoids and domains by means of ideals or certain systems of ideals. A
modern treatment of multiplicative ideal theory, valid for both commutative rings and
monoids, in the language of ideal systems on commutative monoids is given in [76].
At present we investigate the (arithmetic and ideal theoretic) structure of congruence
monoids, C-monoids and their various generalizations, see [66, 65].

3.4. Short description of two showcases of PhD Research Projects. PhD research
projects will concentrate on direct and inverse zero-sum problems related with the theory of
non-unique factorizations in Krull monoids with finite class group (such Krull monoids include
rings of integers of algebraic number fields). Sets of lengths are central arithmetical invariants.
For a given Krull monoid, sets of lengths are AAMPs (almost arithmetical multiprogressions)
whose parameters depend only on the class group of the monoid (see joint work with Freiman
[52] and Chapter 4 in [64]), and a recent realization theorem ([133]) shows that the structural
description of sets of lengths as AAMPs is sharp. The central open problem is to determine
the parameters controlling these AAMPs in terms of the group invariants of the class group
(e.g., describe the set of possible differences of these AAMPs), and to study whether the
system of all sets of lengths determines the class group. This is true for cyclic groups ([64,
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Theorem 7.3.3]) and others ([132]). These result are based on inverse zero-sum results over
finite abelian groups (such zero-sum problems were initiated by P. Erdős and gave rise to
dozens of papers in the last decade, key word: Erdős-Ginzburg-Ziv theory). We describe two
possible PhD projects in greater detail.

1. Inverse zero-sum problems (in groups of rank two) and application to the system of sets of
lengths (of a ring of integers of an algebraic number field). The following problem is motivated
by arithmetical problems (say, problems of non-unique factorizations) in rings of integers. We
phrase it in combinatorial terms. Let G be a finite abelian group and to exclude trivial cases
suppose that |G| ≥ 3. Pick two minimal zero-sum sequences U,U ′ over G and factor their
product, say UU ′ = V1 · . . . · Vk, where V1, . . . , Vk are minimal zero-sum sequences. Then
the largest possible value of k equals the Davenport constant D(G). Consider an extremal
case. Pick minimal zero-sum sequences U,U ′, V1, . . . , VD(G) such that UU ′ = V1 · . . . · VD(G)

(then obviously, U has length |U | = D(G), and if U = g1 · . . . · gD(G), then U ′ = −U =
(−g1) · . . . · (−gD(G))). Consider all factorizations, say UU ′ = W1 · . . . · Wl, where W1, . . . ,Wl

are minimal zero-sum sequences over G, and ask for all possible values of l. In more technical
terms, this means to study the structure of sets of lengths L ∈ L(G) such that {2,D(G)} ⊂ L.
This problem requires to proceed in two steps.
First, one has to study the structure of U , that is of a minimal zero-sum sequence of maximal
length. There is a conjecture for groups of rank two ([64, Section 5.8]), which would provide
a complete answer to this structural problem. The conjecture is supported by much recent
work but still open in general. There is a large amount of recent papers in this area (see [67,
Chapter 1, Section 7] for a survey and [127, 128, 58, 130, 57]).
Second, suppose G is a group for which the structure of minimal zero-sum sequences of maxi-
mal length is well-known. Apart from most simple cases, there is no description of the structure
of sets of lengths L ∈ L(G) such that {2,D(G)} ⊂ L.

2. Zero-sum problems arising in the analytic theory of non-unique factorizations. Let K be
an algebraic number field with ring of integers oK . In the 1960s W. Narkiewicz initiated the
study of the asymptotic behavior of counting functions (see [117, Chapter 9], [64, Chapter 9]
and [126, 124, 125, 85]). To give an explicit example, if k ∈ N and

Mk(x) = #{aok | max L(a) ≤ k, (ok : aoK) ≤ x} ,

then, for x → ∞,

Mk(x) ∼ x

log x
(log log x)Dk(G)−1 ,

where Dk(G) is the generalized Davenport constant which is defined as follows: Dk(G) is the
smallest integer l ∈ N such that every sequence S over G of length |S| ≥ l is divisible by a
product of k non-trivial zero-sum subsequences. By definition, D1(G) = D(G) is the classical
Davenport constant. If the rank of G is at most two, then Dk(G) = D(G) + (k − 1) exp(G).
But this formula fails even for (elementary) p-groups of higher rank.
There is a variety of (classical) counting functions of the above type, whose asymptotic formula
involve zero-sum invariants (see [131] for most recent progress). However, most of them have
not been investigated so far with methods from additive number theory. This opens a broad
new field, which is of interest for the analytic theory of non-unique factorizations and for
zero-sum theory.
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3.5. Collaborations within the DK-plus. The methods, that are necessary to tackle to
research projects described above, stem from group theory, analytic number theory and all
sort of combinatorial number theory (including graph theory and diophantine approximation).
So there is a solid overlap with Project 1 (W. Woess: Random walk models on graphs and
groups) and Project 9 (R. Tichy: Diophantine approximation and combinatorial problems).
The connection to these projects is close more by the methods applied in all these projects
than by the specific aims. We demonstrate the connection in two explicit instances:

Diophantine Approximation: Although tools from Diophantine approximation were used to
tackle zero-sum problems over cyclic groups already 20 years ago, these connections were
strengthened and successfully applied in recent papers by Chapman, Smith and Schmid (see
[32, 33, 36])

Graph Theory: It is not only that graph theoretical problems lead to zero-sum problems (recall
the classical paper of Alon et. al. [3]). But recently various graph theoretical methods were
applied to tackle zero-sum problems arising from factorization theory (see [48]; [74], [75]).
Among others, the isoperimetric method, as developed mainly by Y.ould Hamidoune, has
its basis in graph theory and is a strong tool in additive group theory (see [78] for a recent
overview).

3.6. Collaborating research groups where PhD Students could perform their re-
search stay abroad.

• Weidong Gao, Center for Combinatorics, Nankai University, Tianjin 300071, P.R.
China.

• Alain Plagne, Ecole Polytechnique, Centre de Mathematiques Laurent Schwartz, France.
• O. Serra, Universitat Politecnica de Catalunya, Barcelona, Spain.

3.7. Know-how and infrastructure of the research group. I am a member of the re-
search group "Algebra and Number Theory" at the "Institute of Mathematics and Scientific
Computing" at the Karl-Franzens-Universität Graz. This group has the following members:
D. Grynkiewicz, F. Kainrath, G. Lettl, W. Schmid and two PhD students. Former members
are F. Halter-Koch (the former head of the group, who retired recently but is still active in
research and teaching) and PD Dr. W. Hassler (who got a tenure position at the University
of Applied Sciences Joanneum, Graz). More detailed information on this research group can
found at

http : //www.uni − graz.at/%7Elettl/AlgNTh/AlgNThGroup.html.

PD Dr. D. Grynkiewicz, PD Dr. W. Schmid and I focus on Additive Group Theory and its
overlap with factorization theory. W. Schmid is employed in the FWF project P18779-N13,
and D. Grynkiewicz (who graduated at CalTech in 2006) has a Liese-Meitner grant (from the
FWF), with me being his Austrian cooperator.
All research done in the group is discussed in a joint seminar which is open to PhD students.
Hence the future PhD students will find a stimulating scientific environment for their work.
The institute has an excellent library (among others, there are about 300 hundred research
journals), good computer facilities, and it will provide all required infrastructure needed for
PhD students.
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3.8. CV of the Faculty Member.

Education:
25.3.1961: born in Sigharting, Austria
1967–1971: elementary school
1971–1979: high school
June 1979: final exam
1.10.1987–31.5.1988: civil service
1979–1984: studies of Mathematics and Computer Science in Vienna
29.3.1984: Master in Mathematics, University of Vienna
22.11.1984: Master in Computer Science, Technical University of Vienna
1984–1987: PhD studies at the Karl-Franzens-Universtät Graz
4.11.1987: PhD in mathematics
9.5.1996: habilitation

Employment and visiting prositions.
1985 - 1996: Assistant Professor at the Karl-Franzens-Universität Graz,
Since 1996: Associate Professor at the Karl-Franzens-Universität Graz,
October 2006: Center for Combinatorics, Nankai University, P.R. China, www.combinatorics.cn
February 2008: Centre de Recerca Matematica CRM Barcelona, www.crm.cat

Organisation of conferences:
July 2003: Organisation of “XXIIIrd Journees Arithmetiques” in Graz (with S. Frisch,

P. Grabner, F. Halter-Koch, C. Heuberger, G. Lettl and R. Tichy)
September 2004: Organisation of a Workshop “International Symposium on Commu-

tative Rings and Monoids” in Graz (with W. Hassler, F. Kainrath, G. Lettl and
W. Schmid)

Refereeing and editorial activities:
• Mathematical Reviews; Journal of Algebra; Discrete Mathematics; Israel Journal of

Mathematics; Monatshefte der Mathematik; Forum Mathematicum; Mathematische
Annalen; Journal of Algebra and its Applications; Communications in Algebra; Semi-
group Forum; Ars Combinatoria; Rocky Mountain Journal of Mathematics: Inter-
national Journal of Number Theory; Journal of Combinatorial Theory Ser. A; Col-
loquium Mathematicum; Mathematica Slovaca; European Journal of Combinatorics;
Integers: Electronic Journal of Combinatorial Number Theory; Electronic Journal of
Combinatorics;

Supervision of PhD theses:
• A. Foroutan, Monotone Chains of Factorizations (2002). Apart from his thesis, A.

Foroutan has joint publications with me and with W. Hassler (a former member of the
research group on Algebra and Number Theory) in leading research journals, as the
Journal of Algebra.

• W. Schmid, Systems of Sets of Lengths in Krull monoids with finite class group (2003).
At present he is a collaborator in the FWF project P18779-N13, mentioned below. W.
Schmid got his habilition in 2006 and has about 28 publications. His research focusses
on additive group theory, zero-sum theory and its relationship with the theory of
non-unique factorizations.



81

3.9. PhD Students of the last 5 years.

Name of the Student Sex Research topic Title of the thesis Number of
Student Publications
Andreas Foroutan Male Theory of Monotone Chains 4

Non-Unique Factorizations of Factorizations
Wolfgang Schmid Male Non-Unique Factorizations Systems of Sets of Lengths 28

and Zero-Sum Theory in Krull monoids

3.10. Externally funded national and international projects (last 5 years).

Funding organization Number Research topic of the project Amount founded
of the in KEURO
project

ÖAD 5/2003 Addition theorems and 8
applications to factorization theory

FWF M1014-N13 Additive Group Theory 121
and Non-Unique Factorizations

FWF P18779-N13 Factorizations of 324
Algebraic Integers, zero-sum sequences and

3.11. Books.

• A. Geroldinger and F. Halter-Koch. Non-Unique Factorizations. Algebraic, Combi-
natorial and Analytic Theory, volume 278 of Pure and Applied Mathematics, 700p.
Chapman & Hall/CRC 2006.

• A. Geroldinger and I. Ruzsa. Combinatorial Number Theory and Additive Group The-
ory, Advanced Courses in Mathematics-CRM Barcelona, Birkhäuser 2009.

3.12. 10 Most relevant papers of the last 5 years.

1. W. Gao and A. Geroldinger. Zero-sum problems in finite abelian groups: a survey.
Expo. Math., 24:337–369, 2006.

2. Y. Edel, C. Elsholtz, A. Geroldinger, S. Kubertin and L. Rackham. Zero-sum problems
in finite abelian groups and affine caps. Quarterly J. Math., 58:159–186, 2007.

3. W. Gao, A. Geroldinger and F. Halter-Koch. Group algebras of finite abelian groups
and their applications to combinatorial problems. Rocky Mt. J. Math., 39:805 – 823,
2009.

4. W. Gao, A. Geroldinger and W.A. Schmid. Inverse zero-sum problems. Acta Arith.,
128:245 – 279, 2007.

5. A. Geroldinger, W. Hassler and G. Lettl. On the arithmetic of strongly primary
monoids. Semigroup Forum, 75:567 – 587, 2007.

6. A. Geroldinger and W. Hassler. Local tameness of v-noetherian monoids. J. Pure
Appl. Algebra, 212:1509 – 1524, 2008.

7. A. Geroldinger and W. Hassler. Arithmetic of Mori domains and monoids. J. Algebra,
319:3419 – 3463, 2008.
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8. A. Geroldinger and D.J. Grynkiewicz. On the arithmetic of Krull monoids with finite
Davenport constant. J. Algebra, 321:1256 – 1284, 2009.

9. W. Gao and A. Geroldinger. On products of k atoms. Monatshefte Math., 156:141 –
157, 2009.

10. A. Geroldinger. Additive group theory and non-unique factorizations. Advanced
Courses in Mathematics-CRM Barcelona, 1 – 86, 2009.
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4. Project 04: Fractal analysis and combinatorics of digital expansions

4.1. Principal Investigator: Peter Grabner
Institut für Analysis und Computational Number Theory
Technische Universität Graz
Steyrergasse 30
8010 Graz
AUSTRIA

4.2. Keywords: Analysis and probability on fractals, iteration of rational functions, digital
functions, symbolic dynamics, probabilistic number theory

4.3. Research interests of the Faculty Member. The proposer of this project has been
interested in the analysis and probability on fractals since the early 1990’s. He has written
several publications on this subject, as well as supervised three related PhD-theses. He is
especially interested in the application of generating function techniques to this subject, which
gives a close relation to the iteration theory of rational functions.
Furthermore, the proposer has contributed to the study of digital expansions and their prob-
abilistic and ergodic properties. Especially, he is interested in the study of distribution prop-
erties of arithmetic functions related to digital expansions, such as additive and multiplicative
functions and representation numbers for redundant numeration, application of techniques
from ergodic theory and probability theory to the study of systems of numeration, and appli-
cations of redundant numeration to cryptography. He has supervised one PhD-thesis on these
subjects.
Besides these subjects directly related to this proposal he is interested in the mathematical
analysis of algorithms, where he also contributed several publications. The techniques used
for the analysis of algorithms can also be applied for the study of transition probabilities on
graphs, as well as for the derivation of asymptotic properties of additive and multiplicative
functions.

4.4. Short description of two showcases of PhD Research Projects.

Project 1: Analysis and probability on fractals. Extending the notions of classical analysis
on manifolds to “fractal” structures, such as self-similar sets in the sense of Hutchinson, is
an active field of research. Especially, diffusion and the associated Laplace operator on such
fractals have been studied intensively (cf. [89]). One possibility to understand diffusion is
to define random walks on a sequence of graphs approximating the fractal structure. The
prototype for this idea is the construction of Brownian motion on the Sierpiński gasket in [9].
In this case the evolution of time when passing from one refinement to the next is modelled
by a branching process. This relates the diffusion on fractals with the iteration of rational
functions. Since then such constructions have been extended to post-critically-finite (p.c.f.)
fractals, as well as to some examples of non finitely ramified fractals. In recent joint work with
Derfel and Vogl [41] it could be shown that the Dirichlet generating function of the eigenvalues
of the Laplacian (“spectral zeta-function”) has an analytic continuation to the whole complex
plane for a class of self-similar fractals.
The proposed PhD-project shall be devoted to a further development of the analysis on fractals.
At first the known results on the behaviour of the heat kernel shall be refined for cases, where
the approximation with random walks can be used. In this case the iteration theory of rational
functions can be used to derive bounds for the transition probabilities of the random walk,
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which then translate into bounds for the heat kernel. Building on earlier work done under the
supervision of the proposer [99] such estimates shall be derived for larger classes of self-similar
fractals.
Furthermore, these techniques can also be used to obtain control over the spectrum of the
transition operators on the approximating graphs, as well as the Laplacian on the limiting
fractal (cf. [98]). By the relation to branching processes the spectrum of the Laplacian can
be understood in terms of the Julia set of a rational function. Extending the ideas developed
in [41] this shall be used to obtain a better understanding of the according zeta-function of
the Laplacian. Finding relations between the spectral zeta-function to the geometric zeta-
functions introduced by M. Lapidus and M. van Frankenhuijsen [102] is also part of this
research project.
The Poincaré functional equation

Φ(λz) = P (Φ(z)), Φ′(0) = a,Φ′(0) = 1, P (a) = a, P ′(a) = λ,

where P is a polynomial, is a classical object in complex dynamics. In cooperation with
G. Derfel and F. Vogl the proposer continued the study of its solution in order to derive
properties of the zeta function of the fractal Laplacian. In a recent continuation [40] these
ideas were developed further and relations between the asymptotic properties of the function
Φ and geometric properties of the Julia set of P have been established. The techniques
have to be extended considerably, in order to extend this to rational function P and the
according meromorphic solution Φ. This could be again applied to a better understanding
of the eigenvalue structure of Laplace operators on fractals with more complicated spectral
decimation structure. Especially, the spectral zeta function in such cases could be understood
much better.

Project 2: Combinatorial and probabilistic properties of digital expansions. Digital expansions
with respect to strictly increasing base sequences G = (Gn)n∈N with G0 = 1 can be used
to define dynamical systems on the according compactification of the positive integers. This
compactification is built as the closure of the expansions of all integers, i.e.

KG =

{

(x0, x1, . . .) | ∀n : 0 ≤ xn <
Gn+1

Gn
∧ x0G0 + x1G1 + . . . + xnGn < Gn+1

}

.

Addition by one can then be extended to KG and defines a transformation τ : KG → KG.
The dynamical system (KG, τ) is called the odometer. Such systems serve as examples for
dynamical systems of zero entropy. They have been extensively studied from different points
of view. For instance, conditions are known for the existence of an invariant measure µ, for
unique ergodicity, and continuity of τ (cf. [8, 68]).
The proposed PhD-project shall be devoted to the precise study of this dynamical system. At
first connections between the dependence structure of the digits and combinatorial properties
of the sequence G shall be studied. It can be expected that the digits can be modelled as
sequences of weakly dependent random variables under suitable conditions on the sequence G.
This is known for instance, if G satisfies certain types of linear recursions. Especially, the study
of subexponentially growing sequences G would be of interest in this context. Recognising
the sequence of digits as weakly depending random variables would make the language and
machinery of probability theory available for the study of these dynamical systems. Especially,
according Kubilius models could be constructed, in order to obtain precise conditions for the
existence of limiting distributions of additive functions.
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A further direction of this PhD-project should be the study of conditions for µ-continuity of
τ , as well as the study of skew-products associated to cocycles on KG. The framework for
these studies is given by work of Kamae [86] and Schmidt [134]. This could be used for the
derivation of conditions for spectral disjointness of different odometers, as well as the study
of larger classes of digital functions.
A different point of view was taken recently by P. Lecomte and M. Rigo: usually, the digital
expansions of the integers form a language, which mirrors the recursive structure of the base
sequence G. They start with a language L, which inherits an order from the order on the
underlying alphabet. Then the number n ∈ N is represented as the n-th element in the
language L. V. Berthé and M. Rigo initiated the study of the according odometer on a
related compactification of the integers. Distribution properties of additive functions on such
languages have been studied by M. Rigo and the proposer. These functions exhibit new
phenomena compared to the known cases: the asymptotic distribution of the normalised
function need not always exist, and if it exists it need not be the normal distribution. This
suggests that the family of dynamical systems emanating from such languages should show
new and interesting properties.
Digital expansions on number fields (canonical number systems) can be viewed from the point
of view of ergodic theory. The according odometer is then a Zd-action, where d denotes
the degree of the number field. In [44] several techniques were developed for the case of
the Gaussian integers; some of these techniques seem to be restricted to this case. The PhD-
project shall try to develop these ideas further to higher degree number fields, as well as matrix
based number systems as introduced by Kátai. The analysis of such systems of numeration
often uses geometric properties of an underlying fractal set, the fundamental domain of the
digital expansion, which plays the rôle of the unit interval in the classical case. Translates of
this set naturally tile the underlying space. This relation to tilings gives a direct connection
to project 08; these aspects shall be studied in direct cooperation with J. Thuswaldner and
his group.
A further interesting direction of research will be the application of ideas from ergodic theory
to redundant numeration systems as studied in project 05. Odometers have been constructed
for such systems in previous collaboration with C. Heuberger and H. Prodinger to derive
performance estimates for the according cryptographic algorithms. Newer developments in
elliptic curve cryptography involve digital expansions on quadratic number fields, which can
be studied in terms of Z2-actions. The number of operations of the according algorithms can
be expressed in terms of digital functions on this numeration system. This part of the project
shall be done in direct cooperation with C. Heuberger and his group.

4.5. Collaborations within the DK-plus. The research proposed in this project has close
relations to the projects 01 (Wolfgang Woess), 02 (István Berkes), 05 (Clemens Heuberger),
and 08 (Jörg Thuswaldner). These relations will described below.

Project 01: The thematic link to this project comes naturally from the common interest
in diffusion on fractals and random walks on (self-similar) graphs. There are joint
publications on this subject and a jointly organised conference in 2001. The PhD-
project in analysis and probability on fractals described above will profit from this
collaboration.

Project 02: Techniques from probability theory, especially sequences of weakly depen-
dent random variables, play an important rôle in the PhD-project on the combinatorial
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and probabilistic properties of digital expansions. The collaboration with this project
will have an impulse on this proposed PhD-project.

Project 05: Digital expansions are used in this project to speed up computations in
cryptography. This gives a direct thematic link of the proposed research to this project.
Especially, the probabilistic and ergodic techniques have been used fruitfully in earlier
collaborations on the analysis of redundant numeration with C. Heuberger.

Project 08: Fractals generated by digital expansions, such as the fundamental domain
of a digital expansion, naturally define a tiling of the underlying space. This gives a
direct connection to the research proposed in Project 08. Furthermore, the common
interest in fractal structures, especially in the context of digital expansions has led to
several joint publications with J. Thuswaldner.

4.6. Collaborating research groups where PhD Students could perform their re-
search stay abroad.

• Christiane Frougny, Université Paris VII, France
• Pierre Liardet, Université de Provençe, Marseille, France
• Robert Strichartz, Cornell University, Ithaca, NY, USA
• Alexander Teplyaev, University of Connecticut, Storrs, CT, USA

4.8. Know-how and infrastructure of the research group. The proposer is the principal
investigator of the project S9605 “Combinatorics and dynamics of numeration systems” of
the NFN S96 “Analytic Combinatorics and Probabilistic Number Theory”. The scientific
personnel of this research project consists of the proposer and one Post-doctoral researcher
(currently Bruno Martin). Together with C. Heuberger (Project 05) this forms the research
group working on various aspects of digital expansions. The research on diffusion on fractals
is performed by the proposer in collaboration with W. Woess (Project 01).
The Institute for Analysis and Computational Number Theory has two full professors, R. Tichy
(Project 09) and the proposer, five associate professors, one assistant professor, and two secre-
taries. The institute can offer office space for the doctorands working in the proposed DK-Plus.
This includes computers with network access, office equipment, and library access.
In October 2008 a new Master study program “Mathematical Computer Science” jointly or-
ganised by Graz University of Technology and Karl-Franzens-University has started. This
program offers an education in mathematical aspects of computer science, such as the al-
gebraic prerequisites of cryptography, as well as mathematical methods for the analysis of
algorithms. This education is a preparation for the PhD-program offered in the proposed
DK-Plus.

4.9. CV of the Faculty Member.

Education:

6.7.1966: born in Linz, Austrian citizen, married (since 9.10.98), 1 child (Elisabeth, born
10.12.2002)

1972–1976: elementary school
1976–1984: high school
4.6.1984: final exam
1.10.1984–30.9.1985: military service
1985–1989: applied mathematics at Vienna University of Technology
20.4.1989: graduation with distinction
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1989–1990: PhD studies at Vienna University of Technology
6.4.1990: graduation with distinction
25.5.1994: habilitation for mathematics

Employment and visiting positions (since 2003).

April 2003: offered a chair at the School of Mathematics at the University of the Wit-
watersrand, Johannesburg (not accepted)

July 2003: co-organisation of the XXIIIrd Journées Arithmétiques
September 2003: offered a full professorship at the Technical University of Graz (ac-

cepted)
since 3.11.2003: Professor for “Constructive and Computational Mathematics” at the

Technical University of Graz
June 2005: Visiting professor at the University of Marseille (Dynamique, Stochastique

et Algorithmique)
April 2006: Visiting researcher at the Ben Gurion University in Beer Sheva, Israel
May 2006: Lecturer at the Spring School CANT06 in Liège, Belgium
August–December 2006: Visiting professor at Vanderbilt University, Nashville, Tennessee
Mai 2007: Visiting professor at the Université Paris VII

Organisation of conferences:

January 2000: co-organisation of a special session on number theory at the “5th Pan
African Congress of Mathematicians” at the University of the Western Cape

June 2001: Organisation of the conference “Fractals in Graz 2001”
2002: Organisation of a Special Semester at the Erwin Schrödinger Institute in Vienna:

“Arithmetics, Automata and Asymptotics”
April 2007: Organisation of a Mini-Workshops “Geometric Measure Theoretic Approaches

to Potentials on Fractals and Manifolds” at the Mathematical Research Institute Ober-
wolfach (with D. Hardin, E. Saff and M. Zähle)

April 2007: Organisation of the Workshop “Journées de Numération” in Graz (with
P. Arnoux, G. Barat and J. Thuswaldner)

July 2007: Organisation of the conference “Dynamical Systems and Number Theory” in
Strobl (with G. Barat, M. Beiglböck, G. Dorfer, K. Schmidt, J. Thuswaldner and
R. Winkler)

July 2007: Organisation of the Summer School “Dynamical Systems and Number The-
ory” in Graz (with G. Barat, M. Beiglböck, G. Dorfer, K. Schmidt, J. Thuswaldner
and R. Winkler)

July 2009: Organisation of the workshop “Fractals and Tilings” (with G. Dorfer and
J. Thuswaldner)

October–December 2011: Organisation of a programme “Combinatorics, Number theory,
and Dynamical Systems” at the Erwin Schrödinger Institute in Vienna (with M. Ein-
siedler, C. Krattenthaler, and T. Ziegler)

Awards:

• Research Award of the Austrian Mathematical Society 1997
• START-Award of the Austrian Science Fund 1998
• Research Award of the provincial government of Styria 2000
• Edmund and Rosa Hlawka-Award of the Austrian Academy of Sciences 2002
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Refereeing and editorial activities: Referee for the following journals:
Abh. Math. Sem. Univ. Hamburg, Acta Arith., Adv. Math., Aequationes Math., Algorith-
mica, Appl. Comp. Harmon. Anal., Computing, Constr. Approx., Discrete Appl. Math.,
Discrete Math., Fibonacci Quart., Finite Fields Appl., Integers, J. Théor. Nombres Bordeaux,
J. Approx. Theory, J. Autom., Lang. Comb., J. Complexity, Journal of Discrete Continuous
Dyn. Sys., J. Number Theory, J. Austral. Math. Soc., Math. Slovaca, Math. Reviews,
Monatsh. Math., Periodica Math. Hungar., Publ. Math. Debrecen, Random Structures
Algorithms, Theoret. Comput. Sci., Trans. Amer. Math. Soc.
Referee for the following scientific institutions:
National Research Foundation (South Africa), Israel Science Foundation, Netherlands Organ-
isation for Scientific Research, CNRS (France)
Editor of the conference proceedings “Fractals in Graz 2001”, Birkhäuser Verlag 2003 (jointly
with W. Woess) and of a special issue of Monatshefte für Mathematik devoted to the conference
“Journées de Numération” (jointly with P. Arnoux, G. Barat, and J. Thuswaldner)

Supervision of PhD theses:

• B. Krön, Structural and Spectral Theory of Infinite Graphs (2001), after holding re-
search scholarship in Australia and Germany, he recently returned to Austria on an
assistant professor’s position at the University of Vienna

• E. Teufl, Asymptotic Problems related to Self-Similar Graphs and Fractals (2002), he
holds a research position at the University of Bielefeld

• M. Lamberger, Probabilistic and Dynamical Properties of Number Systems (2002), he
is a member of the cryptography group at Graz University of Technology

• B. Steinsky, Enumeration and Asymptotic Behaviour of Graphs related to Acyclic
Digraphs (2003)

• J. Brauchart, Points on an Unit Sphere in Rd+1, Riesz Energy, Discrepancy and Numer-
ical Integration (2005), he held a research position at Vanderbilt University Nashville
TN for two years, currently he is employed as a Post-doc in a project of the NFN S96

• G. Schweitzer, Diffusion on simply and doubly symmetric fractal graphs (2006)

4.10. PhD Students of the last 5 years.

Name of the Student Sex Research topic Title of the thesis Number of
Publications

Bertran Steinsky M asymptotic enu-
meration of
graphs

Enumeration and Asymp-
totic Behaviour of Graphs
related to Acyclic Digraphs

2

Johann Brauchart M application of en-
ergy concepts to
numerical integra-
tion on the shpere

Points on an Unit Sphere
in Rd+1, Riesz Energy, Dis-
crepancy and Numerical
Integration

3

Gunther Schweitzer M diffusion on frac-
tals

Diffusion on simply and
doubly symmetric fractal
graphs
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4.11. Externally funded national and international projects (last 5 years).

Funding organisation Number of the
project

Research topic of the
project

Amount
funded in Ke

FWF Y96-MAT digital expansions, diffu-
sion on fractals, distribu-
tion of point sets of mini-
mal energy

1100

FWF S9605 combinatorial, ergodic,
and probabilistic aspects
of digital expansions

165

ÖAD FR 06/2007 digital expansions and
their applications

2

4.12. Most relevant papers of the last 5 years.

(1) P. J. Grabner, P. Liardet, and R. F. Tichy, Spectral disjointness of dynamical systems
related to some arithmetic functions. Publ. Math. Debrecen, 66, (2005), 213–244.

(2) P. J. Grabner and C. Heuberger, On the number of optimal base 2 representations of
integers. Des. Codes Cryptogr., 40, (2006), 25–39.

(3) P. J. Grabner and A. Knopfmacher, Analysis of some new partition statistics. Ra-
manujan J., 12, (2006), 439–454.

(4) V. Metz and P. J. Grabner, An interface problem for a Sierpinski and a Vicsek fractal.
Math. Nachr., 280, (2007), 1577–1594.

(5) P. J. Grabner and M. Rigo, Distribution of additive functions with respect to numera-
tion systems on regular languages. Theory Comput. Syst., 40, (2007), 205–223.

(6) G. Barat and P. J. Grabner, Limit distribution of q-additive functions from an ergodic
point of view. Ann. Univ. Sci. Budapest. Sect. Comput., 28, (2008), 55–78.

(7) G. Derfel, P. J. Grabner, and F. Vogl, The Zeta function of the Laplacian on certain
fractals. Trans. Amer. Math. Soc., 360, (2008), 881–897.

(8) G. Derfel, P. J. Grabner, and F. Vogl, Complex asymptotics of Poincaré functions and
properties of Julia sets. Math. Proc. Cambridge Philos. Soc., 145, (2008), 699–718.

(9) M. Drmota, P. J. Grabner, and P. Liardet, Block additive functions on the Gaussian
integers. Acta Arith. 135, (2008), 299–332.

(10) M. Drmota and P. J. Grabner. Analysis of digital functions and applications. In
V. Berthé and M. Rigo, editors, Combinatorics, Automata and Number Theory, Ency-
clopedia of mathematics and its applications, Cambridge University Press,to appear.
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5. Project 05: Digital expansions with applications in cryptography

5.1. Principal Investigator: Clemens Heuberger
Institut für Optimierung und Diskrete Mathematik (Math B)
Technische Universität Graz
Steyergasse 30
8010 Graz
AUSTRIA

5.2. Keywords: Digital expansions, Elliptic-curve cryptography, Analysis of algorithms, Non-
adjacent form, Automata, Frobenius endomorphism

5.3. Research interests of the Faculty Member. C. Heuberger’s research interests in-
clude the asymptotic and probabilistic analysis of algorithms in the sense of D. Knuth (e.g.,
the expected occurrences of subblocks in certain digital expansions), cryptography (e.g., the
design of sub-linear scalar multiplication algorithms on Koblitz curves), graph theory (e.g.,
determining trees of given order and maximum degree which optimise graph-theoretic indices
such as the number of independent vertex subsets), number theory (e.g., algorithmic solution of
Diophantine equations) and combinatorial optimisation (in particular, inverse optimisation).
For the purpose of this project proposal, the design and the analysis of digital expansions
applicable in public key cryptography are particularly relevant. In this area, he wrote vari-
ous papers analysing the weight (number of nonzero digits) of redundant digital expansions,
which is directly linked to the number of expensive curve operations needed to compute scalar
multiples on elliptic curves, analysing the number of optimal expansions for given digit sets,
carry propagations, the effect of using point halving in elliptic curve operations, or showing
that for some digit sets, there is no online algorithm to compute optimal expansions from the
binary expansion.

5.4. Short description of two showcases of PhD Research Projects. The basic prin-
ciple of (hyper-)elliptic curve cryptography (cf. [5]) is that a scalar multiplication n ·P , where
n is an integer and P is an element of the point group of an elliptic curve, can be performed
efficiently, whereas the inverse operation (determining n from the knowledge of nP and P )
is believed to be computationally hard. It is an obvious aim to implement the scalar mul-
tiplication as efficiently as possible in order to be able to use sufficiently large values of the
parameters to secure the system.
The basic variant to perform a scalar multiplication nP is to compute the binary expansion
of n and to compute nP by a double-and-add algorithm (cf. [95]), which amounts to using
Horner’s scheme. Thus, scalar multiplication takes O(log n) curve operations.
Using additional structures in the underlying group can improve this basic principle. Since
computing −P from P does not induce significant costs, negative digits can also be used in
the digital expansion [116]. This introduces redundancy, because every integer has infinitely
many binary expansions with digits in {0, 1,−1}. As the number of point additions essentially
equals the Hamming weight of the expansion, i.e., the number of nonzero digits, the aim is
to choose a digital expansion of the scalar n of minimal Hamming weight. It is well known
that this can be achieved by choosing the Non-Adjacent-Form (NAF), which is the unique
expansion of n such that there are no adjacent non-zero digits.
The Hamming weight can be further decreased by enlarging the digit set, which amounts to
precomputing points corresponding to the extra digits and using them in the double-and-add
algorithm. An example is the concept of w-NAF for an integer w ≥ 2: We choose a digit set D
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consisting of 0 and one representative of every residue class modulo 2w which is coprime to 2. If
D is properly chosen, then every integer admits a binary expansion with digits from D with the
property that every block of w consecutive digits consists of at most one non-zero digit. The
usual choice [37] in the binary case is the symmetric digit set D = {0,±1,±3, . . . ,±2w−1−1}.

Redundant expansions in algebraic number fields and their applications in public-key cryptog-
raphy. Koblitz [96] proposed the two non-supersingular elliptic curves Ea (“Koblitz curves”)

Ea : y2 + xy = x3 + ax2 + 1 with a ∈ {0, 1}
defined over F2 and to use their point group Ea(F2n) for appropriate n. The Frobenius
endomorphism φ on F2n sending an element to its square acts on the point group Ea(F2n) and
satisfies the equation

φ2 + (−1)aφ + 2 = 0

in the endomorphism ring. Identifying φ with the algebraic integer τ satisfying the same
equation yields implementations of the scalar multiplication algorithm by “Frobenius-and-add”
using a digital expansion of the scalar to the base τ . The advantage is that relatively costly
doubling operations on the curve are replaced by very cheap applications of the Frobenius
endomorphism.
It has been shown that every integer in Z[τ ] admits a unique τ -NAF, i.e., a digital expansion
to the base τ such that no two non-zero digits are adjacent. This τ -NAF has been shown to
minimise the weight over all expansions of the same integer.
Solinas [137] generalised the concept of a w-NAF to the base of τ , where the digit set consists
of 0 and the minimal norm representative of every residue class modulo τw. In [6], we studied
alternative digit sets: A set defined by syntactical conditions allows the precomputations to be
organised efficiently. Another digit set is defined to consist of suitable powers of the complex
conjugate τ̄ of τ : this can be translated to point halving operations on the curve, which can
be performed quite efficiently. The result is a sublinear scalar multiplication algorithm with
constant storage requirements.
While the 3-NAF still minimises the weight over all expansions with the same digit set (but
without the syntactical condition imposed by the 3-NAF), we could disprove this for w ∈
{4, 5, 6} in [80]. Even worse, we showed that there are pairs of numbers which are arbitrarily
close (in the sense of the τ -adic valuation), but which do not admit optimal expansions sharing
the same least significant digit. Thus it is impossible to compute optimal expansions by a
transducer automaton reading some standard expansion from right to left, i.e., from the least
to the most significant digit. We may consider this as chaotic behaviour.
A PhD research project shall focus on finding optimal syntactical conditions for various bases
and digit sets or on showing that no such conditions can exist.
As a first instance, the sliding window method based on the τ -NAF shall be investigated: Here,
the digit set consists of 0 and the values of all τ -NAFs of length w with non-zero least significant
digit. This is different from the w-NAF as some residue classes modulo τw are represented
by two such NAFs, consequently, the syntactical rule changes: A digit corresponding to a
τ -NAF with non-zero most significant digit is followed by at least w zeros, whereas for all
other non-zero digits, w − 1 zeros suffice. Scanning the τ -NAF of an integer from right to
left immediately yields such a sliding windows expansions, as digits zero between blocks can
be skipped. As this concept is closely related to the known optimal τ -NAF and rewriting a
τ -NAF to the sliding windows expansion does never trigger carries, this might be an optimal
expansion.
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It has been proved that for most digit sets to the base τ , there cannot be a transducer
automaton computing an optimal expansion from right to left. However, it is not clear whether
this is possible in the other direction or whether this leads to chaotic behaviour as well.
As a next step, other bases shall be considered. Here, the first candidate is a root τ of z2 ±
3z+3 = 0 which corresponds to the Frobenius endomorphism on the supersingular curve Y 2 =
X3 −X ± 1 (cf. Koblitz [97]) defined over F3 and considered over appropriate field extensions
F3n . As the Menezes-Okamoto-Vanstone attack reduces the discrete logarithm problem of the
point group of an elliptic curve over Fq to the discrete logarithm problem in the multiplicative
group FqK for some K ∈ {1, 2, 3, 4, 6} in the supersingular case and larger K in the non-
supersingular case, supersingular curves are not very popular in cryptography. However, in
this particular case, we have K = 6, which yields sufficient security. The interesting feature
of this curve is that for this root τ , we have τ6 = −33, which leads to rotational symmetries.
A careful choice of digit sets should take this into account and reduce precomputation and
storage requirements. Nearly all questions discussed for Koblitz over F2 are open in this setting
and shall be investigated. The role of the symmetries may lead to interesting phenomena.
Several other elliptic and hyperelliptic curves and the digital expansions to the base of the
Frobenius endomorphism have been studied by Lange [101]. The same questions as above are
still open in these cases, where more instances of chaotic behaviour can be expected.
Finally, in all the instances above, it would be interesting to be able to obtain results which
are independent on the concrete digit sets considered. For instance, do special digit sets exist
which do not lead to chaotic behaviour, while others do, or is chaotic behaviour a property
of the base and the chosen window width w? In the chaotic case, is it possible to describe
syntactic properties leading to “good”, if not optimal, expansions? Can the approximation
ratio be bounded by non-trivial bounds?

Optimal joint binary expansions for fractional windows digit sets. In some algorithms, for
instance signature verification in the ECDSA algorithm, the efficient computation of linear
combinations mP +nQ is required. While this may be done at the price of two scalar multipli-
cations and one addition, there is the more efficient alternative of considering a joint expansion
of the pair (m,n), i.e., taking the digits to be vectors in {0, 1,−1}2, and computing mP +nQ
in one run of the double-and-add algorithm, which requires precomputing the points P + Q
and P −Q. The number of curve additions now essentially equals the “Joint Hamming weight”
of the expansion, which is defined to be the number of non-zero digit vectors. In the binary
case, a right-to-left algorithm to compute expansions of minimal Hamming weight has been
proposed by Solinas [138].
Generalisations of the w-NAF have been proposed where the number of digits is not directly
linked to a power of 2. This may be of interest in hardware implementations where the available
memory should be used optimally. It is customary to speak about “fractional windows” in this
context. Note that also the sliding width-w-windows method based on the NAF of an integer
has to be considered as a fractional windows method: Here, the digits are odd integers in the
range −(2w−(−1)w)/3, . . . , (2w−(−1)w)/3. It has also been proposed to consider unbalanced
digit sets Dℓ,u := {ℓ, . . . , u} for ℓ ≤ 0 and u ≥ 0.
It turns out that in most right-to-left algorithms for computing minimal binary expansions,
a “greedy approach” is successful: choose a redundant expansion which has as many zeros as
early as possible, i.e., towards the least significant digits. In [81], we could prove that this
is indeed the case for joint expansions of arbitrary dimension d over all the digit sets Dℓ,u;
i.e., a colexicographically minimal expansion is always a minimal weight expansion. Here,
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an expansion aℓ−1 . . . a0 is considered to be colexicographically smaller than an expansion
bℓ−1 . . . b0, if there is a nonnegative integer k such that aj = bj for j < k, ak = 0 and bk 6= 0.
In the one-dimensional case, it also turned out that only the odd digits are needed in optimal
expansions. It is one task in this PhD project to study minimal right-to-left algorithms in
higher dimensions with the digit set {0} ∪ Dodd

ℓ,u = {z : z = 0 or ℓ ≤ z ≤ u and z odd}. As
colexicographical minimality was shown not to be the right concept in this case, partial results
would already constitute a progress.
When computing scalar multiplications by Horner’s scheme, the digits of the expansion are
used from left to right. Most available algorithms, however, compute the digits from right
to left, which means that the digits have to be stored. Thus algorithms computing minimal
digital expansions from left to right are attractive. Such algorithms are known in the one-
dimensional case with digits Dℓ,u and in the d-dimensional case with digits {0,±1}. Two
strategies are commonly used: the first one is to approximate a given integer by the closest
element of weight one, where it turns out that the metric used to determine closest elements
has to be chosen in such a way that the potential unbalanced nature of the digit set is taken
into account. Another approach is to conceptually divide the computation in two steps: first,
an intermediate expansion is calculated which has the property that there are no long carry
propagation runs, then, this expansion is transformed into a minimal expansion. Within this
PhD-project, higher dimensions and larger digit sets shall be studied.

5.5. Collaborations within the DK-plus. The research proposed in this project has close
relations to the Projects 04 (P. Grabner), 06 (P. Kirschenhofer), 07 (B. Klinz and R. Burkard),
08 (J. Thuswaldner), 09 (R. Tichy). These relations are described below.

Project 04: Abstract numeration systems and their associated dynamical systems are
studied in that project. The methods used there have already been used in several joint
papers with P. Grabner analysing various aspects of digital expansions. We expect this
cooperation also to be fruitful for this DK.

Project 06: Methods of analytic combinatorics are of common interest in these two
projects. Furthermore, the proposers have joint common interest in the area of Dio-
phantine equations.

Project 07: Optimality of digital expansions can be modelled as optimisation problems
in directed graphs. Thus the expertise of Project 07 on combinatorial optimisation
problems is anticipated to be helpful for our studies.

Project 08: Project 08 is studying digital expansions and shift radix systems and their
dynamical, geometric and topological aspects. In both projects, graphs and transducer
automata are an essential tool. We expect that the fractals describing fundamental
domains and studied in that project will allow geometric insight in the digital expan-
sions studied in this project. These common interests already led to a joint paper with
J. Thuswaldner.

Project 09: Computational number theory is a common interest with Project 09, where,
among others, Diophantine problems are studied. We expect that the successful collab-
oration with R. Tichy, which already led to several joint publications on Diophantine
equations, will be continued in this DK.
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5.6. Collaborating research groups where PhD Students could perform their re-
search stay abroad.

• Helmut Prodinger, Department of Mathematical Sciences, Stellenbosch University,
South Africa.

• Roberto Avanzi, Institute for Cryptology and IT-Security, Ruhr-Universität Bochum,
Germany.

5.7. Know-how and infrastructure of the research group. C. Heuberger is an associate
professor at the Institute of Optimisation and Discrete Mathematics at Graz University of
Technology, which currently consists of two full professors, three associate professors and one
assistant professor. Furthermore, the department has one full-time secretary.
C. Heuberger currently heads the subproject S9606 “Analysis of Digital Expansions with Ap-
plications in Cryptography” of the national research network (NFN) “Analytic Combinatorics
and Probabilistic Number Theory” funded by the FWF, where Christiaan van de Woestijne
holds a Post-Doc position. His interests are abstract notions of digit systems and the solution
of equations over finite fields.
It is planned that the projects in the DK and in the NFN complement one another, where
the NFN project puts some emphasis on the asymptotic and probabilistic analysis of the
expansions. Strong interactions between these two projects are intended. This enables us to
provide a strong background in abstract notions of digit systems in the rational integers as well
as algebraic extensions of the integers, asymptotic and probabilistic analysis of algorithms,
the required tools from discrete mathematics, analysis and theoretical computer science as
well as an overview over applications in cryptography.
The department can provide a working desk, a desktop computer, access to dedicated com-
puters for large calculations, both equipped with licenses for symbolic computation software,
and access to the library to the prospective PhD-student supported by this project.

5.8. CV of the Faculty Member.

Education:
1.8.1975: born in Graz
1981–1985: elementary school
1985–1993: high school: Akademisches Gymnasium Graz
26.6.1993: final exam
1993–1997: studies of Technical Mathematics at Graz University of Technology
10.10.1997: defence of master thesis and final examination with first class honours
1997–1999: PhD studies at Graz University of Technology. Supervisor: R. Tichy
19.04.1999: defence of thesis and final examination with first class honours
4.5.2001: habilitation

Employment and visiting positions.

1998–2001: Teaching and research assistant, TU Graz
since 2001: Associate Professor, TU Graz
1997, 1998, 2005: Visitor at University of Debrecen (summing up to 6 weeks)
2001: Visitor at City University of Hong Kong (1 month)
2001, 2003, 2004: Visitor at University of the Witwatersrand (summing up to 3.5 months)
2002: Visiting professor at Université Louis Pasteur, Strasbourg (1 month)
2005, 2006, 2007, 2008, 2009: Visitor at Stellenbosch University (summing up to 5 months)
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2005, 2007: Visitor at University of Zagreb (summing up to 3 weeks)
2007: Visitor at Université de Provence, Aix-Marseille 1, France (2 weeks)

Organisation of conferences:
July 2003: Co-Organiser of the “Journées Arithmétiques” in Graz (with S. Frisch, A. Ge-

roldinger, P. Grabner, F. Halter-Koch, G. Lettl and R. Tichy)
July 2008: Organiser of the “Central European Conference on Cryptography” in Graz

(with V. Rijmen)
September 2009: Chair of the organizing committee, 17th ÖMG Congress – Annual DMV

Meeting, Graz (with G. Lettl, W. Müller, B. Thaller, J. Wallner, W.Woess)

Awards:
1998 Award of the Austrian Mathematical Society for the best master thesis in the academic

year 1997/98 (“Studienpreis der ÖMG”)
1998 Award of the Federal Ministry for Science and Transport for outstanding studying

performance (“Würdigungspreis des Bundesministers für Wissenschaft und Verkehr”)
1999 Award of the Federal Ministry for Science and Transport for outstanding studying

performance (“Würdigungspreis des Bundesministers für Wissenschaft und Verkehr”)
1999 Promotion sub auspiciis præsidentis
2008 “Edmund und Rosa Hlawka-Preis for Mathematics” by the Ausrian Academy of Sci-

ences
2008 “Förderungspreis” of the Austrian Mathematical Society

Refereeing and editorial activities:
• Referee of many articles in various journals
• Guest-Editor of a special issue of Computing (2009; jointly with V. Rijmen)

5.9. Externally funded national and international projects (last 5 years).

Funding organization Number Research topic of the project Amount funded
of the in KEURO
project

FWF S9606 Analysis of Digital Expansions 360
with Applications in Cryptography

5.10. Most relevant papers of the last 5 years.

1. P. J. Grabner, C. Heuberger, and H. Prodinger. Distribution results for low-weight
binary representations for pairs of integers. Theoret. Comput. Sci., 319:307–331, 2004.

2. C. Heuberger. Inverse combinatorial optimization: A survey on problems, methods,
and results. J. Comb. Optim., 8:329–361, 2004.

3. P. J. Grabner, C. Heuberger, H. Prodinger, and J. Thuswaldner. Analysis of linear
combination algorithms in cryptography. ACM Trans. Algorithms, 1:123–142, 2005.

4. P. J. Grabner and C. Heuberger. On the number of optimal base 2 representations of
integers. Des. Codes Cryptogr., 40:25–39, 2006.

5. C. Heuberger. All solutions to Thomas’ family of Thue equations over imaginary
quadratic number fields. J. Symbolic Comput., 41:980–998, 2006.

6. C. Heuberger and J. Muir. Minimal weight and colexicographically minimal integer
representations. J. Math. Cryptol., 1:297–328, 2007.
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7. C. Heuberger and H. Prodinger, On alpha-greedy expansions of numbers, Adv. in
Appl. Math., 38:505–525, 2007.

8. C. Heuberger and S. G. Wagner. Maximizing the number of independent subsets over
trees with bounded degree. J. Graph Theory, 58:49–68, 2008.

9. R. M. Avanzi, C. Heuberger, and H. Prodinger. Redundant τ -adic expansions I: Non-
adjacent digit sets and their applications to scalar multiplication. Cryptology ePrint
Archive, Report 2008/148, 2008. http://eprint.iacr.org/

10. C. Heuberger. Redundant τ -adic expansions II: Non-optimality and chaotic behaviour.
To appear in Math. Comput. Sci., earlier version available as Cryptology ePrint
Archive, Report 2008/153, 2008. http://eprint.iacr.org/
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6. Project 06: Polynomial diophantine equations - combinatorial and number

theoretic aspects

6.1. Principal Investigator: Peter Kirschenhofer
Lehrstuhl für Mathematik und Statistik
Department Mathematik und Informationstechnologie
Montaniversität Leoben
Franz Josef Str. 18
A-8700 Leoben
AUSTRIA

6.2. Keywords: diophantine equations, relative Thue equations, combinatorial enumeration
problems, orthogonal polynomials, zero sets of linear recurrences

6.3. Research interests of the Faculty Member. The main research interest of the pro-
poser is in the areas of Discrete Mathematics and algorithmic problems in Theoretical Com-
puter Science, he has published altogether about 90 scientific papers within this scope. During
the last years research was mainly focussed on problems in Combinatorics and Number The-
ory, in particular enumerative combinatorics and combinatorial identities (bijective and formal
operator approaches), polynomial diophantine equations (polynomials originating from combi-
natorial enumeration problems, relative Thue equations, elements of small norm in extensions
of imaginary-quadratic number fields, generalization of Waring’s problem), digital expansions
and number systems (nonlinear recurrence relations in connection with SRS-systems). The
proposer is interested in particular in problems that allow to combine techniques from two
or more of the referred areas of Discrete Mathematics. Research has been performed within
several projects granted by the FWF as principal investigator or co-investigator, three of
them within FWF-National Research Networks. In particular the proposer is co-applicant
of a project within the actual FWF-NFN S96 on "Analytic Combinatorics and Probabilistic
Methods in Number Theory", which means that research within the current proposal could
be carried out in interaction with this Austrian network. The proposer headed also a joint
project with the University of Debrecen, Hungary, funded by the "Austrian Academic Ex-
change Service" within the last years. Two PhD theses in thematic relation to this proposal
have been successfully completed under the guidance of the proposer within the last five years.

6.4. Short description of two showcases of PhD Research Projects. Combinatorial
polynomial diophantine equations:
Polynomial diophantine equations have attracted special interest during the past decades.
Whereas the number theoretic point of view constitutes the main focus of research in this area
one further important source of problems originates from combinatorics: there is a variety of
combinatorial enumeration problems leading to counting polynomials where certain recurrence
relations reflect the original combinatorial structure. Enumerative questions correspond to
the investigation of the number of solutions of diophantine equations between the concerned
polynomials then. Several important families of orthogonal polynomials resp. so-called Sheffer
polynomials appear within this combinatorial schemes.
For example let pn(k) denote the number of random paths in the positive integer grid, con-
sisting of horizontal, vertical or diagonal steps (leading to the right resp. upwards), and
connecting the origin with the point (n, k). (The pn(k) are sometimes attributed as the De-
lannoy numbers). Using direct combinatorial arguments resp. generating functions it can be
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shown that the polynomials qn(t) := inn!pn(−1
2 − i t

2 ) fulfill the second order recurrence

qn+1(t) = tqn(t) − n2qn−1(t), q−1(t) = 0, q0(t) = 1.

Consequently the qn(t) are real orthogonal polynomials; in fact they form a special instance
of the Meixner-Pollaczek polynomials
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( 1

2
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(λ)
n (x, φ) denotes the Meixner-Pollaczek polynomials
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einφ
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[
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]

The polynomial diophantine equations

pm(x) = pn(y)

have been extensively studied by several authors (compare e.g.[91]) making use of their or-
thogonality; we refer also to the results by Stoll and Tichy [141] in this context. In his PhD
thesis O.Pfeiffer (directed by the principal investigator of this project) has established results
for polynomial diophantine equations originating from a general combinatorial scheme yielding
recurrence equations of the form

pn+1(x) = xpn(x) + cnpn−1(x)

and established conditions on the parameters cn that guarantee finiteness of the number of
solutions of the corresponding diophantine equations pm(x) = pn(y), compare also [93].
In the present project we intend to continue research on combinatorial polynomial diophantine
equations along the following lines:

• The identification of more general classes of recurrence relations that result in finite-
ness of solutions of the corresponding polynomial diophantine equations (including a
possible identification of the solutions themselves). From the methodological point of
view research will have to include a thorough investigation of properties of the polyno-
mials in the families in consideration. Considering for instance a well-known result by
Bilu and Tichy [21] one issue of particular importance in this context will be the prob-
lem of multiplicities of extremal values: whereas for orthogonal polynomials obeying
differential equations this problem is settled by Sonin’s theorem corresponding results
for the members of orthogonal families obeying difference equations do not seem to be
known and should be derived within this project.

• The identification of combinatorial structures corresponding to the recurring sequences
according to the last item. Here we seek on the one hand for direct resp. "bijective"
combinatorial proofs for the recurrences in question in order to get sufficient insight into
the combinatorial structures behind, on the other hand formal operator methods will
also allow to establish generating functions yielding the desired recurrence relations.
Combinatorial approaches of this type have been followed, for example, in [92] or [93]
and should be continued within the present project.

• A combination of results according to the last two items could constitute the basis for
finding more general contexts between the (discrete) structure of combinatorial objects
and the finiteness of the number of solutions of corresponding polynomial diophantine
problems. We would aim to come one step further towards a kind of "automatized"
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analysis of diophantine behavior of combinatorial structures in the sense discussed
above.

Parameterized families of relative Thue equations:
Another important development is in concern of polynomial diophantine equations over num-
ber fields. Various results could be achieved in the past years with respect to parameter-
ized families of relative Thue equations over imaginary quadratic fields. For example let
k = Q(

√
−D) be an imaginary quadratic number field with ring of integers Zk and consider

the family of relative Thue equations

Ft(x, y) = x3 − (t − 1)x2y − (t + 2)xy2 − y3 = l

with t, l ∈ Zk, t /∈ Z and |l| ≤ |2t+1|. We are interested in the solutions of these "diophantine"
equations, i.e. in the pairs (x, y) ∈ Zk × Zk satisfying the equation. The corresponding
equations in the rational integer case were solved by Mignotte et al. in [115], whereas the
instance |l| = 1 of the relative Thue equations was considered by Heuberger et al. in [82] and
[79]. One of the main tools in treating the above Thue equation turns out to be the following.
Let k(α) be the cubic extension of k generated by the polynomial

ft(x) = x3 − (t − 1)x2 − (t + 2)x − 1

and let (x, y) ∈ Zk × Zk be a solution of the relative Thue equation. Denoting by Nk(α)/k(γ)
the relative norm of γ over k we have

Nk(α)/k(x − αy) = Ft(x, y) = l.

Therefore, solving the Thue equation for |l| ≤ |2t+1| is equivalent to determining all elements
γ = x − αy whose norm is bounded by |2t + 1| in absolute value. Following this idea in a
first step in [94] all elements γ ∈ Zk[α] with relative norms satisfying |Nk(α)/k| ≤ |2t + 1|
were investigated for large |t| . This generalizes a corresponding result by Lemmermeyer and
Pethő [109] for Shanks’ cubic fields over the rationals. In a PhD thesis by C.Lampl advised by
the principal investigator and J.Thuswaldner this result was completed for all values of t and
applied in order to solve the relative Thue equation for all t with ℜt = −1

2 (compare [90]).
In the present PhD project we would aim to continue research within the following directions.

• Extension of the above cited results to the instance ℜt 6= −1
2 . In this general instance

we will have to consider linear forms in one additional logarithm compared with the
situation from before, which means that refinements of Baker’s thorems on linear
forms in logarithms like Mignotte’s results in [115] will have to be adjusted. Of course
we would aim at deriving results for other parameterized families of relative Thue
equations, too.

• Special instances of the above problem where Baker’s method does not yield solution
free regions lead to the question of the multiplicity of zeros and properties of the
zeros of linear recurrence relations in the integers of the referred number fields. With
respect to the relative Thue equations mentioned above for ℜt = −1

2 the following
ternary recurrence has to be investigated.

pm + 3pm−1 + Lpm−2 + pm−3 = 0 (m ≥ 3),

with L := −(t2 + t + 4) ∈ Z, p0 = 0, p1 ∈ {0, 1} and p2 = p2(c) ∈ Z where c is defined
by t = −1+ic

√
D

2 . The solution is a sequence of polynomials

pm = pm(L, c)
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with coefficients in Z and for the purposes of the solution of the relative Thue equation
we are interested in all instances where pm(L, c) = 0. For ℜt 6= 1

2 complex recurrences
will have to be treated. This is in context with a classical problem; the structure of the
set of values of the recurrence is treated by the Skolem-Mahler-Lech theorem, particular
results are due to Beukers, Schlickewei, W.M.Schmidt, Tijdeman and others; special
results on the zero set of binary complex recurrences were established by Beukers
and Tijdeman [20], or for ternary recurrences within the rational numbers by Beukers
[19]. A generalization of the latter results to recurrences of higher degree would be an
important tool for the treatment of the relative Thue equations in question. In those
instances where the zero set cannot be determined explicitly, special information could
also be drawn by congruence methods on divisibility properties of the indices of the
zero elements of the recurrence.

6.5. Collaborations within the DK-plus. The present project will allow cooperations with
several other projects within the doctoral program. There will be close connections to prob-
lems studied within Project 09 by R. F. Tichy, in particular with respect to combinatorial
problems underlying the diophantine problems studied there. Further connections will oc-
cur with Project 05 by C. Heuberger with whom we share common interest in Diophantine
equations and with Project 08 by J. Thuswaldner with respect to diophantine problems and
number systems.

6.6. Collaborating research groups where PhD Students could perform their re-
search stay abroad.

• Dominique Foata, Institute Lothaire, Universite Louis Pasteur, Strasbourg
• Peter J. Larcombe, Derby Business School, University of Derby, England
• Attila Pethő, Department of Informatics, University of Debrecen, Hungary.

6.7. Know-how and infrastructure of the research group. The proposer is Full Profes-
sor at the Chair for Mathematics and Statistics of the Department Mathematics and Informa-
tion Technology at the University of Leoben.
Apart from the two scientists that are applying for a project within the current doctoral
program (P. Kirschenhofer and J. Thuswaldner) there are several other scientists working on
Discrete Mathematics. One of them is W. Imrich (he will retire this year) who works on graph
theory. Moreover, we have two post docs and one PhD student who are employed within
the currently running FWF national research network S96. They work on topics related to
Projects 06 and 08 of the proposed program.
We emphasize that several other projects funded by the FWF have been carried out success-
fully (resp. are currently carried out) at the department in recent years. We mention the
research projects FWF-P14200, FWF-P17557, FWF-P18969 and FWF-20989, project FWF-
S8310, which was part of the research network FWF-FSP-S83 as well as Projects S6910 and
(partially) S9611 which belong to the currently running national research network FWF-NFN-
S96.
Moreover, at the department working space and office room as well as computer equipment is
available in order to supply a good working environment for the PhD students to be employed
on the two positions we apply for within the current program (note that the proposer of
Projects 08 is working at the above-mentioned department; he has also applied for one PhD
position). Moreover, a well equipped mathematical library is present at the department. Since
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the proposer as well as several of his colleagues at the department have many scientific contacts
inside Austria and abroad, there is a vivid scientific exchange taking place at the department.

6.8. CV of the Faculty Member.

Education:
5.7.1956: born in Vienna
1962–1966: Elementary school
1966–1974: High school
1974–1975: Military service
1975–1979: Studies of Mathematics, Physics and Chemistry at the University of Vienna
1979: PhD in Mathematics, University of Vienna, thesis advisor J.Cigler
1983: Habilitation (venia docendi) for “Discrete Mathematics”, Vienna University of

Technology

Employment and visiting positions.
1979–1996: Assistant Professor at the Department of Applied Mathematics, later on at

the Department of Algebra and Discrete Mathematics, Technical University of Vienna
1989–1991: Visiting Professor at the University of Klagenfurt
1996–: Full Professor of Mathematics and Mathematical Statistics, University of Leoben,

Austria
1997–1999: Department Head, Department of Mathematics and Applied Geometry, Uni-

versity of Leoben
2001–: Chairman of the Senate, University of Leoben
2007–: Department Head, Department of Mathematics and Information Technology, Uni-

versity of Leoben

Organization of conferences:
1984–: Co-organizer of several international conferences and seminars on Combinatorics

and Theoretical Computer Science
September 2007: Member of program committee of Austrian-Slovak Joint Conference of

Mathematical Societies in Podbanske, Slovakia

Awards:
1989: Scientific Prize of the Austrian Mathematical Society

Scientific projects:
• Several international cooperation projects, in particular with Ph.Flajolet (INRIA,

France), C.Martinez (Universidad Politecnica Barcelona), A.Pethő (Debrecen, Hun-
gary), W. Szpankowski (Purdue University, West Lafayette, USA)

• FWF-NSF joint science project P7497-TEC “Analysis of data structures for digital
search” (principal investigator) together with H.Prodinger, and W.Szpankowski (Pur-
due University, West Lafayette, USA),

• FWF project P14200-N05 “Toolkits for the Average Case Analysis of Algorithms"
(principal investigator)

• FWF project S8307-MAT “Algorithmic Diophantine Equations"(co-investigator, prin-
cipal investigator R.F.Tichy, TU Graz)

• FWF project S8310-N12 “Combinatorial Analysis of Number Theoretic Algorithms"
(principal investigator)
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Referee for scientific organisations:

• referee for a variety of international journals in the fields of Discrete Mathematics and
Theoretical Computer Science

• referee for "Austrian Academic Exchange Service" (international scientific exchange
projects)

• referee for several appointment committees, "habilitation" committees and doctoral
committees at other universities

Supervision of PhD theses:

• 1985, TU Vienna, J. Blieberger, "Asymptotic investigations on the number of general-
ized Motzkin trees and related problems" (in German); J.Blieberger is now Associate
Professor at the Technical University of Vienna

• 1992, TU Vienna, W.Schachinger, "Contributions to the analysis of data structures
for digital search" (in German); W.Schachinger is now Associate Professor at the
University of Vienna

• 1993, TU Vienna, F.Hubalek, "Contributions to the analysis of generalized digital
search trees" (in German), F.Hubalek is now Assistant Professor at the Technical
University of Vienna

• 2003, MU Leoben, O.Pfeiffer, "Combinatorial analysis of problems in algorithmic num-
ber theory: finiteness theorems for polynomial diophantine equations" (in German)

• 2007, MU Leoben, C.Lampl, "Families of relative Thue equations over imaginary qua-
dratic number fields" (in German)

6.9. PhD Students of the last 5 years.

Name of the Sex Research topic Title of the thesis Number of
student publications
Catrin Lampl F diophantine Families of relative Thue equations 1

equations over imaginary quadratic number
fields (in German)

Oliver Pfeiffer M diophantine Combinatorial analysis of problems 2
equations in algorithmic number theory:

finiteness theorems for polynomial
diophantine equations (in German)

6.10. Externally funded national and international projects (last 5 years).

Funding organization Number Research topic of the project Amount funded
of the in KEURO
project

FWF P14200-N05 Toolkits for the Average 57,5
Case Analysis of Algorithms

FWF S8310-N12 Combinatorial Analysis of 146,5
Numbertheoretical Algorithms

OEAD A-27/2003 Digital Representations, Diophantine 10
Equations and Applications
in Theoretical Computer Science
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6.11. Most relevant papers of the last 5 years.

1. Bilu, Yuri F., Brindza, Bela, Kirschenhofer, Peter, Pinter, Akos and Tichy, Robert F.,
Diophantine equations and Bernoulli polynomials, with an appendix by A. Schinzel.
Compositio Mathematica, 131:173–188, 2002.

2. Grabner, Peter J., Kirschenhofer, Peter and Tichy, Robert F.. Combinatorial and
arithmetical properties of linear numeration systems. Combinatorica, 22, no.2:245–
267, 2002.

3. Kirschenhofer, Peter, and Pfeiffer, Oliver. Diophantine equations between polynomials
obeying second order recurrences. Publ.Math.Hungar., 47, no. 1-2:119–134, 2003.

4. Kirschenhofer, Peter, and Thuswaldner, Joerg. Elements of small norm in Shanks’
cubic extensions of imaginary quadratic fields. J. Symbolic Comput., 38:1471–1486,
2004.

5. Kirschenhofer, Peter, Pfeiffer, Oliver, and Thuswaldner, Joerg. On Waring’s and
Tarry’s problem with digital restrictions. In: Schwarz, Wolfgang und Steuding, Joern
(eds.) Elementare und Analytische Zahlentheorie, Proc. ELAZ-Conference May 24-
28,2004 : 143–154, Franz Steiner Verlag, 2006.

6. Kirschenhofer, Peter, Lampl, Catrin and Thuswaldner, Joerg. On a parameterized
family of relative Thue equations. Publ. Math. Debrecen, 71, no. 1-2: 101–139, 2007.

7. Kirschenhofer, Peter and Larcombe, Peter J., On a class of recursive-based binomial
coefficient identities involving Harmonic numbers. Utilitas Math., 73:105-115, 2007.

8. Kirschenhofer, Peter, Pethő, Attila and Thuswaldner, Joerg. On a family of three
term nonlinear integer recurrences. International J. of Number Theory, 4, no.1:135-
146, 2008.

9. Kirschenhofer, Peter, Pethő, Attila and Thuswaldner, Joerg. Finite and periodic orbits
of shift radix systems. Submitted, 2009.
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7. Project 07: Structural investigations on combinatorial

optimization problems

7.1. Principal Investigator: Bettina Klinz
Institut für Optimierung und diskrete Mathematik
Technische Universität Graz
Steyrergasse 30
A-8010 Graz
AUSTRIA

7.2. Keywords: Hard combinatorial optimization problems, assignment problems, location
problems, special cases, multilevel optimization problems, algebraic optimization problems

7.3. Research interests of the Faculty Member. The research work of Bettina Klinz
takes place at the boundary between mathematics, theoretical computer science and operations
research. Her research interests are centred around combinatorial optimization and the theory
of algorithms. A special focus lies on the design of efficient algorithms on graphs, network flow
problems, parametric optimization and the investigation of efficiently solvable special cases of
NP-hard combinatorial optimization problems.

7.4. Short description of two showcases of PhD Research Projects. Combinatorial
optimization problems play an important role in discrete mathematics and in applications.
An interesting research topic is to investigate how special structures posed on the input data
of a combinatorial optimization problem can be exploited to arrive at more efficient solution
approaches. This question is closely related to the investigation of the borderline between
between efficiently solvable problems (complexity class P) and hard problems (complexity
class NP-hard), see [60]. For hard problems our goal is to investigate under which additional
conditions on the input an efficiently solvable problem is obtained. Typically the additional
conditions are either posed on the cost structure or on the combinatorial structure of the
problem. Examples for special cost structures are matrix classes such as circulant matrices,
Toeplitz matrices, Monge matrices, distribution matrices and others. Examples for special
combinatorial structures that often lead to efficiently solvable problems are special graph
classes such as trees, cacti and series-parallel graphs. Efficiently solvable subcases of hard
combinatorial optimization problems are also important in applications since in practice one
could try to approximate a general instance by one fulfilling additional requirements which
allow to find an optimal solution in polynomial time.

Below two possible topics for Ph.D. theses are explained in more detail. The general area of
this project allows for quite a number of additional topics. The assignment of Ph.D. projects
to Ph.D. students will be done based on the preferences and the expertise of the students and
will also depend on the future development that takes place until the startoff of the project.
Possible further topics include investigations on dynamic flow problems, inverse combinatorial
optimization problems and on three-dimensional assignment problems (in particular on the
planar case).

7.4.1. Ph.D. Project 1: Special cases of algebraic quadratic assignment problems. The classical
quadratic assignment problem (QAP) in Koopmans-Beckmann form can be stated as follows.
Let two real n × n matrices A and B be given. Find a permutation φ of the set {1, . . . , n}
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such that the objective function
n

∑

i=1

n
∑

k=1

aikbφ(i)φ(k)

is minimized. In a slightly more general version, an n × n × n × n array D is given and the
objective is to minimize

n
∑

i=1

n
∑

k=1

diφ(i)kφ(k)

The QAP belongs to the class of NP-hard problems [60] and is extremely hard to solve in
practice even for small values of n like n = 30. Several prominent hard combinatorial op-
timization problems such as the travelling salesman problem (TSP) and the linear ordering
problem can be formulated as specially structured QAPs.
Due to the hardness of the QAP special cases which can be solved in polynomial time are of
great interest. Our research group has a rich experience in investigating conditions which lead
to efficiently solvable cases of hard combinatorial optimization problems, in particular of the
TSP and of the QAP.
An important class of such conditions are Monge properties, see Burkard, Klinz and Rudolf [28].
In a number of papers, cf. the survey paper by Burkard et al. [27] and the recent paper by
Dĕıneko et al. [42], we investigated conditions which allow to solve the TSP in polynomial
time. Similar investigations were performed for the QAP, see the monograph Çela [31], the
survey paper [25] and the forthcoming book by Burkard, Dell’Amico and Martello [26]. Most
efficiently solvable cases of the QAP which are known from the literature result from imposing
special conditions on the matrices A and B.

Much less results than for the QAP with the sum objective function defined above are known
for QAPs with other types of objective functions such as the bottleneck objective function of
the Koopmans-Beckmann type given by

max
i=1,...,n

max
k=1,...,n

aikbφ(i)φ(k)

and lexicographic objective functions. These variants can be considered as special cases of
the so-called algebraic QAP where the objective function is modelled with the help of ordered
algebraic systems. More specifically, the cost entries are drawn from a totally ordered, com-
mutative semigroup (H,⊕,�) such that the composition ⊕ is compatible with the order � ,
i.e., a � b implies a⊕ c � b⊕ c for all a, b, c ∈ H. In the algebraic QAP the entries of the cost
array D are drawn from the set H and the objective function is given by

⊕

i=1,...,n

⊕

k=1,...,n

diφ(i)kφ(k)

and has to be minimized with respect to the order �.

For the TSP it has been investigated which universal conditions for the distance matrix lead
to efficiently solvable special cases for the algebraic TSP which do not depend on the under-
lying algebraic system, see Burkard and van der Veen [29]. For the algebraic QAP no such
investigations are known. It appears to be a promising research topic to investigate efficiently
solvable special cases of the algebraic QAP.
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7.4.2. Ph.D. project 2: Special cases of multilevel combinatorial optimization problems. In
multilevel optimization problems there are several decision makers that act in a hierarchy.
In an l-level problem there are l decision makers and the decision variables are split into l
groups, each of them controlled by one of the l decision makers. Each decision maker has its
own objective function and may have its own set of constraints. Moreover, there exist common
constraints that couple the decisions of all decision makers.
The most investigated case, the bilevel case, results for l = 2. There we have two decision
makers, the leader who acts at the upper level and the leader who acts at the lower level. It
is assumed that the leader has a perfect knowledge about the decision process the follower
is facing, i.e., both the follower’s objective function and constraints are known to the leader.
The decision process in bilevel problems runs as follows. First, the leader makes his decision
(action) and then the follower responds with his decision (reaction). Given the leader’s deci-
sion, it is the follower’s goal to optimize his own objective function value. Since the leader’s
objective function does depend on the follower’s decision as well, the leader needs to take the
follower’s reaction to his action into account. The task of the leader is to choose his action so
as to optimize his objective function value.
While multilevel programming problems with continuous variables have received a considerable
amount of attention in the literature, there has not much work been done in the area of
multilevel combinatorial optimization problems. For an overview of the literature on multilevel
optimization problems see e.g. the book edited by Migdalas et al. [114] and the annotated
bibliography of Dempe [39]).

For combinatorial optimization problems that can be formulated on the edge set of a graph,
a natural type of bilevel problem results by partitioning the set of edges into two subsets, one
which is under the leader’s control and the other which is under the follower’s control. The joint
constraints then require that the union of the edges selected by the leader and the follower yield
a feasible solution for the combinatorial optimization problem under investigation. Moreover,
each of the two decision makers has his own objective function which will in general be
dependent on the decisions taken by both of them.
In the diploma thesis of Gassner [61] several models of bilevel spanning tree problems with
sum and bottleneck objective functions are investigated. Most of the considered cases can be
solved in polynomial time. Gassner and Klinz [62] carried out a similar investigation for the
assignment problem where it turns out, however, that almost all considered cases are NP-hard.

It would be interesting to investigate bilevel and general multilevel models also for other types
of underlying combinatorial optimization problems. As it is to expected that many of the
resulting multilevel optimization problems will turn out to be hard from the complexity point
of view (as already the bilevel linear programming problem is NP-hard), it suggests itself to
ask for polynomially solvable special cases and for approximation algorithms. Results in this
direction would also help to get a deeper understanding of what contributes to the hardness
of multilevel combinatorial optimization problems.

Yet another interesting stream of research consists investigations on an alternative type of
multilevel model for combinatorial optimization problems which differ from the classical model
by assuming that the leader has some incluence on the objective function of the follower.
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7.5. Collaborations within the DK-plus. The research proposed in this project has re-
lations to Project 01 (W. Woess and F. Lehner), Project 05 (C. Heuberger) and Project 10
(J. Wallner).

Project 01: Graph theory and probabilistic methods in combinatorial optimization
(non-homogeneous Markov chains) are the encounter points between Project 01 and
this project.

Project 05: The optimality of digit expansions can be modelled as optimization prob-
lems in directed graphs. Thus the expertise of this project may be helpful for Project 08.
Furthermore, Clemens Heuberger, the principal investigator of this project has written
a survey paper on inverse optimization problems.

Project 10: The expertise of the combinatorial optimization group might be helpful for
Project 10.

7.6. Collaborating research groups where PhD Students could perform their re-
search stay abroad.

• Vladimir Dĕıneko, Warwick Business School, The University of Warwick, Coventry,
United Kingdom.

• Silvano Martello, University of Bologna, Italy.
• Horst Hamacher and Sven Krumke, Department of Optimization, University of Kaisers-

lautern, Germany.
• Gerhard J. Woeginger, Department of Mathematics and Computer Science, Eindhoven

University of Technology, The Netherlands.

7.7. Know-how and infrastructure of the research group. The combinatorial optimiza-
tion group is part of the Department of Optimization and Discrete Mathematics at the Graz
University of Technology. The work group currently consists of three researchers with perma-
nent positions, namely Rainer E. Burkard (full professor, will retire in 2011), Bettina Klinz
(associate professor) and Eranda Dragoti-Çela (associate professor, who returned to the TU
Graz in 2007 after a some years outside of academia). Moreover, Johannes Hatzl (assistant
professor) and Elisabeth Gassner (PostDoc in the research project P18918-N18 “Efficiently
solvable variants of location problems” funded by the FWF) are members of the group.
This project will be jointly headed by Rainer Burkard and Bettina Klinz who also jontly
direct the FWF project mentioned above. Rainer Burkard will retire from his position at
the TU Graz in early 2011. For this reason the official roles of Bettina Klinz and Rainer
Burkard have been switched with respect to the previous application. Rainer Burkard will
remain scientifically active after his retirement. The project will considerably profit from his
experience both in research as well as in educating Ph.D. students.
Eranda Dragoti-Çela is an expert in the field of quadratic assignment problems. Her expertise
will certainly be helpful for this project. Elisabeth Gassner and Johannes Hatzl are two young
gifted researchers.
Close interactions between this project and the FWF project P181918-N18 on inverse location
problems which is headed by Rainer Burkard and Bettina Klinz are possible in the area of
location problems.

The department can provide a working desk, a desktop computer, access to dedicated com-
puters equipped with licenses for optimization software, and access to the library to the
prospective PhD-student supported by this project.
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7.8. CV of the Faculty member.

Education:

26.7.1966: born in Graz
1972–1976: primary school in Graz
1976–1984: high school in Graz (BRG Keplerstrasse)
1984–1989: studies of mathematics at the Graz University of Technology. Diploma the-

sis on “Maximum Flow and Minimum Cut Problems with Affine-Linear Parametric
Capacities” under the supervision of Prof. Rainer E. Burkard.

Dec. 1989: Graduation to Dipl. Ing. (comparable to M.Sc.).
1990–1993: Doctoral studies at the Graz University of Technology. Ph.D. thesis on

“Parametric Approaches to Special Classes of Minimum Concave Cost and Dynamic
Flow Problems” (supervisor: Prof. Rainer E. Burkard)

Oct. 1993: Ph.D. degree from the Graz University of Technology
Nov 1999: Habilitation (Applied Mathematics), Graz University of Technology

Employment and visiting positions.

1990–2000: Assistant professor at the Department of Mathematics at the Graz University
of Technology

Since March 2000: Associate Professor at the Department of Mathematics at the Graz
University of Technology

Short term visits (Germany, Italy, China among others) are not explicitly listed as the list
would be too long.

Organisation of conferences:

April 1992: ECCO V - Conference of the European Chapter of Combinatorial Optimiza-
tion, Graz, April 1992.

September 1997: ESA - European Symposium on Algorithms, Graz
September 1998: FRICO 98 – Future Research in Combinatorial Optimization, Graz,
June 1999: IPCO (Integer Programming and Combinatorial Optimization), Graz
September 2002: OR 2002 – International Conference on Operations Research, Klagen-

furt.

Awards:

1989 Prize of the Austrian Society for Operations Research (ÖGOR) for the best master
thesis in the area of Theoretical Operations Research in Austria in 1989.

Refereeing and editorial activities:

• Associate editor of Operations Research Letters (1999–2002)
• Associate editor of Operations Research (2004–2006)
• Referee for numerous journals and conferences in the area of optimization, operations

research and computer science.
• Chairman of the Section “Network Optimization, Graphs and Traffic”, OR 2006 – Inter-

national Conference on Operations Research, September 2006, University of Karlsruhe
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Supervision of PhD theses:

• Elisabeth Gassner (2004): She currently holds a PostDoc position at the Department
of Optimization and Discrete Mathematics within the framework of a research project
funded by the FWF. She definitely belongs to the most gifted young researchers in
combinatorial optimization. Her habilitation is currently underway.

• Clemens Saurer (2005): joint supervision with Rainer Burkard, TU Graz, works in
industry.

7.9. PhD Students of the last 5 years.

Name of the Sex Research topic Title of the thesis Number of
Student Publications
Elisabeth Gassner F parametric and Variants of the Assignment 18 (3)

inverse network flow Problem and of the
problems Transportation Problem

Clemens Saurer M special cases of Polynomial lösbare Spezial- 1 (1)
facility location fälle des (un-)kapazitierten
problems einstufigen Standortproblems,

Engpass-Variationen und
inverse Fragestellungen

Comment: The number of publications refers to the current number of publications. The
first number in brackets refers to the number of publications which resulted directly from the
Ph.D. thesis.

7.10. Externally funded national and international projects (last 5 years).

Funding organization Number Research topic of the project Amount funded
of the in KEURO
project

FWF P18918-N18 Efficiently solvable variants 264
of location problems

7.11. Most relevant papers of the last 5 years.

1. E. Çela, B. Klinz and C. Meyer. Polynomially solvable cases of the constant rank
unconstrained quadratic 0-1 programming problem. Journal of combinatorial Opti-
mization 12, 2006, 187–215.

2. V.G. Dĕıneko, B. Klinz, A. Tiskin and G.J. Woeginger. Four point conditions for
symmetric TSP: The complete classification. Preprint, submitted for publication,
2008.

3. V.G. Dĕıneko, B. Klinz and G.J. Woeginger. Applied Mathematics Letters, 22: 704–
706, 2009. Polygons with inscribed circles and prescribed side lengths.

4. V.G. Dĕıneko, B. Klinz and G.J. Woeginger. Four point conditions and exponen-
tial neighborhoods for symmetric TSP. in Proceedings of the seventeenth ACM-SIAM
Symposium on Discrete Algorithms, ACM-Press, New York, pp. 544-553, 2006.

5. V.G. Dĕıneko, B. Klinz and G.J. Woeginger. Exact algorithms for the Hamiltonian
cycle problem in planar graphs. Operations Research Letters 34: 269–274, 2006.
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6. E. Gassner and B. Klinz. A fast parametric assignment algorithm with applications
in max-algebra. To appear in Networks, 2009.

7. E. Gassner and B. Klinz, The bilevel assignment problem, To appear in 4OR, 2009.
8. B. Klinz, U. Pferschy and J. Schauer. ILP models for a nurse scheduling problem. In:

Operations Research Proceedings 2006, Springer, Berlin, Heidelberg, New York, pp.
319–324, 2006.

9. B. Klinz and G.J. Woeginger. Minimum-cost dynamic flows: the series-parallel case.
Networks 43: 153–162, 2004.

10. B. Klinz and G.J. Woeginger. Faster algorithms for computing power indices in
weighted voting games. Mathematical Social Sciences 49: 111–116, 2005.
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7.12. Project 07 – Associated Senior Scientist: Rainer Burkard
Institut für Optimierung und diskrete Mathematik
Technische Universität Graz
Steyrergasse 30
A-8010 Graz
AUSTRIA

7.13. Research interests of the Associated Senior Scientist. Rainer Burkard works in
the area of combinatorial optimization. Among his research interests the following topics play
a prominent rule: assignment and transportation problems (including three-dimensional as-
signment problems and quadratic assignment problems), Monge properties, efficiently solvable
special cases of hard combinatorial optimization problems and location problems.

7.14. CV of the Associated Senior Scientist.

Education:

28.1.1943: born in Graz
1949-1961: school education in Graz
1962-1967: study of mathematics and physics at the Universities of Graz and Vienna
December 1967: Graduation to Doctor of Philosophy, University of Vienna
June 1971: Habilitation (Mathematics), University of Graz

Employment and visiting positions. Short term visiting positions are omitted to save space.

Dec. 1967–1973:: Assistant at the Institute for Applied Mathematics, University of Graz
1973–1981: Full Professor (Applied Mathematics), University of Cologne (Germany)
since Oct. 1981: Full Professor (Mathematics), Graz University of Technology
1993–1996: Dean, Faculty of Science, Graz University of Technology

Organisation of conferences: Involved in the organization of 23 workshops and conferences.
The most recent ones are listed below.

September 1997: ESA - European Symposium on Algorithms, Graz
April 1998: Workshop on Operations Research “Austria/Slovenia/Croatia”
January 1999: Meeting on Combinatorial Optimization, Oberwolfach, Germany
June 1999: : IPCO (Integer Programming and Combinatorial Optimization), Graz
December 2001: Meeting on Mathematical Methods in Manufacturing and Logistics,

Oberwolfach, Germany
November 2005: Meeting on Combinatorial Optimization, Oberwolfach, Germany,

Awards:

1971 Prize of the Austrian Mathematical Society
1991 Scientific Award of the German Society of Mathematics, Econometrics and Operations

Research
1997 EURO Gold Medal
1998 Honorary member of the Hungarian Academy of Sciences
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Refereeing and editorial activities: Coeditor of the following journals and book series

• Journal of Applied and Computational Mathematics (1978–1989)
• Discrete Applied Mathematics (1979– )
• European Journal of Operational Research (1981– )
• Annals of Operations Research (1984– )
• Belgian Journal of Operations Research, Statistics and Computer Science (1985–2001)
• Optimization (1987–2001)
• Zeitschrift für Operations Research (1980– ); Editor-in-chief 1984–1989
• Yugoslav Journal of Operations Research (1991– )
• Central European Journal for Operations Research and Economics (1992– )
• RAIRO Recherche Operationnelle (1992–2004)
• The Journal of Universal Computer Science (1994– )
• Journal of Combinatorial Optimization (1995– )
• Computing (1997– ), Member of the Advisory Board (1976–1996)
• Operations Research Spektrum (1981–2005)
• Journal of Computing and Information Technology (CIT) (2000– )
• Journal of Discrete Optimization (2004– )
• SIAM Monographs on Discrete Mathematics and Applications

Referee for numerous journals and conferences in the area of optimization and OR

Supervision of PhD theses:

• Norbert Matzl (1976), University of Graz
• Uwe Zimmermann (1976), University of Cologne, full professor at the University of

Braunschweig
• Ulrich Derigs (1978), University of Cologne, full professor at the University of Cologne
• Jürgen Rembold (1978), University of Cologne
• Horst Hamacher (1980), University of Cologne, full professor at the University of

Kaiserslautern
• Reinhardt Euler (1981), University of Cologne, full professor at the University of Brest
• Günter Rote (1988), TU Graz, full professor at the Free University of Berlin
• Hans Kellerer (1989), TU Graz, associate professor at the University of Graz
• Jack van der Veen (1992), University Groningen, cosupervision, full professor at Ni-

jenrode Business University
• Bernd Fruhwirth (1991), TU Graz, works in industry
• Bettina Klinz (1993), TU Graz, associate professor at TU Graz
• Rüdiger Rudolf (1993), TU Graz, professor at FH Joanneum
• Ulrich Pferschy (1995), TU Graz, associate professor at the University of Graz
• Eranda Dragoti-Çela (1995), TU Graz, associate professor at TU Graz
• Tibor Dudas (1997), TU Graz, works in industry
• Helidon Dollani (2001), TU Graz, works in industry
• Christian Zelle (2002), TU Graz, works in industry
• Johannes Hatzl (2004), TU Graz, assistant professor at TU Graz
• Clemens Saurer (2005), TU Graz, cosupervision with Bettina Klinz, works in industry
• Gerhard Ertl (2005), TU Graz, works in industry
• Carmen Pleschiutschnig (2005), TU Graz, works in industry
• Mohammad Galavii (2008), TU Graz
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7.15. PhD Students of the last 5 years.

Name of the Sex Research topic Title of the thesis Number of
Student Publications
Christian Zelle M cutting problems in Modellierung und 2

paper industry Optimierung von
von Verschnittproblemen
in der Papierindustrie

Johannes Hatzl M Industrial scheduling Makespan Minimization for 12 (3)
problems Batch Processes

Clemens Saurer M special cases of Polynomial lÃ¶sbare Spezial- 1
facility location fälle des (un-)kapazitierten
problems einstufigen Standort-

problems, Engpaß-
Variationen und
inverse Fragestellungen

Gerhard Ertl M optimization problems Effiziente Herstellung 1
arising in the production von Flachgestricken
of flat-knit fabric

Carmen F Inverse 1-median Inverse Median 2
Pleschiutschnig problems Probleme
Mohammad M Inverse 1-median Inverse 1-median 1
Galavii problems problems
Behrooz Alizadeh M Inverse center problems ongoing thesis
Sutitar Maneechai F 3-dimensional planar ongoing thesis

assignment problems
Fahimeh Baroughi F location problems ongoing thesis

Comment: The number of publications refers to the total number of publications. If a second
number is given in brackets, it refers to the number of publications which directly resulted
from the Ph.D. thesis.

7.16. Externally funded national and international projects (last 5 years).

Funding organization Number Research topic of the project Amount funded
of the in KEURO
project

FWF SFB F300 Combinatorial optimization 2 researchers
Project F302 of complex system + money for

guests and travel
FWF SFB F300 Efficiently solvable special cases 2 researchers

Project F317 of hard combinatorial optimization + money for
guests and travel

FWF P18918-N18 Efficiently solvable variants 264
of location problems

NAWI Graz Inverse center problems 80
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7.17. Most relevant papers of the last 5 years.

1. H. Albrecher, R.E. Burkard and E. Çela. An asymptotical study of combinatorial
optimization by means of statistical mechanics. Journal of Computational and Applied
Mathematics 186: 148-162, 2006.

2. R.E. Burkard, Admissible transformations and assignment problems. Vietnam Journal
of Mathematics 35: 373–386, 2007.

3. R.E. Burkard. Monge properties, discrete convexity and applications. European J.
Operational Research 176:1–14, 2007.

4. R.E. Burkard and V.G. Deineko, On the Euclidean TSP with a permuted van der Veen
matrix. Information Processing Letters 91: 259–262, 2004.

5. R.E. Burkard, M. Dell’Amico and S. Martello, Assignment Problems, SIAM, Philadel-
phia, 2009.

6. R.E. Burkard, E. Gassner and J.Hatzl. A linear time algorithm for the reverse 1-
median problem on a cycle, Networks 48:16–23, 2006.

7. R.E. Burkard, E. Gassner and J. Hatzl. Reverse 2-median problem on trees. Discrete
Applied Mathematics 156: 1963–1976, 2008.

8. R.E. Burkard and J. Hatzl. A complex time based construction heuristic for batch
scheduling problems in the chemical industry. European J. Operational Research 174:
1162–1183, 2006.

9. R.E. Burkard, C. Pleschiutschnig and J. Zhang. Inverse p-median problems. Journal
of Discrete Optimization 1:23–39, 2004.

10. R.E. Burkard, C. Pleschiutschnig and J. Zhang. The inverse 1-median problem on a
cycle. Journal of Discrete Optimization, 5:242–253, 2008.
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8. Project 08: Number systems and fractal structures

8.1. Principal Investigator: Jörg M. Thuswaldner
Department Mathematik und Informationstechnologie
Abteilung für Mathematik und Statistik
Montanuniversität Leoben
Franz-Josef-Strasse 18
A-8700 LEOBEN
AUSTRIA

8.2. Keywords: Fractal, β-numeration, canonical number system, shift radix system, sum of
digits, exponential sum.

8.3. Research interests of the Faculty Member. In the last years the proposer was in-
terested in several aspects of numeration. One topic are finiteness and periodicity properties
of β-expansions (cf. [53]) and canonical number systems (see [121] for a definition). Both of
these notions were studied by the proposer and his collaborators in a more general setting
of dynamical systems, so-called shift radix systems (see [7, Section 3]). In a series of papers
fundamental properties of these dynamical systems are investigated and their relations to the
above mentioned notions of numeration are discussed. The problem of describing finiteness
and periodicity of number systems turned out to be linked to a “fractal” set of very compli-
cated structure. Another field of interest of the proposer are geometric properties of number
systems. It is well-known that many notions of number systems admit the definition of fractal
“fundamental domains” that encode many arithmetic properties in geometric and topological
terms. In this context the proposer investigated topological and geometric properties of self-
affine sets and Rauzy fractals and studied their implication to the underlying number system
(see [7, Section 3 and 4]). A further topic which is of interest are properties of q-additive func-
tions like the sum of digits function. The proposer investigated additive properties of these
functions (see e.g. [142]) and is also interested in other properties of sum of digits functions as
well as their generalizations to various number systems. For the study of these generalizations,
properties of the above-mentioned fundamental domains are relevant.
The present project shall be carried out in interaction with the FWF national research network
S96 where the proposer is leading one subproject and acts as co-investigator in another one.

8.4. Short description of two showcases of PhD Research Projects.
Generalized number systems and fractals The basis of the thesis proposed in this

showcase forms the paper [7], which is co-authored by the proposer of the present project
and surveys properties of generalized numeration systems and their associated fractals. The
central object are so-called shift radix systems (see [7, Definition 3.11] for a definition) which
form a common generalization of canonical number systems (CNS for short; see [121]) and
β-expansions (cf. [53, 135]). We recall their definition. For r ∈ Rd let

τr : Zd → Zd, z = (z0, . . . , zd−1) 7→ (z1, . . . , zd−1,−⌊rz⌋),
where rz is the scalar product of r and z. The mapping τr is called a shift radix system (SRS)
if for each z ∈ Zd there exists a k ∈ N such that the k-th iterate of τr satisfies τk

r
(z) = 0. The

set of all d-dimensional parameters r giving rise to SRS is denoted by D0
d.

As surveyed in the above-mentioned paper, several properties of SRS have been investigated
thoroughly in the literature. It turns out, that the set D0

d in general has a very difficult
structure. Being equal to the interval (−1, 0] for d = 1 already for d = 2 it is only partially
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known. A first step in the proposed thesis could be the investigation of the structure of D0
3 in

order to get some familiarity with the handling of SRS. In view of the relation between SRS
and CNS as well as β-expansions the goal here shall be the characterization of classes of cubic
CNS as well as quartic Pisot numbers admitting finite greedy expansions for all elements of
Z[β]>0. Pisot numbers with this property are said to have property (F). According to Berthé
and Siegel [18, Theorem 11], a version of this finiteness property (F) deserve to be studied
also for Dumont-Thomas number systems. These number systems are defined in terms of
substitutions ([18, Subsection 2.4]). A characterization of classes Dumont-Thomas number
systems with finiteness property would be desirable.
Recently, Akiyama et al. [2] studied number systems with rational numbers as bases. Indeed,
given integers p > q > 1 with gcd(p, q) = 1 they show that each positive integer has a finite

representation of the shape n = 1
q

∑ℓ
i=0

(

p
q

)i
ci with 0 ≤ ci < p. The language of the represen-

tations of all positive integers is very hard to describe, however, there is a quite easy transducer
automaton performing the addition of 1. Generalizing this notion in recent preliminary stud-
ies we defined canonical number systems with respect to nonmonic polynomials. Indeed, let
p(x) =

∑d
k=0 pkx

k ∈ Z[x] and N = {0, . . . , |p0| − 1} (|pd| > 1 is the important case). If each
element z of R := Z[x]/p(x)Z[x] admits a finite representation of the form z =

∑ℓ
i=0 dix

i

with di ∈ N the pair (p,N ) is a so-called Generalized Canonical Number Systems (GCNS).
There are several things to do for these number systems. For instance, to study the language
of representations of elements of R and to define addition automata as well as a fundamental
region related to this number system (probably pd-adic factors are needed here) are possible
tasks. Moreover, one should clarify how GCNS are related to SRS.
As mentioned above CNS as well as β-expansions admit a geometric theory. Indeed, while
CNS are related to self-affine sets, β-expansions correspond to so-called Rauzy-fractals. The
geometric theory of GCNS, who are also related to SRS in some way, has not been considered
so far. We propose to start their investigation within the present PhD project by the above
mentioned fundamental regions as well as by means of the following tiles.
For r ∈ D0

d let τ−1
r

{(x1, . . . , xd)} := {(x0, . . . , xd−1) | τr(x0, . . . , xd−1) = (x1, . . . , xd)} and
τ−1
r

(A ∪ B) = τ−1
r

(A) ∪ τ−1
r

(B) if A ∩ B = ∅. For an appropriate scaling matrix R(r) let

Tr(a) := lim
n→∞

R(r)nτ−n
r

{a} (a ∈ Zd).

Then Tr(a) are called the SRS tiles associated to r. Tr(0) is called the central tile.
Here, a great variety of results of varying difficulty an be proved. We stat with some basic
problems. Are SRS tiles compact; are they the closure of their interior; is the property of 0

being an inner point of the central tile related to the SRS property? After answering these
basic questions one can proceed to more sophisticated ones. Can we say something about
the structure of SRS tiles related to GCNS? For instance, can we describe the boundary
of SRS tiles corresponding to GCNS? Is there an algorithm to decide whether an SRS tile
corresponding to a GCNS induces a tiling of the space? Can we decide whether the central
SRS tile is connected or not? The latter question can be considered for arbitrary SRS tiles
and would give rise to a new kind of Mandelbrot set.
Another new notion of number system to be studied is defined in S := Z[x, y]/p(x, y)Z[x, y]
(p(x, y) ∈ Z[x, y]). The basic question here is to decide whether for a given p(x, y) each element
z of S admits a finite representation of the shape z =

∑

i,j cijx
iyj with 0 ≤ cij < p(0, 0).

Addition in these number systems seems to be related to cellular automata.
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Properties of sum of digits functions. Recently, Mauduit and Rivat [112] solved an old
problem of A. O. Gelfond in proving that the q-ary sum of digits function of prime arguments is
equidistributed in residue classes. They used very tricky exponential sum estimates in order to
gain their result. The methods and results of this paper have high potential to be generalized
and to be used in order to attack different problems related to sum of digits functions. Already
now there exist considerable literature dealing with the methods of this paper. Within the
present PhD thesis project, starting from problems that are tractable for a graduate student,
the PhD student should be led to the frontier of research in this topic.
A first task consists in generalizing results of the flavor of Mauduit and Rivat to other notions
of number systems. This has been already carried out for a class of canonical number systems
by Drmota et al. [45]. We think that a good starting point for a PhD thesis could be number
systems in finite fields in the sense of Scheicher and Thuswaldner [129]. As not so many
results on arithmetic functions with respect to these number systems have been published so
far, there is some room to prove results in order to get acquainted to the topic. We recall
the definition of these number systems. Let F be a finite field and x, y be transcendental over
F. Let p(x, y) = bnyn + bn−1y

n−1 + · · · + b0 ∈ F[x, y] such that bi ∈ F[x], bn ∈ F×. Let
N = {d ∈ F[x] : deg d < deg b0} and R be the quotient ring F[x, y]/p(x, y)F[x, y]. Suppose
that each q ∈ R admits a unique representation

(4) q = d0 + d1y + · · · + dhyh

with di ∈ N for 0 ≤ i ≤ h and dh 6= 0 for h 6= 0. Then (p(x, y),N ) is called a digit system in
R. The polynomials di are called the digits of q with respect to (p(x, y),N ).
An additive function with respect to the number system (p(x, y),N ) is a function f : R → Z

(Z could be replaced by another group) with the property f(q) = f(d0 + d1y + · · · + dhyh) =
∑h

i=0 f(diy
i) where q = d0+d1y+· · ·+dhyh is a digit representation of the shape (4). For such

a function many things deserve to be studied. For instance, its distribution in residue classes
or its distribution properties for special arguments should be investigated. In particular, we
mention the following analogue of the result by Mauduit and Rivat: if we suppose y to be
integral over F[x], with minimal polynomial p(x, y) we can regard (p(x, y),N ) as digit system
in the order F[x, y] of the algebraic function field F(x, y). In this setting one could study the
behavior of f for irreducible arguments.
In a next step we propose to turn to other notions of number systems as linear recurrent
number systems. Let (Gn)n≥0 be a linear recurrent sequence of positive integers satisfying
certain properties (like being strictly monotonically increasing). Then each positive integer
can be uniquely written as

(5) n =
h

∑

i=0

diGi

if the digits di are chosen suitable. For instance, if (Gn) is equal to the Fibonacci sequence
F0 = 1, F1 = 2, Fn+1 = Fn+Fn−1, we get a unique representation for each n ∈ N provided that
we choose di ∈ {0, 1} with didi+1 = 0. Such number systems were studied by many authors.
Recently, Wagner [146] considered properties of the sum of digits function SG(n) = d0+· · ·+dh

of representations (5). It turns out that proving properties of such number systems is often
much harder than proving the related properties for the “ordinary” q-ary case. Indeed, as can
be seen for instance in Steiner [140], Rauzy fractals play an important role in the proofs. Many
properties of these fractals relate to arithmetic properties of the sum of digits function SG(n).
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This is an example for the interplay between number systems and fractals which should be
further exploited in this PhD thesis project. In particular, in this context we propose for the
student to prove a version of the result of Mauduit and Rivat. According to Mauduit (oral
communication) new ideas are needed to reach such a result. Another possibility consists in
showing variants of Waring’s problem in the spirit of Thuswaldner and Tichy [142], i.e., to
show that each positive integer admits a representation of the shape n = xk

1 + · · · + xk
s where

the xi are restricted by congruence properties of SG.
Finally, in a third step, it would be desirable to gain new results on the ordinary q-ary sum of
digits function. This part is the most sophisticated one. Mauduit and Rivat [112] considered
primes whose sum of digits function belongs to a prescribed residue class. It would be nice to
obtain results on the cardinality of sets of the shape

{p < N ; sq(p) ≡ a1(m1), p ≡ a2(m2)}
(here sq is the sum of digits function with respect to base q). Also, investigating the set of
primes p satisfying

{p < N ; sq1
(p) ≡ a1(m1), sq2

(p) ≡ a2(m2)}
would be a good result.
All in all this PhD project is made up of many different problems around sum of digits
functions at varying levels of difficulty.

8.5. Collaborations within the DK-plus.

Project 04: The main objective of this project are digital expansions. The viewpoint
in this project is a little different from ours. However, the interest in fractal structures
is common in both projects. It led to joint publications with P. Grabner already in
the past. Together with him we also organize a conference on Fractals in July 2009.

Project 05: In this project the arithmetic structure of number systems used in cryp-
tography is investigated. As in our approach, graphs and transducer automata play
a role here. Also the fractal tiles associated with the number systems in that project
are strongly related to ours. These common interests already led to a joint paper in
the past. The collaboration should be strengthened within this DK.

Project 09: As in our investigation of the sum of digits function in this project expo-
nential sum estimates play a role. We wrote several papers with Tichy on this topic in
the past. Our investigation of variants of Waring’s problem fits to his investigations
of diophantine equations.

Projects 01, 06, 10: There are several interfaces to these projects. Fractals play a role
in Project 01, in Project 06 diophantine equations are investigated. In Project 10 is
linked to ours via geometrical structures and iterated systems of mappings that are
related to the iterated function systems we are using to define our fractals.

8.6. Collaborating research groups where PhD Students could perform their re-
search stay abroad.

• Shigeki Akiyama, Department of Mathematics, Faculty of Science, Niigata University,
Niigata, Japan.

• Valérie Berthé, LIRMM, Montpellier, France.
• Christian Mauduit, IML, Univeristé de la Méditerranée, Luminy, Marseille, France.
• Attila Pethő, Department of Informatics, University of Debrecen, Debrecen, Hungary.
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8.7. Know-how and infrastructure of the research group. The proposer is Associate
Professor at the Lehrstuhl für Mathematik und Statistik of the Department Mathematik und
Informationstechologie at the Montanuniversität Leoben.
Apart from the two scientists that are applying for a project within the current doctoral
program (P. Kirschenhofer and J. Thuswaldner) there are several other scientists working on
Discrete Mathematics. One of them is W. Imrich (he will retire this year) who works on graph
theory. Moreover, we have two post docs and one PhD student who are employed within
the currently running FWF national research network S96. They work on topics related to
Projects 06 and 08 of the proposed program.
We emphasize that several other projects funded by the FWF have been carried out suc-
cessfully (resp. are currently carried out) at the department in recent years. We mention
the research projects FWF-P14200, FWF-P17557, FWF-P18969 and FWF-P20989, project
FWF-S8310, which was part of the research network FWF-FSP-S83 as well as Projects S6910
and (partially) S9611 which belong to the currently running national research network FWF-
NFN-S96.
Moreover, at the department working space and office room as well as computer equipment is
available in order to supply a good working environment for the PhD students to be employed
on the two positions we apply for within the current program (note that the proposer of
Projects 06 is working at the above-mentioned department; he has also applied for one PhD
position). Moreover, a well equipped mathematical library is present at the department. Since
the proposer as well as several of his colleagues at the department have many scientific contacts
inside Austria and abroad, there is a vivid scientific exchange taking place at the department.

8.8. CV of the Faculty Member.

Education:

11.8.1971: born in Leoben, Austria
1977–1981: elementary school
1981–1989: high school
9.6.1989: final exam
1989–1995: studies of Mathematics in Salzburg and Graz
30.6.1995: graduation to “Dipl.-Ing.”
1995–1996: PhD studies
6.12.1996: graduation to “Dr. techn.”
1.10.1999–30.9.2000: alternative service
20.6.2000: habilitation for “Mathematics”

Employment and visiting positions.

1995–1997: Assistant at the “Institut für Algebra und Theoretische Informatik” at the
Technical University of Vienna

1997–1999: University Assistant at the “Institut für Mathematik und Angewandte Ge-
ometrie” at the University of Leoben

2000–: Associate Professor at the “Institut für Mathematik und Angewandte Geometrie”
at the University of Leoben

1998–: Several visiting positions for one month at Debrecen (Hungary), Johannesburg
(South Africa), Niigata (Japan), Guangzhou (China), Caracas (Venezuela), Saõ Jose
do Rio Preto (Brasil) and other places.
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Organisation of conferences:

April 2007: Organisation of a Conferernce “Journees de Numeration - Graz” in Graz
(with G. Barat, P. Grabner)

Juli 2007: Organisation of a Workshop “Dynamical Systems and Number Theory” in
Strobl (with G. Barat, M. Beiglböck, G. Dorfer, P. Grabner, K. Schmidt and R. Win-
kler)

Juli 2007: Organisation of a Summer School “Dynamical Systems and Number Theory”
in Graz (with G. Barat, M. Beiglböck, G. Dorfer, P. Grabner, K. Schmidt and R. Win-
kler)

July 2009: Organisation of a Conferernce “Fractals and Tilings” in Graz (with G. Dorfer,
P. Grabner)

Awards:

• Award of the Austrian Mathematical Society for my PhD Thesis
• Scientific award of the Austrian Mathematical Society: “Förderungspreis der Österre-

ichischen Mathematischen Gesellschaft”

Refereeing and editorial activities:

• Member of the editorial board of the international mathematical journal “Mathematica
Pannonica”

• Editor of a special issue of “Monatshefte für Mathematik” dedicated to the proceedings
of the “Journees de Numeration - Graz 2007”

• Reviewer for Mathematical Reviews
• Referee for several mathematical journals like Aequationes Mathematicae, Archiv der

Mathematik, Finite Fields and Their Applications, Journal of Number Theory and
many others.

Supervision of PhD theses: I acted as advisor of five PhD theses (see the table in Subsec-
tion 8.9) one of which is ongoing.

• In 2007, Benoît Loridant finished his PhD thesis. After that he won a two years
postdoctoral fellowship at Niigata University granted by the Japan Society for the
Promotion of Science (JSPS) which started in September 2008.

• Manfred Madritsch finished his PhD thesis in 2008. He currently works as a postdoc
at the University of Caen (France) where he is taking part in a research project which
is located on the interface between Mathematics and Informatics.

• Paul Surer, who finished his PhD thesis in 2008 won a one year postdoctoral fellowship
in Saõ Jose do Rio Preto (Brasil) granted by the Conselho Nacional de Desenvolvimento
Científico e Technológico (CNPq). This fellowship will start in September 2009.

8.9. PhD Students of the last 5 years. In the following list of my PhD students the star
(∗) marks all theses for which I acted as co-advisor.
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Name of the Sex Research topic Title of the thesis Number of
Student Publications
M. Jancevskis∗ M number theory Hybrid facts related to 1

Waring’s problem
C. Lampl∗ F number theory Families of relative Thue equations 1

over imaginary quadratic number fields
B. Loridant M fractal geometry Topological properties of tiles 5
M. Madritsch∗ M number theory Exponential sums, normal numbers 7

and Waring’s Problem
P. Surer M number theory Number systems, tilings 4

and seminumerical Algorithms

8.10. Externally funded national and international projects (last 5 years).

Funding Number Research topic of the project Amount
organization of the funded

project in KEURO
FWF P17557 Number systems, tilings, 30

and seminumerical algorithms
FWF S9610 Digital systems and Fractals: 420

Analytic, Topological and Algorithmic aspects
FWF S9611 Hardy-Littlewood Method in the Analysis of 420

Digit Problems and Enumerative Combinatorics
Stiftung Aktion 63öu3 Number systems and dynamical systems 6
Österreich-Ungarn
Stiftung Aktion 67öu1 Number systems and dynamical systems II 6
Österreich-Ungarn
ÖAD Amadée FR 13/ Fractals and topological structures 12

2008 arising from dynamics

8.11. Most relevant papers of the last 5 years.

1. S. Akiyama and J. M. Thuswaldner. A survey on topological properties of tiles related
to number systems. Geom. Dedicata, 109:89–105, 2004.

2. S. Akiyama, T. Borbély, H. Brunotte, A. Pethő, and J. M. Thuswaldner. Generalized
radix representations and dynamical systems I. Acta Math. Hungar., 108:207–238,
2005.

3. J. M. Thuswaldner and R. F. Tichy. Waring’s problem with digital restrictions. Israel
J. Math., 149:317–344, 2005. Probability in mathematics.

4. G. Barat, V. Berthé, P. Liardet, and J. Thuswaldner. Dynamical directions in nu-
meration. Ann. Inst. Fourier (Grenoble), 56:1987–2092, 2006. Numération, pavages,
substitutions.

5. J. Luo and J. M. Thuswaldner. On the fundamental group of self-affine plane tiles.
Ann. Inst. Fourier (Grenoble), 56:2493–2524, 2006. Numération, pavages, substitu-
tions.
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6. J. M. Thuswaldner. Unimodular Pisot substitutions and their associated tiles. J.
Théor. Nombres Bordeaux, 18:487–536, 2006.

7. A. Huszti, K. Scheicher, P. Surer, and J. M. Thuswaldner. Three-dimensional sym-
metric shift radix systems. Acta Arith., 129:147–166, 2007.

8. B. Loridant, J. Luo, and J. M. Thuswaldner. Topology of crystallographic tiles. Geom.
Dedicata, 128:113–144, 2007.

9. B. Loridant and J. Thuswaldner. Interior components of a tile associated to a quadratic
canonical number system. Topology Appl., 155:667–695, 2008.

10. S. Akiyama, G. Dorfer, J. M. Thuswaldner, and R. Winkler. On the fundamental
group of the Sierpiński gasket. Topology Appl., 156:1655–1672, 2009.
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9. Project 09: Diophantine approximation and combinatorial Problems

9.1. Principal Investigator: Robert F. Tichy
Institut für Analysis and Computational Number Theory (Math. A)
Technische Universität Graz
Steyrergasse 30/II
A-8010 GRAZ
AUSTRIA

9.2. Keywords: Diophantine equations and approximation, discrepancy, units in number
fields, additive problems, pseudo-random numbers.

9.3. Research interests of the Faculty Member. The central research topic of R.F. Tichy
is “algorithmic number theory and its applications”. Methods from various fields of mathemat-
ics are used, in particular from harmonic and complex analysis, from approximation theory as
well as from algebra, combinatorics and probability theory. In particular, R.F. Tichy worked
on the solution of Diophantine equations, where he intensively cooperates with various coau-
thors, e.g. Y. Bilu (Bordeaux France), C. Fuchs (ETH Zürich) and A. Pethő (Debrecen, Hun-
gary). Jointly with M. Drmota (TU Vienna) R.F. Tichy published the monograph “Sequences,
Discrepancies, and Applications” (in the Springer Lecture Notes in Mathematics series, vol.
1651, 1997) on discrepancy theory and uniform distribution modulo 1. The research interests
of R.F. Tichy also include questions from the theory of automatic sequences and correspond-
ing digital expansions and arithmetic functions: we mention cooperations with J.-P. Allouche
(Paris), P. Flajolet (INRIA), P. Liardet (Marseille), R. Tijdeman (Leiden). During the last
years a useful combination of methods from Diophantine approximation and from probability
theory was developed. This yields new insight to old problems from metric discrepancy theory.
Furthermore, methods from Diophantine analysis could be applied to algebraic problems con-
cerning units in number fields, to lattice point problems, and to the analysis of pseudo-random
numbers. This is even useful for specific problems of financial mathematics.

9.4. Short description of two showcases of PhD Research Projects. Research top-
ics. In the last years combinatorial and diophantine methods were combined very fruitfully.
For instance, a general theorem of Bilu and Tichy [22] was applied to decide whether certain
“combinatorial problems” have a finite number of solutions. Also other fundamental tools
of diophantine approximation have been used in combinatorial and probabilistic applications,
such as Schmidt’s subspace theorem for solving problems concerning digital expansions as well
as in metric discrepancy theory, [12]. A further recent application of diophantine methods is
related to additive combinatorial number theory. The problem is to decide for a given ring
R, if all elements of R can be represented as sum of m units. Finally, we mention various
applications of number-theoretic methods to the study of pseudo-random number sequences
(see[118]), which is also an important topic of this project.
Current status of research. In a recent paper of Jarden and Narkiewicz [84] it is shown that
every finitely generated integral domain of characteristic zero has no finite unit sum number
m. The ingredients of their proof are a result on the number of solutions of weighted S-unit
equations of Evertse and Győry [50] and van der Waerden’s solution of Baudet ’s conjecture.
Filipin, Tichy and Ziegler [143], determined all purely cubic and complex biquadratic number
fields, whose rings of integers have finite unit sum number. However, it remains a delicate open
problem to characterize those rings OK of integers in a given (arbitrary) algebraic number
field K which are additively generated by units (qualitative problem). The approach of Filipin,
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Tichy and Ziegler involves methods from the theory of diophantine equations, e.g. Baker’s
effective method as well as classical results of Delaunay and Siegel concerning Thue inequalities
with at most one solution. Jarden and Narkiewicz [84] address also interesting quantitative
questions concerning asymptotic counting problems for numbers which are sums of at most m
units. They ask for an asymptotic formula for the number of positive rational integers ≤ x
which are sums of at most k units in K. Up to now only partial answers to this quantitative
unit sum number problem are known.
Problems and descriptions of possible PhD theses.
Topic 1. Sums of units. In this project we are interested in the qualitative and quantitative
unit sum problem. We will investigate the existence of unit sum representations in orders
of global fields as well as the quantitative problem of finding asymptotic formulas for the
corresponding counting numbers. This will involve a strong version of the subspace theorem
of Evertse, Schlickewei and Schmidt [51] and methods from lattice point theory. We plan the
extension of the qualitative and quantitative problem to S-integers and to discuss questions
like this: Is it true that each number field K has a finite extension L such that all elements
of OL can be represented as a sum of units? As mentioned above there exist results on the
additive unit structure for special number fields. Since such problems depend on the resolution
of norm form and S-unit equations the investigation of the additive unit structure of function
fields may be more tractable. So, in view of the existing results the question arises for which
global fields K/Fq[T ] the ring of S-integers is generated by its units. In the case of global
function fields there exist effective methods to solve S-unit and norm form equations (see
Brownawell, Győry, Mason, Masser, Mueller, Silverman, etc.). Such investigations will yield
new insights to the additive unit structure. No characterization is known for orders with unit
rank ≥ 2 that are generated by their units (apart from trivial cases such as the maximal orders
of Q(ζm)).
In order to attack the quantitative problem, the function uK(k;x) counting the number of
non-associated integers α with norm ≤ x and which are a proper sum of exactly k units in K
is useful. Of course a general asymptotic expansion of uK(k;x) is of great interest. In typical
cases, the function uK(k;x) depends on the fundamental units of K and their conjugates.
Therefore the computation of uK(k;x) for families of number fields K for which the Galois
group and the fundamental units are known may provide new insight. A good example would
be Shanks’ simplest cubic fields Ka = Q(αa), where αa is a root of the polynomial

X3 − (a + 1)X2 − (a − 2)X − 1.

Also the following question may be part of a PhD thesis. Consider the ring OL,S of S-integers
of a number field L. If OL,S is generated by its units, then also the ring OL,S′ with S′ ⊃ S
is generated by its units. Moreover, for every number field L there exists a set of places S
such that the S-integers are generated by their units. So the question arises if there is a
unique minimal set S, such that the S-integers are generated by their units. In general this
question has a negative answer since for example in L = Q(

√
7) the sets S1 = {∞, (

√
7)} and

S2 = {∞, p}, with p = (1 +
√

7, 3), are both minimal with this property. So if there does not
exist a unique minimal set S, then we ask wether there are infinitely many such minimal sets.
In particular, quadratic, cubic and quartic fields will provide starting points for a PhD thesis.
All the investigations described above may provide tools or at least ideas how to solve the
following “big open problem” posed by Jarden and Narkiewicz:
Does there exist a finite extension L of an arbitrary number field such that the ring of integers
is generated by its units?
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A solution of this problem will provide a deep interaction between Diophantine techniques
and classical algebraic number theory.
Topic 2. Pseudo-random sequences. In this project we want to apply diophantine tech-
niques to the analysis of pseudo-random numbers and to the investigation of point distributions
P = {p1, . . . , pN} in the s-dimensional unit cube Us = [0, 1]s. The classical discrepancy

DN (P) = sup
J

| 1

N
#P ∩ J − λs(J)|,

where the supremum is taken over all s-dimensional subintervals J of Us, measures the quality
of the uniform distribution of P (λs denotes the s-dimensional Lebesgue measure).
In the language of probability theory the discrepancy can be seen as the maximal deviation
between the empirical distribution of P and the uniform distribution on Us. By a classical

result of K.F. Roth, asymptotically DN (P) is always larger than (log N)
s−1
2

N . On the other

hand, there exist point sets P = {p1, . . . , pN} with discrepancy DN (P) = O
(

(log N)s−1

N

)

; such
point sets are called low discrepancy point sets. By a recent work of Bilyk, Lacey and Vaghar-
shakyan [23] a version of the “small ball inequality” leads to a remarkable improvement of

Roth’s lower bound to (log N)
s−1
2

+εs

N with εs > 0, s ≥ 2. Halton [77] extended the construction
of the classical van der Corput sequence to higher dimensions. A systematic investigation of
low discrepancy sequences is due to Niederreiter [118]. Such point sequences are frequently
used for the construction of pseudo random numbers, the discrepancy is a quantitative measure
for their distribution behavior.
In the last years, Mauduit, Sarkőzy and coauthors (see e.g. [113]) developed a slightly different
approach. They only considered binary sequences EN = (e1, . . . , eN ) with elements ej = ±1.
However, they used more refined distribution measures, for instance, the well-distribution
measure W (EN ) (with respect to arithmetic progressions) and the correlation measure Ck(EN )
of order k:

W (EN ) = max
a,b,t

∣

∣

∣

∣

∣

∣

t
∑

j=1

ea+jb

∣

∣

∣

∣

∣

∣

, Ck(EN ) = max
M ;d1,...,dk

∣

∣

∣

∣

∣

M−1
∑

M=0

en+d1
· · · en+dk

∣

∣

∣

∣

∣

.

The maximum in the well-distribution measure runs over all a, b, t such that a ∈ t, b, Z ∈ N

and 1 ≤ a + b ≤ a + tb ≤ N ; the maximum in the correlation measure is taken over all
d1 < . . . < dk and M such that M + dk ≤ N . For various related pseudo random measures
we refer to Knuth [95]. It should also be mentioned that any sequence (xj) of real numbers
defines a binary sequence in a natural way by ej = 1, if the fractional part of xj is contained
in [0, 1

2); ej = −1 otherwise. In a recent paper by Mauduit, Niederreiter and Sarkőzy [111] the
connections between the discrepancy and the well distribution measure and the correlation
measure were investigated. Furthermore, some important examples were studied in detail,
mainly linear congruential generators and the Legendre symbol generator with respect to a
prime number p:

Ep−1 =

{(

1

p

)

,

(

2

p

)

, . . . ,

(

p − 1

p

)}

.

For sufficiently large primes p the above pseudo-random measures satisfy upper bounds of the
order O(p1/2(log p)), which follow from A. Weil’s character sum bound. By further exten-
sion of this deep arithmetic machinery other kinds of constructions could be investigated, for
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instance higher order residue symbols and more refined distribution measures. For a proba-
bilistic results we refer to Philipp and Tichy [123], the recent work of Berend and Kolesnik
[10] as well as to Project 02 of Berkes.
We also want to investigate new distribution measures for point sequences P in the s-dimensional
unit cube Us. The classical discrepancy measures the quality of the uniform distribution of P
whereas this new quantity, the so-called hyperbolic corner distance, measures the behavior of
P around the corners of Us (see e.g. [118]). For special classes of point distributions P lower
and upper bounds are known and curious observations arise: for instance the behavior around
the corners (0, . . . , 0) and (1, . . . , 1) differs significantly from the behavior around the other
corners. In this project the investigation of the hyperbolic corner distance should be extended
systematically to low discrepancy sequences such as the Halton sequence, the Faure sequence,
and to digital net sequences in the sense of Niederreiter (cf. [118]). This will again involve
Schmidt’s subspace theorem.

Conclusion: In the following we summarize six questions (which were discussed above in
more detail) suitable for PhD-theses:

• The qualitative unit sum number problem in function fields
• The quantitative unit sum number problem in ”simple” fields.
• The “big open problem” of Topic 1 (and partial results in this direction).
• Improvement of lower bounds for discrepancy functions.
• The investigation of the well-distribution measure and the correlation measure in the

case of specific pseudo-random number generators.
• The investigation of the hyperbolic corner distance for low discrepancy sequences.

9.5. Collaborations within the DK-plus. There is a close cooperation with several projects
of the DK. In fact, in the past R.F. Tichy has written joint papers with I. Berkes (Project
02), P. Grabner (Project 04), C. Heuberger (Project 05), P. Kirschenhofer (Project 06) and
J. Thuswaldner (Project 08). The cooperation with Project 02 will be very intensive: Dio-
phantine methods will be applied to establish metric discrepancy bounds and estimates for
various measures of pseudo-randomness will be investigated. The combination of probabilistic
tools such as martingale inequalities and limit theorems with Diophantine approximation is a
powerful machinery to attack various classical problems in these fields. The cooperation with
Projects 03 will be concerned with specific questions from algebraic number theory and with
additive unit representations. The cooperation with Projects 04 and 08 will be of particular
interest since their methods from ergodic theory as well as from fractal geometry will be used
to understand number theoretic problems. Last but not least, there has been a long coop-
eration with P. Kirschenhofer and C. Heuberger on combinatorial topics and on algorithms
for the solution of Diophantine equations. Finally, it should be mentioned that R.F. Tichy
organized various conferences and workshops jointly with the mentioned cooperation partners
of the DK, e.g. Journées Arithmétiques 2003 in Graz.

9.6. Collaborating research groups where PhD Students could perform their re-
search stay abroad.

• Rob Tijdeman, Department of Mathematics, University of Leiden, Netherlands.
• Yuri Bilu, Department of Mathematics, University of Bordeaux, France.
• Kalman Györy, Department of Mathematics, University of Debrecen, Hungary.
• Roger Baker, Department of Mathematics, Brigham Young University, Utah, USA.
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• Igor Shparlinski, Department of Computing, Macquarie University, Australia.

9.7. Industrial partners. Industrial cooperations in actuarial mathematics and number the-
oretic simulation in finance (not essential for this project).

• eco.finance, Graz, Austria.
• Grazer Wechselseitige Versicherungsanstalt, Graz, Austria.
• Raiffeisen Landesbank Steiermark, Graz, Austria.

9.8. Know-how and infrastructure of the research group. The research group consists
of two full professors: Peter Grabner is the principal investigator (PI) of Project 04 and Robert
Tichy that of Project 09. At the moment there are three post docs in this research group:
Volker Ziegler (paid by TU Graz) is a distinguished young scientist working on diophantine
equations, L. Cristea is funded by her own FWF project on number theoretic and topological
properties of fractals and B. Martin (paid by FWF) is a collaborator of Peter Grabner. Fur-
thermore this research group currently contains two PhD students: Martin Jancevskis works
on exponential sums and arithmetic functions and is jointly supervised by R.F. Tichy and
Jörg Thuswaldner; Martin Zeiner works on discrete distributions and orthogonal polynomials
and is jointly supervised by Robert Tichy and Günter Lettl. It should also be mentioned here
that currently there is a vacant post doc position in a project of the FWF-NFN S96 “Ana-
lytic Combinatoric and Probabilistic Number Theory” in this research group. This is the case
because two post docs recently got faculty positions at other universities. By this research
network also FWF projects of Peter Grabner and Robert Tichy are financed.
Finally we mention that there are five further associate professors in the institute for Analysis
and Computational Number Theory: S. Frisch (working in Algebra), P. Berglez, H. Wallner
and K. Tomantschger (working in complex analysis) as well as M. Ganster (working in general
topology). These positions are not associated to the DK, but some of them will be transferred
to discrete mathematics after retirement.

9.9. CV of the Faculty Member.

Education:

1957: Born on September 30 in Vienna, school education in Vienna.
1974-75: Participant of the Austrian and the International Mathematical Olympiad.
1975-79: Studies of mathematics, logic and physics at the University of Vienna.
1979: Ph.D.-thesis “Gleichverteilung von Mehrfachfolgen und Ketten”, University of Vi-

enna, Advisor: E. Hlawka.
1983: Habilitation and Dozent (TU Vienna).

Employment and visiting positions.

1978-1979: Teaching Assistent (University of Vienna).
1979-1983: Assistant (University of Agriculture and TU Vienna).
1979-1981: Life Insurance Consultant and lecturer on Actuarial Mathematics (Univer-

sity of Linz).
since 1990: Full Professor of Mathematics at TU Graz.
1994-2001: Head of the Mathematics Department at the Graz University of Technology.
1999-2006: Member of the Senate (TU Graz)
2002-2005: Vice President of the Austrian Mathematical Society.
since 2006: President of the Austrian Mathematical Society.
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2003: Dean of the faculty of sciences (TU Graz).
since 2004: Dean of the faculty of mathematics and physics (TU Graz).
since 2005: Member of the board of the FWF (Austrian Science Fund).
Visiting Professorships: Univ. of Salzburg (1986), Tata Institute Bombay (1992),

Univ. Marseille (1991,1993,1995), Univ. Debrecen (1997), University of Illinois at
Urbana-Champaign (2000).

Organisation of conferences: In Graz: 1992 on number theory (jointly with F. Halter-Koch),
1995 Organization of a Kolloquium on Number Theory in Leoben, 1996 Fibonacci numbers
and their applications (Graz; jointly with P. Kirschenhofer and H. Prodinger), 1997 Organiza-
tion of the conference of the Austrian Mathematical Society in Graz (jointly with U. Dieter),
1998 Algebraic Number Theory and Diophantine Analysis (Graz; with F. Halter-Koch), Work-
shop on Algorithms, Automata and Arithmetics (Luminy, 1999, jointly with P. Liardet), ESI
Workshop on Diophantine Problems (Erwin Schrödinger Institute, Vienna 2001), Co-organizer
of Journées Arithmétiques (Graz, 2003), Co-organizer of a conference on the occasion of W.
Schmidt’s 70th birthday (Erwin Schrödinger Institute, Vienna 2003), Co-organizer of a Con-
ference on Probablity and Number Theory (Graz, 2006), Co-organizer of the Conference “De-
pendence in Probability, Analysis and Number Theory” (to the Memory of Walter Philipp,
Graz, 2009).

Awards:

1985 Award of the Austrian Mathematical Society.
2007 Best paper award, Journal of Complexity.

Refereeing and editorial activities, memberships:

Editorial Duties: Coeditor of Mathematica Slovaca, Grazer Mathematische Berichte,
Journal of Number Theory (1991-2000), Integers (Electronic Journal on Combina-
torics and Number Theory), Journal de Théorie des Nombres (Bordeaux), Fibonacci
Quarterly, Uniform Distribution Journal. Member of the advisory board of the Monat-
shefte f. Mathematik., Coeditor of conference proceedings such as Springer Lecture
Notes in Mathematics 1452 (Number Theoretic Analysis, jointly with E. Hlawka),
de Gruyter Proceedings in Mathematics “Algebraic Number Theory and Diophan-
tine Analysis”, (with F. Halter-Koch, 1998). Diophantine Approximation, Wolfgang
Schmidt Festschrift, Developments in Mathematics, Springer 2008 (with H. P. Schlick-
ewei and K. Schmidt).

Memberships: Member of the Austrian Mathematical Society, of the American Math.
Soc., Deutsche Mathematiker Vereinigung, London Math. Soc., and member of the
Aktuarverein.

since 2005: Corresponding member of the Austrian Academy of Sciences.

Supervision of PhD theses: All together supervision of about 25 PhD theses and co-supervision
of additionally about 15 theses (at different places, e.g., Vienna, Graz, Debrecen, Marseille).
Six of the PhD students were awarded with the highest distinction of doctoral students in
Austria (promotion sub auspiciis praesidentis rei publicae). Three of the former PhD students
are already promoted to full professors: H. Albrecher (Univ. Linz, January 2009 onwards
in Lausanne), M. Drmota (TU Vienna), P. Grabner (TU Graz). Seven former PhD students
hold the position of Associate Professor or “Dozent” at different places. In particular, Clemens
Fuchs is mentioned who currently holds a position at ETH Zürich in the group of G. Wüstholz.
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The last PhD student who finished in Tichy’s group is Stephan Wagner who currently holds
a tenured position at Stellenbosch (South Africa). Finally we mention W. Schlag: he received
his master degree at TU Vienna (supervisor R. F. Tichy) , finished his PhD at Caltech (collab-
orating with J. Bourgain), was an assistant professor in Princeton and got recently promoted
to a full professor at the University of Chicago.

9.10. PhD Students of the last 5 years.

Name of the Sex Research topic Title of the thesis Number of
Student Publications
C. Fuchs M Diophantine equations Quantitative finiteness theorems

for Diophantine equations 23
L. Christea F Fractals Geometric properties of fractals 12
M. Predota M Mathematical finance The hyperbolic model 4
R. Kainhofer M Mathematical finance Quasi Monte Carlo Algorithms 11
T. Stoll M Diophantine equations Finiteness theorems 15

for polynomial equations
J. Hartinger M Mathematical finance Quasi Monte Carlo methods 6
V. Ziegler M Diophantine equations Equations in number fields 20
S. Wagner M Combinatorics Counting problems for 21

graphs and numeration systems

9.11. Externally funded national and international projects (last 5 years).

Funding organization Number Research topic of the project Amount funded
of the in KEURO
project

FWF S8307 Algorithmic Diophantine Problems 216
FWF S8308 Quasi Monte Carlo methods 202
FWF S9611 Hardy-Littlewood Method 163
ÖAD Various travelling projects 30
NAWI Graz PhD grant 80

9.12. Most relevant papers of the last 5 years.

1. C. Fuchs, A. Pethő, and R. F. Tichy. On the Diophantine equation Gn(x) = Gm(P (x)):
higher-order recurrences. Trans. Amer. Math. Soc. 355:4657–4681, 2003.

2. J. Hartinger, R. Kainhofer, and R. F. Tichy. Quasi-Monte Carlo algorithms for un-
bounded, weighted integration problems. J. Complexity 20:654–668, 2004.

3. J. M. Thuswaldner and R. F. Tichy. Waring’s problem with digital restrictions. Israel
J. Math., 149:317–344, 2005.

4. P. J. Grabner, P. Liardet, and R. F. Tichy. Spectral disjointness of dynamical systems
related to some arithmetic functions. Publ. Math. Debrecen, 66:213–244, 2005.

5. I. Berkes, W. Philipp and R. F. Tichy. Empirical processes in probabilistic number
theory: the LIL for the discrepancy of (nkω) mod 1. Illinois J. Math. 50:107–145,
2006.
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6. I. Berkes, W. Philipp and R. F. Tichy. Pseudorandom numbers and entropy conditions.
J. Complexity, 23:516–527, 2007.

7. R. F. Tichy, and V. Ziegler. Units generating the ring of integers of complex cubic
fields. Colloq. Math. 109 :71–83, 2007.

8. A. Knopfmacher, R. Tichy, S. Wagner, V. Ziegler. Graphs, partitions and Fibonacci
numbers. Discrete Appl. Math. 155:1175–1187, 2007.

9. M. Madritsch, J. Thuswaldner and R. Tichy. Normality of numbers generated by the
values of entire functions. J. Number Theory 128:1127–1145, 2008.

10. A. Filipin, R. Tichy and V. Ziegler. On the quantitative unit sum number problem—an
application of the subspace theorem. Acta Arith. 133:297–308, 2008.
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10. Project 10: Subdivision in nonlinear geometries

10.1. Principal Investigator: Johannes Wallner
Institut für Geometrie
Technische Universität Graz
Kopernikusgasse 24
8010 Graz
AUSTRIA

10.2. Keywords: Subdivision, geometric refinement rules, nonlinear subdivision, convergence,
discrete multiscale representations, manifold-valued data

10.3. Research interests of the Faculty Member. My main areas of research are:
Geometry Processing: The analysis and processing of geometry data (see e.g. [8]∗) en-

compasses differential and discrete geometry, algorithms, numerics, and also profits from the
so-called higher geometry viewpoint [4]. Recently I am especially interested in methods rele-
vant to freeform building construction and architectural design, which is a new area currently
receiving much interest [7].

Nonlinear subdivision processes: The present proposal falls into that line of research. For
my part it started as a collaboration with N. Dyn on proximity inequalities and their impli-
cations on the curves produced by geometric subdivision processes which are necessarily non-
linear. We aim at a systematic theory of univariate and multivariate geometric subdivision
which is naturally defined in nonlinear geometries, and where only in recent years system-
atic results such as [3, 5] have been achieved. Recent work in our research group includes
smoothness analysis for irregular polyhedral subdivision, and characterizing data smoothness
by coefficient decay in geometric wavelet-type transforms [9].

Apart from these specific areas my interest is geometry in the broad sense, e.g. distance
geometry [1], geometric design [2], or discrete differential geometry [6, 10].

10.4. Short description of two showcases of PhD Research Projects. Subdivision
means the refinement of discrete data arranged either over regular grids or over more general
meshes. This topic mainly belongs to approximation theory, but linear subdivision rules always
have had applications in geometry processing and graphics, which is due to the multiresolution
nature of subdivision processes – subdivision is used to ‘model everything that moves’ in
3D animated movies. Another important application is the intimate connection between
subdivision rules and wavelets.

Data which naturally lie in nonlinear geometries are not accessible by the well established
linear theory, so other ways of handling have to be found. For instance, we think of a flight
recorder which yields univariate pose data (a curve in the Lie group SE3), or diffusion tensor
MR images, which represent bi- and trivariate data having values in the Riemannian symmetric
space of positive definite symmetric matrices. The next paragraphs describe in more detail
the setting, the progress which has been made, and some unsolved problems which currently
stand out. We show two possible Ph.D. theses: Convergence and shape properties of nonlinear
subdivision processes, and Multiresolution representations of geometric data.

∗ References in square brackets in Section 10.3 refer to the list of publications on page 137 (Section
10.12). References in Section 10.4 refer to the general bibliography.
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10.4.1. Current status of research. Linear subdivision schemes are the subject of a rather
complete theory [47], whose greater part applies to data defined over regular grids. The C1

smoothness of linear polyhedral subdivision rules was successfully treated only in 1995 by
U. Reif. Analysis of nonlinear subdivision schemes used to be confined to special cases, and
mostly to the functional case, which means real-valued data (for instance, median-interpolating
subdivision rules). The systematic analysis of geometric subdivision processes, such as the
ones proposed by D. Donoho in a 2001 lecture, started with [148].

We briefly sketch the construction and analysis of geometric subdivision schemes here,
confining ourselves to the regular case and dilation by 2. A linear rule S maps discrete data
p : Zs → Rn to refined data Sp : Zs → Rn by any of the two following equivalent equations:
For coefficients (aα)α∈Zs , only finitely many nonzero such that

∑

β∈Zs aα−2β = 1, we let

(Sp)α =
∑

β∈Zs aα−2β · pβ or, equivalently,(10.1)

(Sp)2γ+α = pγ ⊕ ∑

β∈Zs a2γ+α−2β(pβ ⊖ pγ), with α ∈ {0, 1}s \ {(1, . . . , 1)}.(10.2)

For emphasis, ordinary vector space operations + and − are written as ⊕, ⊖. Equation (10.1)
is averaging of input data, and therefore geometric subdivision rules T analogous to S in
Riemannian manifolds may be defined via weighted geodesic means [87, 72] or iterated binary
geodesic averages [148]. Geometric analogues of Equation (10.2) are found by appropriately
re-defining ⊕ and its left inverse ⊖: We let p⊕ v equal p exp(v) in a Lie group, or expp(v) in a
Riemannian manifold, or π(p + v) for a locally defined smooth retraction π : Rn → Rn. Such
constructions enjoy the crucial property that S, T obey proximity inequalities like

(10.3) ‖Sp − Tp‖l∞(Zs,Rd) ≤ C δ(p)2, where δ(p) = sup‖i−j‖∞≤1 ‖pi − pj‖2,

provided δ(p) is small enough. This comparison takes place in an appropriate space Rd where
geometric data are without loss of generality embedded in.

The main object of interest is the limit function associated with the sequence (T kp)k≥0

of iteratively refined data, which is defined by f(x) = limk→∞(T kp)⌊2kx⌋. The viewpoint
suggested by (10.3), namely T as perturbation of S, was already employed by [38] and is
apparently basic to research in this area. It allows us to transfer properties of S to T . Available
results concern convergence and Ck smoothness in the univariate setting [148, 147, 151], in
the multivariate regular setting [71, 72], subdivision with general polyhedral combinatorics
[149], stability, and on properties of wavelet-type transforms [73]: Following D. Donoho’s
construction of interpolatory wavelet transforms based on linear subdivision rules, we take
an interpolatory rule T based on (10.2) (meaning that (Tp)◦D = p, where D(α) = 2α is the
dilation operator). Then continuous s-variate input data f are transformed into the multi-
sequence u = f |Zs and a cascade of discrete detail coefficients v1, v2 . . . . This conversion and
its inverse read

(10.4) vj = (f◦D−j |Zs) ⊖ T (f◦D−j+1|Zs), f(x) = limk→∞(T . . . (Tu ⊕ v1) · · · ⊕ vk)⌊2kx⌋.

Note that in general coefficients u and vj do not map to the same set, depending on the choice
of ⊕. If, for instance, f is Lie group-valued, vj has values in the corresponding Lie algebra.

10.4.2. Convergence and shape properties of nonlinear subdivision processes. While in the lin-
ear case the existence of continuous limits depends only on the rule and not on the data, in
general it can be guaranteed only for δ(p) < δ0, using the notation of (10.3). While smooth-
ness of limits, assuming existence, is solved in a satisfactory way, the constants δ0 which are
known at the current time are rather small. One reason is that they are derived from constants
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which occur in proximity inequalities such as (10.3), which in turn come from Taylor expan-
sions. In fact we cannot expect (10.3) alone to yield substantially stronger convergence results.
Numerical evidence, however, indicates that they must be true. In view of applications, it is
important to diminish this gap between theory and practice.

In special cases (e.g. univariate rules T defined by iteration of binary geodesic convex
combinations), the triangle inequality easily yields geometric decay of δ(T kp), implying con-
vergence. The scope of this method is limited, and it fails for multivariate rules. As coun-
terexamples to convergence in Riemannian geometry include worm hole features in between
data points, we expect better results in geometries which are, so to say, free of local shape
features. Thus we propose to investigate convergence properties of the geometric rules of
log-exponential type in (i) Cartan-Hadamard spaces, where nonpositive sectional curvature
ensures favorable behaviour of geodesics, and the topology is that of Rn; and (ii) in Lie groups
and symmetric spaces, which are not required to be Riemannian. The symmetric positive
matrices, relevant to the processing of diffusion tensor images [144], fall into both categories.

Quite recently subdivision based on n-ary Riemannian averages has been analyzed with
regard to proximity and smoothness [72]. We already started to improve on existing conver-
gence results [148, 71] in CH-spaces and similar, where the geometry of geodesics and distance
fields has convenient properties.

Shape characteristics of a limit generated by subdivision includes the convexity preserva-
tion and variation diminishing properties, which in the geometric case are of similar interest as
they are in approximation theory. In the abstract geometric setting, oscillation is measured by
testing r-variate functions against a distinguished collection of r-codimensional submanifolds
(of which the subspaces of projective spaces are the prototype). The very construction of
subdivided data, e.g. as geodesic averages interpretable as corner cutting, is a source of shape
properties. We expect that results involving geodesic lines can be obtained in more or less the
same settings as we proposed for convergence analysis, and others in geometries embeddable
into projective spaces. The latter constitute a broad and well studied class, usually subsumed
under ‘higher geometries’, which is also relevant to the following paragraphs.

10.4.3. Multiresolution representations of geometric data. Discrete multiscale representations
of data based on subdivision rules naturally extend to the geometric, nonlinear, case – see
for instance the interpolatory wavelet transforms of [73] and Section 10.4.1. Their analysis is
more difficult than in the linear case, but several analytic aspects (characterizing smoothness
by coefficient decay) have already successfully been investigated [73]. We don’t try to give
an exhaustive list of possible applications of multiscale representations (like compression,
feature recognition, . . . ), which are well known in any case. We only state that our interest
is in methods which apply to pixel based and voxel based manifold-valued data like diffusion
tensor images [144], and to data defined in manifolds M (having values either in the reals or
in another manifold M ′). Specific to the geometric setting, there are the following problem
areas:

General data f : M → M ′ are discretely represented by a pair of mappings p : Z → M
and p′ : Z → M ′, where Z is an irregular mesh replacing Zs, M -valued data p represent
the locations where f is evaluated, and M ′-valued data p′ = f ◦ p. Refinement happens
for p, p′ at the same time, with analogous refinement rules T, T ′ appropriate for the given
combinatorics Z. Non-grid combinatorics in connection with nonlinear subdivision have only
very recently been successfully investigated (in the bivariate case by A. Weinmann’s thesis, cf.
Sec. 10.10), but not yet with regard to wavelet-type transforms. Due to the typical isolatedness
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of combinatorial singularities after a few rounds of subdivision we expect that the known
results can be extended to the irregular setting. Further, it is quite obvious that the recent
construction of direction-sensitive multiresolution methods for discrete data by G. Kutyniok
and T. Sauer [100] carries over to the manifold-valued setting. This area is unexplored, but
in view of potential applications it is important to investigate here.

In the context of image analysis, which means data f : R2 → M ′ with some manifold M ′,
the concept of feature, such as an edge, must be extended from the familiar case M ′ = R to
the case dimM ′ > 1 – actually, this question occurs also in the linear case. We propose to
perform feature analysis for general mappings f : M → M ′ on the basis of the singular value
decomposition of the differential df , and of appropriate discrete analogues of df constructed
from discrete data. This naturally extends the use of grad f which is suitable for dim M ′ = 1.
Subdivision methods could be used to augment other (e.g. PDE-based) methods already in
use.

Convergence of the reconstruction procedure, meaning construction of continuous data
from ‘arbitrary’ coefficient cascades, typically implies existence of limits for the underlying
subdivision rule. This might lead to the impression that one must first solve the convergence
problem of Section 10.4.2 before one can do reconstruction. For applications however, one has
to show convergence for data which are generated by thresholding, quantizing, or otherwise
perturbing function samples, i.e., are unlikely to destroy convergence. It would be important
to achieve results in this area.

As to the manifolds of greatest interest, we are guided by applications (SPD matrices and
the Euclidean motion group were already mentioned). We generally propose to study high-
er geometries, which means point models of geometric objects, including the classical Klein’s
quadric for the lines in space, or the Lie quadric for spheres. This concept can be formalized as
a representation of a transformation group in PGLn as the automorphism group of a subset of
projective space. Projective spaces are important here, because the i-preimages of projective
subspaces have a meaning in the original geometry, and they yield distinguished collections of
submanifolds with respect to which shape properties are formulated.

10.5. Collaborations within the DK-plus. There is quite some common ground between
subprojects, even if the present one does not have an obvious partner among the other nine.
Collaboration is likely with Subproject 01 (project leader: W. Woess), because of the common
interest in hyperbolic spaces, and in discrete aspects of differential geometry. We expect to
employ methods of combinatorial optimization for establishing convergence of multivariate
subdivision processes, so the presence of Subproject 07 (project leader: B. Klinz) in this pro-
gram is fortunate. Apart from these specific links, Ph.D. students working within subprojects
of the proposed DK plus program will benefit enormously from their being part of a joint
effort – as will their advisors – since communication with colleagues is a vital part of one’s
mathematical development.

10.6. Collaborating research groups where PhD Students could perform their re-
search stay abroad.

• Nira Dyn, Department of Mathematics, Tel Aviv University, Israel.
• Ulrich Reif, Faculty of Mathematics, TU Darmstadt, Germany.
• Tomas Sauer, Mathematical Institute, Univ. Gießen, Germany.

10.7. Industrial partners. Industrial partners of the research group in general are:
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• Waagner Biro Stahlbau, Vienna, who specialize in freeform steel construction: We
cooperation within the framework of a joint grant (visual computing call of FFG,
see Sec. 10.11). One topic in this research project is the use of subdivision rules for
iterative geometry refinement and optimization towards functional properties.

• Evolute, Perchtoldsdorf, Austria, who are a spin-off of the Geometric modeling and
industrial geometry research group at TU Wien. We cooperate in form of joint publi-
cations on the applications of discrete differential geometry Reference [7] of Sec. 10.12
employs subdivision for single-curved strips as a tool in design and optimization in
freeform architectural design. Through this publication and Evolute, we also loosely
cooperate with

• RFR, Paris, who conceive and develop light-weight and long-span structures.

10.8. Know-how and infrastructure of the research group. The Institute of Geometry
at TU Graz contains an active research group working in the area described by this proposal,
currently consisting of the principal investigator, P. Grohs (PostDoc) and A. Weinmann (Ph.D.
student). Apart from a 6 month leave of P. Grohs in the winter term 2009/2010, neither
colleague plans to leave TU Graz in the immediate future, and both are financially supported
by FWF grant No. P19780 on multivariate subdivision (which represents the more analytic
aspects of the current proposal). This circumstance generates the best possible scientific
environment for new Ph.D. students. Apart from that, we generally work in various areas of
geometry, e.g. computational differential geometry. As to infrastructure, our library, computer
network, software licences, and so on are available to Ph.D. students funded by research grants
in the same way as to faculty members. We are able to provide office space, and our regular
budget can accommodate computer equipment.

10.9. CV of the Faculty Member.

Education:

14.5.1971: born in Scheibbs (NÖ), Austria
10/1981–15.6.1989: ‘high school’ (Gymnasium)
1.10.1997–30.9.1998: alternative service (Krankenanstaltenverbund, Vienna)
1989–1995: studies, University of Technology, Vienna.
30.6.1994: graduation (mathematics)
13.12.1995: graduation (mech. engrg.)
1994–1996: PhD studies
29.10.1997: graduation (Ph.D.)
24.3.2003: habilitation

Employment and visiting positions.

October 2000–March 2001: visiting professor, TU Darmstadt (C3)
until December 2006: tenured position at TU Wien (ao.Univ.Prof.)
from January 2007: full professor, TU Graz

Organization of conferences:

June 2000: Organization of the workshop “Süddeutsches Differentialgeometriekolloquium”
in Vienna (with H. Stachel).

September 2007: Organization of the international workshop “Polyhedral Surfaces and
Industrial Applications” in Strobl (with A. Bobenko, K. Polthier, H. Pottmann).
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July 2009: Organization of the international workshop “Surfaces, Meshes, Geometric
structures” in Admont (with H. Pottmann)

September 2009: Member of the organizing committee, 17th ÖMG Congress – Annual
DMV Meeting, Graz (with C. Heuberger, G. Lettl, W. Müller, B. Thaller, W.Woess)

Refereeing and editorial activities:
• editor of Int. Math. Nachrichten
• associate editor of Computer Aided Geometric Design
• refereeing for numerous journals and conferences (in the last two years: ACM Trans.

Math. Softw., ACM Trans. Graphics, ACM SIGGRAPH, Adv. Comput. Mathemat-
ics, Computer-aided Design, Comput. Aided Geom. Design, Computers and Graphics,
Constr. Approx., Eurographics, Geom. Mod. Processing, IMA J. Numer. Anal., In-
dian J. Pure Appl. Math., J. Comput. Appl. Math., J. Engineering Math., J. Math.
Anal. Appl., J. Franklin Inst., J. Geom. Graphics, J. Zhejiang Univ., Symp. Geom.
Processing, SIAM J. Computing, SIAM J. Imaging Sc., Zentralblatt).

Supervision of PhD theses:
• Qin-min Yang (2005), who is currently an assistant professor at the East China Uni-

versity of Science and Technology, located in Shanghai.
• Philipp Grohs (2007), who is working as a Postdoc at both TU Wien and TU Graz.
• Currently I am supervising two Ph.D. students at TU Graz, namely Christian Müller

and Andreas Weinmann.

10.10. PhD Students of the last 5 years.

Name of the Sex Research topic Title of the thesis No. Pub-
Student lications
P. Grohs M Geometric Smoothness Analysis of nonlin- 9 / 12∗∗

Approx. Th. ear subdivision schemes on grids
Q.-M. Yang M Geometry Geometric Contributions to 5

Processing Tolerance Analysis
C. Müller∗ M Discrete Hexagonal Meshes and 1 / 2

Diff. Geom. Discrete Minimal Surfaces
A. Weinmann∗ M Geometric Nonlinear subdivision proces- 1 / 3

Approx. Th. ses in irregular meshes
∗ current ∗∗ the second number includes papers under review.

10.11. Externally funded national and international projects (last 5 years).

Funding Number of Research topic of the project Amount funded
organization the project in KEURO
FWF P15911 Geometric tolerance analysis 144.0
FWF P18575 Smoothness in nonlinear subdivision 92.5
FWF P19780 Multivariate nonlinear subdivision 143.2
FFG 813391 Multilayer freeform surfaces 112.2
FWF S92-09 Computational Differential Geometry 212.1
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10.12. Most relevant papers of the last 5 years.

1. H. Stachel and J. Wallner. Ivory’s theorem in hyperbolic spaces. Siberian Math. J.,
45:785–794, 2004.

2. J. Wallner. Existence of set-interpolating and energy-minimizing curves. Comput.
Aided Geom. Design, 21:883–892, 2004.

3. J. Wallner and N. Dyn. Convergence and C1 analysis of subdivision schemes on
manifolds by proximity. Comput. Aided Geom. Design, 22:593–622, 2005.

4. M. Hofer, B Odehnal, H. Pottmann, T. Steiner, and J. Wallner. 3D shape recognition
and reconstruction based on line element geometry. In 10th IEEE Int. Conf. Computer
Vision, vol. 2, pp. 1532–1538, 2005.

5. J. Wallner. Smoothness analysis of subdivision schemes by proximity. Constr. Approx.,
24:289–318, 2006.

6. J. Wallner and H. Pottmann. Infinitesimally flexible meshes and discrete minimal
surfaces. Monatshefte Math., 153:347–365, 2008

7. H. Pottmann, A. Schiftner, P. Bo, H. Schmiedhofer, W. Wang, N. Baldassini, and J.
Wallner. Freeform surfaces from single curved panels. ACM Trans. Graphics, 27/3,
#76:1–10, 2008.

8. M. Pauly, N. Mitra, J. Wallner, H. Pottmann, and L. Guibas. Discovering structural
regularity in 3D geometry. ACM Trans. Graphics, 27/3, #43:1–11, 2008.

9. P. Grohs and J. Wallner. Interpolatory wavelets for manifold-valued data. Appl.
Comput. Harmonic Analysis, 2009. to appear.

10. A. Bobenko, H. Pottmann, and J. Wallner. A curvature theory for discrete surfaces
based on mesh parallelity. arXiv: 0901.4620.
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