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N OPQRSTU V WXYXZ[X \]^_` _ab^_\c d ebf_g_^h g\ fb^_\c d ` Xi_bc ]Z\jgX` [ d f\`j_cb^\Z_bg
\]^_` _ab^_\c k

l mnopqrstouqn

v\fb^_\c ]Z\jgX` [ bZX iwX ^\ ^xX_Z ZXgXYbcfX _c ]Zbf^_fX \e [] Xf_bg ^xX\ZX^_fbg _c^XZX[^ k
y gb[[_fbg g\ fb^_\c ]Z\jgX` [ iXbg z _^x {ci_c| \]^_` bg g\ fb^_\c[ e\Z ebf_g_^_X[ k }\zXYXZ d _c
]Zbf^_fX ^xX ebf_g_^_X[ ` bh bgZXbih X~ _[^ bci _c[^Xbi \e {ci_c| \]^_` bg g\ fb^_\c ^xX ^b[�
_[ ^\ _` ]Z\YX ^xX |_YXc g\fb^_\c[ jh fxbc|_c| [\` X ]bZb` X^XZ[ �X k | kd ^Zb� f f\ccXf^_\c[�
z _^x_c b |_YXc jwi|X^ f\c[^Zb_c^ k �x_[ �_ci \e _`]Z\YX` Xc^ ]Z\jgX` _[ fbggXi ZXYXZ[X
]Z\jgX` k

�x_[ ]b]XZ iXbg[ z _^x ZXYXZ[X
p�` Xi_bc ]Z\jgX` [ \c [] Xf_bg |Zb]x[ d cb` Xgh ^xX ZXYXZ[X

��` Xi_bc ]Z\jgX` \c ^ZXX[ bci ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c fbf^_ z _^x \cX fhfgX k �\^x
]Z\jgX` [ bZX Xi|X _`]Z\YX` Xc^ ]Z\jgX` [ d _ k X kd ^xX ^b[� _[ ^\ {ci bc \]^_` bg ZXiwf^_\c
[^Zb^X|h \e ^xX Xi|X gXc|^x[ k

WXYXZ[X ` Xi_bc bci ZXYXZ[X fXc^XZ ]Z\jgX` [ xbYX bgZXbih j XXc [wj� Xf^ \e [XYXZbg _cYX[�^_|b^_\c[ � �xX ZXYXZ[X ��` Xi_bc ]Z\jgX` b[ zXgg b[ ^xX ZXYXZ[X ��fXc^XZ ]Z\jgX` bZX �c\zc
^\ jX

NP�xbZi ���� d ���� k �xXZXe\ZX d [] Xf_bg cX^z\Z�[ xbYX j XXc [^wi_Xi k �XZ` bc d �c|f\
bci �i\c_ _cYX[^_|b^Xi ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ^ZXX ��� bci �wZ�bZi d �b[[cXZ
bci }b^ag ��� iXYXg\] Xi b g_cXbZ ^_` X bg|\Z_^x` e\Z ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b
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fhfgX k �wZ^xXZ` \ZX d �XZ` bc d �c|f\ bci �i\c_ ��� bci �xbc| d v_w bci � b ��� � iXbg^ z _^x
^xX ZXYXZ[X ��fXc^XZ ]Z\jgX` bci iXYXg\] Xi ]\ghc\` _bg ^_` X bg|\Z_^x` [ k

�xX ^XZ` ZXYXZ[X g\ fb^_\c ]Z\jgX` _[ \e^Xc w[Xi e\Z b [_` _gbZ fgb[[ \e _`]Z\YX` Xc^
]Z\jgX` [ d zxXZX ^xX ^b[� _[ ^\ `\i_eh ]bZb`X^XZ[ b^ ` _c_`w` f\[^ [wfx ^xb^ ^xX �wbg_^h
\e ^xX ]ZX[] Xf_{Xi g\ fb^_\c[ _[ z _^x_c |_YXc j\wci[ k �xbc| d �bc| bci yb_ ���� f\c[_iXZXi
^xX ]Z\jgX` \e x\z ^\ ZXiwfX ^xX gXc|^x[ \e ^xX Xi|X[ _c b cX^z\Z� [\ ^xb^ ^xX i_[^bcfX[
eZ\` b |_YXc YXZ^X~ ^\ bgg \^xXZ YXZ^_fX[ [b^_[eh b |_YXc w]] XZ j\wci k �xX bw^x\Z[ ]Z\YX
_cb]]Z\~ _` bj_g_^h ZX[wg^[ bci [w||X[^ bc

O(n log n)
^_` X bg|\Z_^x` e\Z ^xX [] Xf_bg fb[X \e

b ^ZXX k �cb]]Z\~ _` bj_g_^h ZX[wg^[ e\Z ^xX f\ZZX[] \ci_c| ]Z\jgX` [ zxXZX ^xX ^\^bg f\[^ bZX
` Xb[wZXi _c

`1� \Z `2�c\Z` bZX i_[fw[[Xi _c �xbc| d �bc| bci yb_ ���� k �wZ^xXZ`\ZX d bc
O(n log n)

^_` X bg|\Z_^x` e\Z ^xX fb[X \e
`∞�c\Z` _[ iXYXg\] Xi _c ���� k

W XYXZ[X ]Z\jgX` [ bZX [^Z\c|gh ZXgb^Xi ^\ _cYXZ[X ]Z\jgX` [ k �xX |\bg \e bc _cYXZ[X
g\ fb^_\c ]Z\jgX` _[ ^\ `\i_eh ]bZb` X^XZ[ b^ ` _c_`w` f\[^ [wfx ^xb^ ]ZX[] Xf_{Xi g\ fb^_\c[
j Xf\` X \]^_` bg k �wZ�bZi d � gX[fx_w^[fxc_| bci �xbc| ��� ]Z\YXi ^xb^ _cYXZ[X

p�` Xi_bc
]Z\jgX` [ bZX [\gYbjgX _c ] \ghc\` _bg ^_` X bci ]ZX[Xc^Xi eb[^ bg|\Z_^x` [ e\Z ^xX _cYXZ[X

1�` Xi_bc \c b ^ZXX bci _c ^xX ]gbcX z _^x
`1� bci `∞�c\Z` k yb_ d �bc| bci �xbc| �	� ]Z\YXi

jh b ZXiwf^_\c eZ\` ^xX [b^_[{bj_g_^h ]Z\jgX` ^xb^ ^xX _cYXZ[X fXc^XZ ]Z\jgX` _[
NP �xbZi k


 X^z\Z� _`]Z\YX` Xc^ ]Z\jgX` [ xbYX bg[\ j XXc b]]g_Xi ^\ [XYXZbg \^xXZ fgb[[_fbg f\` �j_cb^\Z_bg \]^_` _ab^_\c ]Z\jgX` [ d X k | kd [x\Z^X[^ ]b^x[ ��wZ^\c d �wggXhjgbc� bci �\_c^ ��� d
�wg�XZ[\c bci }bZi_c| ���� d �xbc| d v _w bci � b ��� �� ` _c_`w` []bcc_c| ^ZXX[ ��ZXiXZ�_f�[\c bci �\g_[��jb ���� d 
 Zb|` X_[^XZ X^ bg k ���� d � Zw`�X X^ bg k����� \Z j \^^gXcXf� ����f\`j_cb^\Z_bg \]^_` _ab^_\c ]Z\jgX` [ ��wZ�bZi d � g_ca bci �xbc| �� � bci �wZ�bZi d v_c bci
�xbc| ���� k

�x_[ ]b] XZ _[ \Z|bc_aXi b[ e\gg\z [ � �c �Xf^_\c � ^xX ]Z\jgX` wciXZ f\c[_iXZb^_\c _[
_c^Z\iwfXi k �^ _[ ]Z\YXi ^xb^ ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c ^ZXX[ b[ zXgg b[ ^xX ZXYXZ[X
��` Xi_bc ]Z\jgX` \c fbf^_ z _^x \cX fhfgX fbc jX ^Zbc[e\Z` Xi ^\ ^xX ZXYXZ[X ��` Xi_bc
]Z\jgX` \c b ]b^x k �c �Xf^_\c � [XYXZbg ]Z\] XZ^_X[ \e bc \]^_` bg [\gw^_\c \e ^xX ZXYXZ[X
��` Xi_bc ]Z\jgX` \c b ]b^x bZX ]Z\YXi k �wZ^xXZ` \ZX d b [\gw^_\c `X^x\i zx_fx gXbi[ ^\
bc

O(n2)
^_` X bg|\Z_^x` e\Z g_cXbZ f\[^ ewcf^_\c[ _[ [w||X[^Xi k �b[Xi \c ^xX [^Zwf^wZbg

_cYX[^_|b^_\c[ \e �Xf^_\c � bc
O(n log n)

^_` X bg|\Z_^x` e\Z ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX`
\c b ]b^x z _^x wc_e\Z` f\[^ ewcf^_\c[ _[ iXYXg\] Xi _c �Xf^_\c � k

� � pq���� �qp�s ��ouqn

�c _c[^bcfX \e ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` _[ |_YXc jh b |Zb]x
G = (V, E)

z _^x Xi|X
gXc|^x[

le ∈ R+

e\Z
e ∈ E

bci YXZ^X~ zX_|x^[
wv ∈ R+

e\Z
v ∈ V

k �wZ^xXZ` \ZX d b jwi|X^
B > 0

bci ^z\ ]ZX[] Xf_{Xi YXZ^_fX[ d [bh
v′ bci v′′ d ZX]ZX[Xc^_c| ^xX g\ fb^_\c[ \e ^z\

ebf_g_^_X[ bZX �c\zc k �xX ^b[� _[ ^\ w[X ^xX jwi|X^ _c \ZiXZ ^\ fxbc|X ^xX gXc|^x \e [\` X
Xi|X[ [wfx ^xb^ ^xX \YXZbgg [w` \e ^xX zX_|x^Xi i_[^bcfX \e ^xX YXZ^_fX[ ^\ ^xX ZX[] Xf^_YX
fg\[X[^ ebf_g_^h j Xf\`X[ b[ [` bgg b[ ] \[[_j gX k �xXZXjhd ^xX i_[^bcfX

dl(vi, vj)
_c

G
\e YXZ^X~

vi

^\ YXZ^X~
vj

_[ ^xX gXc|^x \e b [x\Z^X[^
(vi, vj)

]b^x _c
G

f\ZZX[] \ci_c| ^\ ^xX Xi|X

�



gXc|^x[
le
k �c \ZiXZ ^\ _`]Z\YX ^xX g\ fb^_\c[ \e

v′ bci v′′ d zX bZX bgg\zXi ^\ ZXiwfX ^xX
Xi|X gXc|^x[

le
k �xX f\[^ e\Z ZXiwf_c| ^xX Xi|X

e
jh

xe

wc_^[ bZX |_YXc jh [\`X ewcf^_\c
fe(xe) > 0

k �xw[ d ^xX iXf_[_\c YbZ_bjgX[ bZX
xe

d iX[fZ_j _c| ^xX ZXiwf^_\c \e ^xX Xi|X gXc|^x[
l̄e = le − xe

k �ii_^_\cbgghd w]] XZ j\wci[
ue ≤ le

e\Z bgg
e ∈ E

\c ^xX ` b~_`w` bgg\zbjgX
Xi|X ZXiwf^_\c bZX ^b�Xc _c^\ bff\wc^ k �c ^xX e\gg\z _c| d zX z _gg bgzbh[ iXc\^X ^xX i_[^bcfX
eZ\` b YXZ^X~

v
^\ ebf_g_^h

v′ jh dl
1(v)

d zxXZXb[ ^xX i_[^bcfX ^\ ebf_g_^h
v′′ _[ iXc\^Xi jh

dl
2(v)

k � [_c| ^xX c\^b^_\c _c^Z\iwfXi bj\YX d ^xX ]Z\jgX` fbc e\Z` bggh j X [^b^Xi b[ e\gg\z [ �

min
∑

v∈V

min
i=1,2

wv d l̄
i (v)

���
[ k^ k

l̄e = le − xe ∀e ∈ E
∑

e∈E

fe(xe) ≤ B
���

0 ≤ xe ≤ ue ∀e ∈ E.

�c ��� _^ xb[ bgZXbih jXXc [x\zc ^xb^ ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` d _ kX kd ^xX ZXYXZ[X
��` Xi_bc ]Z\jgX` zxXZX

v′ = v′′ d _[ [^Z\c|gh NP �xbZi XYXc e\Z j_]bZ^_^X |Zb]x[ bci ^xX
wc_^ f\[^ ` \iXg d _ kX kd

fe(xe) = Cxe

���
e\Z bgg

e ∈ E
bci [\` X ]\[_^_YX f\c[^bc^

C
k �wZ^xXZ`\ZX d ^xXZX i\X[ c\^ X~ _[^ bch ]\ghc\�` _bg ^_` X bg|\Z_^x` z _^x f\c[^bc^ b]]Z\~ _` b^_\c Zb^_\ �wcgX[[

NP = P
� k �jY_\w[ghd ^xX

]Z\jgX` ZX` b_c[
NP �xbZi e\Z ^xX fb[X zxXZX

v′ 6= v′′ d j Xfbw[X _e zX f\c[_iXZ bc _c[^bcfX
\e ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` z _^x b ebf_g_^h |_YXc b^ YXZ^X~

v′ zX \cgh xbYX ^\ bii b
cXz YXZ^X~

v
d ^xX Xi|X

e = (v, v′)
bci [X^

v = v′′ k �^ _[ Xb[h ^\ [XX ^xb^ _^ i\X[ c\^ ` b�X
bch [Xc[X ^\ [] Xci bch jwi|X^ _c ^xX bZ^_{f_bg Xi|X

e
bci ^xw[ d ^xX ` \i_{Xi ]Z\jgX` fbc

\cgh j X [\gYXi _c ]\ghc\` _bg ^_` X _e bci \cgh _e ^xX \Z_|_cbg ZXYXZ[X ��` Xi_bc ]Z\jgX` fbc
jX [\gYXi _c ]\ghc\` _bg ^_` X k

�xw[ d zX ZX[^Z_f^ \wZ _cYX[^_|b^_\c[ ^\ ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c ^ZXX[ bci ^xX
ZXYXZ[X ��` Xi_bc ]Z\jgX` \c fbf^_ z _^x \cX fhfgX k �c ^x_[ ]b]XZ d zX z _gg ` b_cgh iXbg z _^x
^xX wc_^ f\[^ `\iXg k � _^x\w^ g\[[ \e |XcXZbg_^hd zX ` bh b[[w`X ^xb^

C = 1
j Xfbw[X

\^xXZz _[X X�wb^_\c ��� fbc jX ZXz Z_^^Xc b[

∑

e∈E

xe ≤
B

C
=: B̃

bci zX fbc [\gYX ^xX ]Z\jgX` z _^x
B̃

_c[^Xbi \e
B
k

�Z\` c\z \c d zX z _gg bgzbh[ b[[w`X ^xb^ _c ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` [
v′ 6= v′′ bci^xb^ ^xX ]ZX[] Xf_{Xi YXZ^X~ _c ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` [ _[ iXc\^Xi jh

v′ k

�



� �� ������� ��	 �
��
 ���� ��� �
 �����

�c ^x_[ [wj[Xf^_\c b ^Zbc[e\Z` b^_\c eZ\` ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ^ZXX ^\ ^xX
ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ]b^x _[ ]ZX[Xc^Xi k

vX^
T = (V, E)

j X b ^ZXX z _^x
V = {v1, . . . , vn}

bci gX^ ^z\ ]ZX[] Xf_{Xi YXZ^_fX[
v′ bci

v′′ jX |_YXc k �xXc ^xXZX X~ _[^[ b wc_�wX ]b^x
P [v′, v′′]

_c
T
^xb^ g_c�[

v′ bci v′′ k �e zX iXc\^X^xX YXZ^X~ [X^ \e ^x_[ ]b^x jh
V (P [v′, v′′]) = {v′ = v1, v2, . . . , vp−1, vp = v′′}

^xX YXZ^X~ [X^ \e
^xX ^ZXX fbc jX ]bZ^_^_\cXi _c^\ ^xX [X^[

V (P [v′, v′′])
bci

V c(P [v′, v′′]) := V \ V (P [v′, v′′])
k

� _` _gbZghd ^xX Xi|X [X^
E

\e ^xX ^ZXX fbc jX z Z_^^Xc b[
E = E(P [v′, v′′]) ] Ec(P [v′, v′′])

d
zxXZX

E(P [v′, v′′]) = {e1, . . . , ep−1}
_[ ^xX Xi|X [X^ \e ^xX ]b^x

P [v′, v′′]
d
ei = (vi, vi+1)

bci
Ec(P [v′, v′′]) := E \ E(P [v′, v′′])

k �\Z ^xX [b�X \e [_` ]g_f_^hd zX z Z_^X
e ∈ P [v′, v′′]

_c[^Xbi
\e

e ∈ E(P [v′, v′′])
bci

v ∈ P [v′, v′′]
_c[^Xbi \e

v ∈ V (P [v′, v′′])
_e c\ f\cew[_\c _[ ]\[[_j gX k

�e bgg Xi|X[
e ∈ P [v′, v′′]

bZX iXgX^Xi eZ\` ^xX ^ZXX
T

zX \j^b_c
p
i_[� \_c^ ^ZXX[ Xbfx \e

^xX` f\c^b_c_c| X~bf^gh \cX YXZ^X~ \e
V (P [v′, v′′])

k y\c[_iXZ ^xX[X ^ZXX[
Tvk

= (Vk, Ek)e\Z
k = 1, . . . , p

Z\ \^Xi b^ ^xX YXZ^_fX[
vk

\e ^xX ]b^x
P [v′, v′′]

k �wZ^xXZ` \ZX d zX z _gg z Z_^X
r(v) = vk

_e YXZ^X~
v ∈ V

_[ _c ^xX ^ZXX
Tvk

k
� [_c| ^xX[X ^ZXX[ d b cXz zX_|x^ e\Z Xbfx YXZ^X~

vk ∈ P [v′, v′′]
_[ _c^Z\iwfXi jh

w̃vk
:=
∑

v∈Vk

wv.
���


\^_fX ^xb^ ^xX ]b^x eZ\`
v ∈ V

^\
v′ _[ ^xX i_[� \_c^ wc_\c \e

P [v, r(v)]
bci

P [r(v), v′]
k �c

bcbg\|wX ZX[wg^ x\gi[ e\Z
v′′ k } XcfX d zX |X^

dl̄
i(v) = dl̄(v, r(v)) + dl̄

i(r(v))
e\Z

i = 1, 2
bci

v ∈ V
k � [_c| ^xX[X c\^b^_\c[ d ��� fbc jX ZXz Z_^^Xc b[

∑

v∈V

(

wvd
l̄(v, r(v))

)

+
∑

v∈V

(

min
i=1,2

wv d l̄
i (r(v))

)

=

∑

v∈V

(

wvd
l̄(v, r(v))

)

+
∑

vk∈P [v′,v′′]

(

min
i=1,2

dl̄
i(vk)

∑

v∈Vk

wv

)

=

∑

v∈V

(

wvd
l̄(v, r(v))

)

+
∑

vk∈P [v′,v′′]

(

min
i=1,2

w̃vk
d l̄

i (vk)

)

.
���


\z ^xX ^z\ ^XZ` [ \e ^xX \j� Xf^_YX ewcf^_\c |_YXc _c ��� bZX _cYX[^_|b^Xi [X]bZb^Xghk �xX
{Z[^ ^XZ` f\ZZX[] \ci[ ^\ ^xX \j� Xf^_YX ewcf^_\c \e b ZXYXZ[X ��` Xi_bc ]Z\jgX` \c ^xX ^ZXX
zx_fx fbc jX \j^b_cXi jh _iXc^_eh _c|

v1, v2, . . . , vp

z _^x Xbfx \^xXZ k �xX _iXc^_{Xi YXZ^_fX[
f\ZZX[]\ci ^\ ^xX ]ZX[] Xf_{Xi g\fb^_\c \e \cX ebf_g_^hk �xX [Xf\ci ^XZ` _[ X�w_YbgXc^ ^\
^xX \j� Xf^_YX ewcf^_\c \e b ZXYXZ[X ��` Xi_bc ]Z\jgX` \c ^xX ]b^x

P [v′, v′′]
z _^x ebf_g_^_X[

v′bci
v′′ bci ^xX cXz YXZ^X~ zX_|x^[

w̃v

�[XX � _|wZX ��j �� k
�
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v̄1
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�
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� _|wZX �� �xX ^Zbc[e\Z` b^_\c eZ\` ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ^ZXX ^\ b ZXYXZ[X
��` Xi_bc ]Z\jgX` \c b ]b^x k �xX cw`jXZ[ z _^x_c ^xX YXZ^_fX[ bZX ^xX YXZ^X~ zX_|x^[ d ^xX
cw`jXZ[ \c ^xX Xi|X[ bZX ^xX Xi|X zX_|x^[

We

bci ^xX ]ZX[] Xf_{Xi g\ fb^_\c[ bZX ` bZ�Xi
|ZXhk�

�xX cX~^ [^X] _[ ^\ ^Zbc[e\Z` ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ^ZXX _c^\ b ZXYXZ[X
��` Xi_bc ]Z\jgX` \c b ]b^x k 
\^X ^xb^

d l̄(v, r(v)) =
∑

e∈P [v,r(v)]

(le − xe)
���

x\gi[ k �\Z XYXZh
e ∈ Ec(P [v′, v′′]) =

⊎p

k=1 Ek

zX iX{cX _^[ Xi|X zX_|x^ b[ ^xX [w` \e
zX_|x^[ ^ZbYXgg_c| bg\c|

e
�

We :=
∑

{v∈V :e∈P [v,r(v)]}

wv.
���

� [_c| ��� bci ��� d zX |X^

∑

v∈V

(

wvd
l̄(v, r(v))

)

=
∑

v∈V

wv

∑

e∈E(P [v,r(v)])

(le − xe) =
∑

e∈Ec(P [v′,v′′])

(le − xe)We.
���

�



}\zXYXZ d ^x _[ `\i_{Xi ]bZ^ \e ^xX \j� Xf^_YX ewcf^_\c _[ c\z X�w_YbgXc^ ^\ ^xX \j� Xf�^_YX ewcf^_\c bZ_[_c| eZ\` b ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ]b^x k �X \cgh xbYX ^\ [\Z^
^xX Xi|X[ \e

Ec(P [v′, v′′])
_c iXfZXb[_c| \ZiXZ f\ZZX[] \ci_c| ^\ ^xX_Z f\ X� f_Xc^[

We

d _ kX kd
Ec(P [v′, v′′]) = {ē1, . . . , ēq}

d zxXZX
Wēi

≥ Wēi+1

k � [_c| ^x_[ [\Z^_c| d ^xX ]b^x
P̄ =

(V (P̄ ), E(P̄ ))
z _^x

V (P̄ ) = {v̄1, . . . , v̄q+1}
d
E(P̄ ) = {ē1, . . . , ēq}

bci
ēi = (v̄i, v̄i+1)

fbc
jX f\c[^Zwf^Xi k �c \ZiXZ ^\ [^b^X ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c

P̄
d zX [X^

v′ = v̄1

bci
iX{cX ^xX zX_|x^[ jh

wv̄i
=

{

Wēi−1
− Wēi

e\Z
i = 1, . . . , q;

Wēq

e\Z
i = q + 1.

�	�

�j[XZYX ^xb^ ^xX \j� Xf^_YX ewcf^_\c \e ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c ]b^x
P̄
z _^x YXZ^X~

zX_|x^[
wv̄i

e\Z
i = 1, . . . , q + 1

_[ \e ^xX e\Z`

q+1
∑

i=1

wv̄i
dl̄(v̄i, v̄1) =

q+1
∑

i=1

(

wv̄i

i−1
∑

j=1

(

lēj
− xēj

)

)

=

q
∑

j=1

(lēj
− xēj

)

q+1
∑

i=j+1

wv̄i

=

q
∑

j=1

(lēj
− xēj

)Wēj

����

}XcfX d ^xX \j� Xf^_YX ewcf^_\c ��� \e ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ^ZXX _[ X�w_Yb�gXc^ ^\ ^xX \j� Xf^_YX ewcf^_\c ���� e\Z ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c ]b^x
P̄
k �xw[ d zX

xbYX f\c[^Zwf^Xi b ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b i_[f\ccXf^Xi |Zb]x z _^x ^z\ f\`]\�cXc^[
P [v′, v′′]

bci
P̄
d zxXZX Xbfx f\`]\cXc^ _[ b ]b^x k }\zXYXZ d ^xX[X ^z\ f\`]\cXc^[

fbc jX f\`j_cXi jh _iXc^_eh _c|
vp

z _^x
v̄1

k }XcfX d b ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ]b^x
z _^x YXZ^X~ zX_|x^[ |_YXc _c �� � bci �	� _[ \j^b_cXi d zx_fx _[ X�w_YbgXc^ ^\ ^xX \Z_|_cbg
ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ^ZXX �[XX � _|wZX ��f�� k �x_[ ^Zbc[e\Z` b^_\c fbc jX i\cX _c
O(n log n)

^_` X [_cfX zX xbYX ^\ [\Z^ ^xX Xi|X[ _c
Ec(P [v′, v′′])

bff\Zi_c| ^\
We

k

�xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ]b^x z _^x ^xX wc_^ f\[^ `\iXg d W��� e\Z [x\Z^ d
fbc jX [^b^Xi _c ^xX e\gg\z _c| e\Z` �

vX^
P = (V, E)

j X b ]b^x d _ kX kd
|V | = |E|+1 = n

bci
V = {1, 2, . . . , p−1, p, p+1, . . . , n}bci

E = {e1, . . . , en−1}
zxXZX

ei = (i, i + 1)
e\Z

i = 1, . . . , n − 1
k �wZ^xXZ` \ZX d e\Z Xbfx

Xi|X
ei

^xXZX _[ |_YXc ^xX gXc|^x
li
bci b j\wci

ui ≤ li
\c ^xX Xi|X ZXiwf^_\c k �c bii_^_\c d

YXZ^X~ zX_|x^[
wi ≥ 0

e\Z bgg
i ∈ V

d ^z\ ]ZX[] Xf_{Xi YXZ^_fX[
v′ = 1

bci
v′′ = p

bci b

�



jwi|X^
B > 0

bZX |_YXc k W ��� _[ ^xXc iX{cXi _c ^xX e\gg\z _c| zbh �

min

p
∑

j=1

wj min
i=1,2

d l̄
i (j) +

n
∑

j=p+1

(

wj

j−1
∑

i=p

l̄i

)

����

[ k^ k
l̄i = li − xi i = 1, . . . , n − 1

0 ≤ xi ≤ ui i = 1, . . . , n − 1
����

n−1
∑

i=1

xi ≤ B.
����


\^X ^xb^ _c ����

min
i=1,2

d l̄
i (j) = min

(

j−1
∑

i=1

l̄i,

p−1
∑

i=j

l̄i

)

x\gi[ e\Z
j = 1, . . . , p

bci

j−1
∑

i=p

l̄i = d l̄
2(j) ≤ d l̄

1(j) j = p + 1, . . . , n

x\gi k �c \ZiXZ ^\ X~fgwiX ^Z_Y _bg fb[X[ d zX b[[w`X ^xZ\w|x\w^ ^x_[ ]b]XZ ^xb^

n−1
∑

i=1

ui > B
��� �

x\gi[ k �^xXZz _[X
x∗

i = ui

e\Z
i = 1, . . . , n − 1

z\wgi j X bc \]^_` bg [\gw^_\c k � [_c|
b[[w`]^_\c ��� � d _^ _[ fgXbZ ^xb^ ^xXZX bgzbh[ X~ _[^[ bc \]^_` bg [\gw^_\c [wfx ^xb^ ^xX
zx\gX jwi|X^ _[ w[Xi k �xw[ d f\c[^Zb_c^ ���� fbc j X ZX]gbfXi jh

n−1
∑

i=1

xi = B.
����

�wZ^xXZ` \ZX d zX b[[w`X z _^x\w^ g\[[ \e |XcXZbg_^h ^xb^
wj > 0

x\gi[ e\Z bgg
j ∈ V

k �e
wn = 0

YXZ^X~
n
bci Xi|X

en−1

fbc jX iXgX^Xi k �e
wj = 0

e\Z
j = 1, . . . , n−1

^xXc zX _iXc^_eh
YXZ^X~

j
z _^x

j + 1
bci [X^

uj−1 = uj−1 + uj

bci
lj−1 = lj−1 + lj

k �x_[ ]Z\fXiwZX ZXiwfX[
^xX cw`jXZ \e aXZ\�zX_|x^ YXZ^_fX[ jh \cX bci _[ ^xXZXe\ZX ZX] Xb^Xi wc^_g c\ aXZ\�zX_|x^YXZ^X~ X~ _[^[ k

� �� ������� ��	 �
��
 ���� ��� �
 ���� � � ��� �
� ��� ��

�c ^x_[ [wj[Xf^_\c bc\^xXZ ZXYXZ[X g\ fb^_\c ]Z\jgX` _[ i_[fw[[Xi d cb`Xgh ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c fbf^_ z _^x \cX fhfgX k �^ ^xX j X|_cc_c| zX cXXi [\`X iX{c_^_\c[ _c
�



\ZiXZ ^\ _c^Z\iwfX ^xX i_[fw[[Xi |Zb]x fgb[[ k vX^
G = (V, E)

jX b f\ccXf^Xi |Zb]x k �
YXZ^X~

v ∈ V
_[ fbggXi b fw^ YXZ^X~ _e ^xX |Zb]x be^XZ ZX` \Y_c|

v
bci bgg Xi|X[ _cf_iXc^ ^\

v
_[

i _[f\ccXf^Xi k � f\ccXf^Xi |Zb]x z _^x\w^ b fw^ YXZ^X~ _[ fbggXi b c\c[X]bZbjgX |Zb]x d X k| kd
b fhfgX _[ c\c[X]bZbjgX k � jg\f� \e b |Zb]x _[ b ` b~ _` bg c\c[X]bZbjgX [wj|Zb]x k � jg\ f�
^xb^ _[ b fhfgX _[ fbggXi b fhfg_f jg\ f� k

G
_[ fbggXi fbf^w[ _e XYXZh jg\ f� z _^x ^xZXX \Z `\ZX

YXZ^_fX[ _[ b fhfg_f jg\ f� k 
\^X ^xb^ b fbf^w[ z _^x\w^ b fhfg_f jg\ f� _[ b ^ZXX k �c ^x_[ ]b]XZ d
^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c fbf^_ ^xb^ xbYX X~bf^gh \cX jg\ f�

C = (V (C), E(C))
^xb^

_[ fhfg_f _[ i_[fw[[Xi k �x_[ ` Xbc[ ^xb^ ^xX YXZ^X~ [X^ \e ^xX |_YXc |Zb]x
G = (V, E)

fbc
jX ]bZ^_^_\cXi _c^\ ^xX [X^ \e YXZ^_fX[ \e ^xX fhfgX iXc\^Xi jh

V (C) = {v1, . . . , vp}
bci ^xX

[X^
V c(C) := V \ V (C)

k � _` _gbZghd ^xX Xi|X [X^
E

\e ^xX f\c[_iXZXi |Zb]x fbc j X z Z_^^Xc
b[

E = E(C) ] Ec(C)
d zxXZX

E(C) = {e1, . . . , ep}
bci

ei = (vi, vi+1)
e\Z

i = 1, . . . , p − 1bci
ep = (p, 1)

k

\^X ^xb^ _e bgg ^xX Xi|X[

e ∈ E(C)
bZX ZX`\YXi eZ\` ^xX \Z_|_cbg |Zb]x

p
i_[� \_c^ ^ZXX[

bZX \j^b_cXi zxXZX Xbfx \e ^xX` f\c^b_c[ X~bf^gh \cX YXZ^X~ \e
V (C)

k �xX[X ^ZXX[ bZX
iXc\^Xi jh

Tvk
= (Vk, Ek)

e\Z
k = 1, . . . , p

bci bZX Z\\^Xi b^ ^xX YXZ^_fX[
vk

\e ^xX fhfgX
C
k

� _^x\w^ g\[[ \e |XcXZbg_^h _^ _[ b[[w`Xi ^xb^
v′ ∈ Tv1

k � [ _c ^xX ]ZXY_\w[ [wj[Xf^_\c d zX
z Z_^X

r(v) = vk

_e YXZ^X~
v ∈ V

_[ _c ^xX ^ZXX
Tvk

k }XcfX d
v1 = r(v′)

k

\z b cXz zX_|x^ ewcf^_\c e\Z ^xX YXZ^_fX[

vk ∈ V (C)
fbc jX iX{cXi jh

w̃vk
:=

{

∑p

i=2

∑

v∈Vi
wv + wr(v′)

e\Z
k = 1;

∑

v∈Vk
wv

e\Z
k = 2, . . . , p.

vX^
v ∈ Vk

e\Z
k 6= 1

k �c ^xX ]b^x eZ\`
v
^\

v′ YXZ^X~ v
^ZbYXg[ bg\c| Xi|X[

e ∈ Ek ⊆
Ec(C)

d e\gg\zXi jh [\`X Xi|X[
e ∈ E(C)

bci {cbggh Xci[ z _^x [\`X Xi|X[
e ∈ E1 ⊆ Ec(C)

k
�xw[ d

dl̄(v, v′) = dl̄(v, r(v)) + dl̄(r(v), r(v′)) + dl̄(r(v′), v′)

e\Z bgg
v ∈

⋃p

j=2 Vj

d zxXZX ^xX e\gg\z _c| X�wb^_\c x\gi[ e\Z
r(v) = vk

dl̄(vk, r(v
′)) = dl̄(vk, v1) = min

(

k−1
∑

i=1

l̄ei
,

p
∑

i=k

l̄ei

)

.

}XcfX d ^xX f\ZZX[]\ci_c| \j� Xf^_YX ewcf^_\c fbc j X z Z_^^Xc b[

∑

v∈V

wvd
l̄(v, v′)

=
∑

v∈V \V1

wv

(

dl̄(r(v), r(v′)) + dl̄(v, r(v)) + dl̄(r(v′), v′)
)

+
∑

v∈V1

wvd
l̄(v, v′)

=
∑

vk∈V (C)

w̃vk
dl̄(vk, r(v

′)) +
∑

v∈V \V1

wvd
l̄(v, r(v)) +

∑

v 6=v1∈V1

wvd
l̄(v, v′) + w̃v1

dl̄(v1, v
′).

����

�



�j[XZYX d ^xb^ ^xX {Z[^ ^XZ` _c ���� f\ZZX[]\ci[ ^\ ^xX ^Zb� f \c ^xX fhfgX
C
d ^xX [Xf\ci

^XZ` f\ZZX[]\ci[ ^\ ^xX ^Zb� f \c ^xX ^ZXX[
Tv2

, . . . , Tvp

d ^xX ^x_Zi ^XZ` iX[fZ_j X[ ^xX f\[^
\e bgg YXZ^_fX[

v ∈ V1\{v1}
^ZbYXgg_c| ^\

v′ bci {cbggh ^xX e\wZ^x ^XZ` iX[fZ_j X[ ^xX f\[^
e\Z ^Zbc[]\Z^_c| ^xX zx\gX zX_|x^ ^xb^ ^ZbYXg[ ^xZ\w|x

v1
^\

v′ k �xX ^XZ` [ \e ^xX \j� Xf^_YX
ewcf^_\c ���� bZX c\z bcbghaXi [X]bZb^Xghk �xX {Z[^ ^XZ` _[ ^xX \j� Xf^_YX ewcf^_\c \e ^xX
ZXYXZ[X ��` Xi_bc ]Z\jgX` \c ^xX fhfgX

C
z _^x YXZ^X~ zX_|x^[

w̃vk

bci ]ZX[] Xf_{Xi YXZ^X~
r(v′) = v1

k �xX ZX` b_c_c| ^XZ` [ bZX X�w_YbgXc^ ^\ b ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ^ZXX
zx_fx _[ \j^b_cXi jh _iXc^_eh _c| ^xX YXZ^_fX[

v′, v2, . . . , vp

z _^x Xbfx \^xXZ bci w[_c| YXZ^X~
zX_|x^[

wv

e\Z bgg
v 6= v1

bci
w̃v1

k �xX _iXc^_{Xi YXZ^_fX[ bZX ^xX ]ZX[] Xf_{Xi YXZ^X~ k �xw[ d
^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b fbf^w[ z _^x \cX fhfgX _[ c\z X�w_YbgXc^ ^\ b ZXYXZ[X
��` Xi_bc ]Z\jgX` \c b i_[f\ccXf^Xi |Zb]x z _^x ^z\ f\`]\cXc^[ d zxXZX \cX f\`]\cXc^ _[
b ^ZXX bci ^xX \^xXZ \cX _[ b fhfgX Xbfx \e ^xX` xbY_c| \cX ]ZX[] Xf_{Xi YXZ^X~ �[XX � _|wZX
� �j �� k


\z _^ _[ [x\zc ^xb^ ^x_[ ` \i_{Xi _c[^bcfX fbc b|b_c j X ^Zbc[e\Z` Xi ^\ b ZXYXZ[X
��` Xi_bc ]Z\jgX` \c b ]b^x k �c ^xX ]ZXY_\w[ [Xf^_\c zX xbYX bgZXbih ]ZX[Xc^Xi ^xX ^Zbc[�e\Z` b^_\c eZ\` ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ^ZXX ^\ b ZXYXZ[X ��` Xi_bc ]Z\jgX`
\c b ]b^x k �c bii_^_\c d ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c ^xX fhfgX

C = (V (C), E(C))z _^x YXZ^X~ zX_|x^[
w̃k

e\Z bgg
vk ∈ V (C)

bci ]ZX[] Xf_{Xi YXZ^X~
v1

_[ X�w_YbgXc^ ^\
^xX e\gg\z _c| ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ]b^x

P
k vX^

P = (V (P ), E(P ))
d zxXZX

V (P ) := V (C) ∪ vp+1
bci

E(P ) = {e1, . . . , ep}
z _^x

ei = (vi, vi+1)
e\Z

i = 1, . . . , p
d YXZ^X~

zX_|x^[
w̃

bci
w̃vp+1

= 0
k �wZ^xXZ` \ZX d gX^

v′ = v1
bci

v′′ = vp+1
jX ^xX cXz ]ZX[] Xf_{Xi

YXZ^_fX[ k 
\^X ^xb^ e\Z ^x_[ ]Z\jgX`

d l̄
1(vj) =

j−1
∑

i=1

l̄ej

bci

d l̄
2(vj) =

p
∑

i=j

l̄ej

x\gi k �xw[ d ^xX \j� Xf^_YX ewcf^_\c e\Z ^x_[ ZXYXZ[X ��` Xi_bc ]Z\jgX` \c ^xX ]b^x _[ |_YXc
jh

∑

vk∈V (C)

min
i=1,2

w̃vk
d l̄

i (vk) =

∑

vk∈V (C)

w̃vk
min

(

k−1
∑

i=1

l̄ej
,

p
∑

i=k

l̄ej

)

=

∑

vk∈V (C)

w̃vk
dl̄(vk, r(v

′)).

	



�x_[ _[ X~bf^gh ^xX \j� Xf^_YX ewcf^_\c \e ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \e ^xX fhfgX k
�xw[ ^xX \Z_|_cbg ]Z\jgX` _[ b|b_c X�w_YbgXc^ ^\ b ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b i_[f\c�cXf^Xi |Zb]x z _^x ^z\ ]b^x[ b[ f\`]\cXc^[ �[XX � _|wZX � �f�� k � [ _^ zb[ [x\zc _c ^xX
]ZXY_\w[ [Xf^_\c ^x_[ ]Z\jgX` fbc jX ^Zbc[e\Z` Xi ^\ ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b
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� _|wZX � � �xX ^Zbc[e\Z` b^_\c eZ\` ^xX ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b fbf^w[ z _^x \cX
fhfgX ^\ b ZXYXZ[X ��` Xi_bc ]Z\jgX` \c b ]b^x k

� �opstosp�� un���ou��ouqn�

�Xe\ZX bc X� f_Xc^ bg|\Z_^x` \e ^xX W��� _[ i _[fw[[Xi d [\` X ]Z\]XZ^_X[ \e bc \]^_` bg
[\gw^_\c bZX ]Z\YXi k �xX e\gg\z _c| iX{c_^_\c _[ fZwf_bg e\Z ^xX _iXb[ j Xx_ci ^xX ]Z\\e[ bci
z _gg {cbggh gXbi ^\ bc

O(n log n)
^_` X bg|\Z_^x` k
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� O�����R� � ��� �c Xi|X
e = (k, k + 1)

e\Z
k = 1, . . . , p − 1

_[ fbggXi fZ_^_fbg z _^x ZX[] Xf^
^\ `\i_{Xi Xi|X gXc|^x[

l̄ = (l̄1, . . . , l̄n−1)
d _e

min
i=1,2

d l̄
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