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1 = measure with finite moments,

m; = /x’ du(z) < oo.

Jacobi parameters
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Classical result.
w positive < all v; > 0,

and all {5;},{~v > 0} occur.



Definition 1.

Tridiagonal matrix
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Definition 2.

Cauchy transform
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Definition 3.

{P,} = monic orthogonal polynomials with respect to x.. Then

m-Pn(m) = Pn—i—l(m) + ﬂnPn(m) + '7n—1Pn—1(x)-




Measures frequently come in convolution semigroups

{e} [t * fbs = iy,

(v*T) / flz+y)dv(z)dr(y).

Processes with independent increments.

_ 60(t)7 /Bl(t)7 ﬂQ(t),
J(‘ut)_('yo(t)a '71(t)7 ’72(16)’ >

In general, rational functions of ¢. But:



Gaussian semigroup

Jacobi parameters 3, (t) = 0, n(t) = (n+ 1)t.

Poisson semigroup
(@ =3 L ks o)
He(T) = e 2 al Okl
=0

Jacobi parameters 3, (t) =t + n, (t) = (n+ 1)t.

Linear in ¢!



More generally: 1 in Meixner class if

Bn = a+nb,

Yo = (n+ 1)[c + nd].
Then (not obvious!) for p,

Bn(t) = at + nb,

Yn(t) = (n + 1)[ct + nd].



What are all convolution semigroups with Jacobi parameters
polynomial in ¢?

Only Meixner. In particular, all linearin t. I




Recall
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Formula for m,, in terms of 3;, ;.
Viennot-Flajolet: lattice paths.

Accardi-Bozejko: non-crossing partitions.
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NC1 2 = non-crossing partitions into pairs and singletons.
d(V,m) = depth of V'in 7.

my = fo,

mae = B33 + o,

ms = B3 + 26070 + B0,

my = B + 36370 + 2608170 + Biv0 + 75 + Yo



my,(pe) = complicated. Use cumulants instead.

r1,72,73,. ..

ra(t) =t -1y (linearize convolution).

o= 3 TTrw J
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No simple relation between {r,,} and {5,y }.



Bo(t)= at, G1(t)= at + b,
Yo(t)= ct, Y1 (t)= 2ct + d.

To show: (3,72, ... the same as for Meixner(a, b, ¢, d).
By induction.

M1 () = Man 1 (") + [Bu(pte) = B ()] n-1(8) ...y (E)70(8).

my =71, + Qr(r1,r2, ..., Tp—1).
So

Tont1 (1) = Tonr1 () + [Ba(pe) = B (ptt)] Ya-1(t) - .. 11 (E) 90 ().
Know (%) = ¢t and 1 (t) depends on ¢, the rest of ~;(t)

iolinomial.



By induction.

Miant1 (pe) = Man1 (") + [Bn(pt) — Br(pt)] n-1(t) - ..y (E)70(8).

my =1+ Qr(ri,ro, ..., Th—1).

So

ront1 (i) = rons1 (") + B i) = Bt Yn—1(t) - .- 1(t)y0(2).-

Know ~y(t) = ¢t and ~1(t) depends on ¢, the rest of ~;(t)
polynomial.
= /Bn(ﬂt) = /Bn(:ufivj)

Use may, 12 10 show v, (11¢) = v ().



Free cumulants and convolution.
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In particular
B, Bt B\
7an(ﬂ’ ):t'rn(,u’)-
Boolean cumulants and convolution.
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Same proof works in the abstract (Hasebe, Saigo) setting if
A (pt) =t (w).
2 my, =1y, + Q(le e arn—l)-
'3 ~1(t) depends on t.

Theorem: if have a 4-parameter Meixner-type family, have no
others.




v (t) =ct +d.

Answer: free Meixner class.

If for p,

_(a, a+b, a+b, ...
J(N)_<c, c+d, c+d, )

then for its free convolution power (not obvious!)

Bty _ at, at+b, at+b,
I )_(ct, ct+d, ct+d, ...)°

4-parameter. The only free convolution semigroups with Jacobi
parameters polynomial in ¢.



~1(t) = d independent of t. General theorem does not apply!

In fact,

wey _ [ Bot, B, ﬂz,-n)
J(u )_(701:7 Y1, Y2,

for any s.




Recall My = Z H Bav,x) H Yd(V,r)-

meNC1,2(n) Ver ver
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Both non-crossing. Mtotkowksi: direct relation.
e NCLQ(TL).
u a labeling of =:

u(V) € {0,1,2,...,d(V,n)}.
Some labelings connected.

= ] Buy = Bugr=1) [T ey = vuery=1)-

connected Ver Ver
labelings |V|=1 |[V|=2




r1 = Bo,

rSE =0,

7‘3 =7 [(61 ﬁo)],

T4 =%[(B1 = B0)* + (m — )],

rE = 20 [(B1 — 50)® + 3(71 — 10)(B1 — Bo) + (71 — 70) (B2 — B1)
+70(B2 — B1)],

re = 0[(B1 — Bo)* +6(7 — ) (Br — Bo)* +4m1(B2 — B1)(B1 — Bo)?
+71(B2 — B1)” + 271 —70)* + (2 —m)]

Bo(t) = at, v0(t) = ct, B1(t) — Bo(t) = b, 11 (t) —0(t) =,

Pa(t) — Bi(t) = 0, 2(t) —(t) =0, e



Two measures (i, 11).

rn(p) = free cumulants of 4.

Two-state free cumulants R, (1, 1) defined via

ma(f) =Y I 2v@Ew I row.

we€NC(n) VeOuter(m) U€lInner(r)

Convolution powers:

rnpe) = t-rnp)

and
R (Mtnut) =t- Rn(ﬁ7 /JJ)



Two-state convolution.

Theorem.

If neither 1z nor i are point masses,
Jacobi parameters of ji; polynomial in ¢ if and only if

I() = at, at+b, at+b, at+b, ...
BI=\&, ca+d ct+d, ct+d,

and

T(g) = at, at+b, at+b, ...
He) = ct, ct+d, ct+d, ...)°

Note: polynomial dependence of the Jacobi parameters of ji;
automatic.



Proposition. ;: and u arbitrary.

(1, 6,,) can be extended to a H. convolution semigroup (zit, d¢y)
with linear Jacobi parameters.




Properties of ji.

1 Satisfy
dp(z) = Y—— quadratic + at most 3 atoms
x) = ; .
a cubic
2 Appear in the two-state free Central and Poisson limit
theorems.

3 Appear in the ¢ = 0 case of the Bryc, Matysiak,
Wesotowski (2007) quadratic harnesses.

4 Are precisely the measures found by Bozejko and Bryc
(2009) to have a two-state free Laha-Lukacs
characterization.

5 Satisfy

R7L+2 (ﬁv M) =b Rn+1 (ﬁv /1’) +c Z Rk (ﬁv M) 7‘7sz(#)-
k=2



