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Introduction

convolution semigroups

e additive convolution
e (M(R),*): normal distribution
e (M(R),H): semicircle distribution
e classical, multiplicative convolution
e (M(R"),®): log-normal distribution
o (M(T),®): rolled-up normal distribution
o free, multiplicative convolution (M(R 1), X) or (M(T), X)
— corresponding measures?

Definition of the free multiplicative analog measures
Hari Bercovici and Dan Voiculesu. Lévy-Hincin type theorems for
multiplicative and additive free convolution, Pacific J. Math., 1992.
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Introduction

Voiculescu's S-transform

Let 1 a compact supported probability measure on C with
m1(p) # 0.

o V(2) = [ 2 dult) = 50, ma(p)2”
V,(0) =0, ,/(0) = ma(u) # 0
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Introduction

Voiculescu's S-transform

Let 1 a compact supported probability measure on C with
m1(p) # 0.

© Wu(2) = fo 12 dult) = 300, ma(u)2”
W,(0) =0, W,/(0) =my(s)#0

o xul2) =¥ (2)

e S.(z) = ZTHXM(Z)

Theorem (Voiculescu)
Sug,,(Z) = S,u(z) : SV(Z)
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Introduction

Free multiplicative normal distribution o

Definition (Bercovici, Voiculescu)
Soe(2) =exp (t (z + %))

e t > 0: g¢...measure on torus T
“free rolled-up normal distribution”

e t < 0: 0;...measure on positive, real line R
“free log-normal distribution”
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Introduction

Free multiplicative normal distribution o

Definition (Bercovici, Voiculescu)
Soe(2) =exp (t (z + %))

e t > 0: g¢...measure on torus T
“free rolled-up normal distribution”

e t < 0: 0;...measure on positive, real line R
“free log-normal distribution”

Properties of o+

e o Xor =054t s, t>00rs,t<0.

e o; is X-infinite divisible.
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Introduction

Appearence of the measures o,

e Free, multiplicative central limit theorem
e Free, multiplicative Brownian Motion

e Limit distribution of some unitary random matrices

Philippe Biane. Free Brownian motion, free stochastic calculus and
random matrices, 1997
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Introduction

Moments of o

Theorem (Biane)

The moments of the measures o are forn > 1

o) oo ()-SR ( 1)

Proof with Lagrange's inversion theorem

Free log-normal distribution Christian Sattlecker



Introduction

Moments of o

Theorem (Biane)

The moments of the measures oy are for n > 1

i) E 2 )

k=0

t
= exp (—%) -1F1(1 — n; 2; nt)

Proof with Lagrange's inversion theorem
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Introduction

Confluent hypergeometric function

Definition (Confluent hypergeometric series)

1F1(a; b; 2) == Z ([()‘;,)7”’1!2'7

with Pochhammer symbol
(a)p:=ala+1)...(a+n—-1) (a)o:=1
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Introduction

Confluent hypergeometric function

Definition (Confluent hypergeometric series)

1F1(a; b; 2) == Z ([()‘;,)7”’1!2'7

with Pochhammer symbol
(a)p:=ala+1)...(a+n—-1) (a)o:=1

Kummer's transformtion formula

1F1(a; b; z) = exp(z) 1F1(b — a; b; —2)

Remark: a € —Ny = 1Fi(a; b; z) is a polynomial in z
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Introduction Free cumulants densitiy function of o¢

n—1
B nt (=1)knk=1 7/ n P
Mn(0c) = exp (_5) ' k! k1)t

NE:
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Free cumulants

The free cumulants of the measures o; are

py = (_nj)_

n! 2
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Free cumulants densitiy function of o¢

The free cumulants of the measures o; are

Proof by induction on n

e moment-cumulant-formulas
—nt

=  Kp= ((—n)"*l "+ 351"_)275"_2 +-- ag")t2> ez

n!

° l‘fn(Us—&—t) = Hn(as X Ut) = Z HTF(O-S)KK(TI‘)(O-t)
weNC(n)
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Free cumulants

The free cumulants of the measures o; are

1F1(1 — n; 2, nt) = Z H (_kl?kl

meNC(n) Ver
k:=|V|

(=n"t e _ S wm 1) [ 1R - k2 ke)

n!
weNC(n) Ver
k:=|V|
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Free cumulants

hypergeometric functions as (formal) moment sequences

_ n—1
mp,=1F1(1—n;2;nz) <& k,= ( nz|)
n!
n—1
my,=1F1(1+n2,nz) & kp= %exp(nz)

n!
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Free cumulants

Theorem (Addition formulae for hypergeometric functions)

1Fi(l—m2;x+y) =

(=52t .
= E || X : || 1F1 1—/,2,?/
weNC(n) Ver VeK(r)
k:=[V| I=|V|
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Introduction Free cumulants densitiy function of o

Theorem (Addition formulae for hypergeometric functions)

1Fi(l—m2;x+y) =

)kl
- > | I 55— I n(i-n2ky)

7e€NC(n) \ Ver ’ VeK(r)
k:=|V| I:=|V|

Proof: my(0sie) = mp(os®or) = > ke(0s) - Mg (or)
TeNC(n)
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Free cumulants f

free cumulants of the free log-normal distribution (t < 0)

The Bercovici-Pata bijection fails, i.e. the log-normal distribution,
which is *-infinite divisible, is not mapped to the free log-normal
distribution.
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Free cumulants f

free cumulants of the free log-normal distribution (t < 0)

The Bercovici-Pata bijection fails, i.e. the log-normal distribution,
which is *-infinite divisible, is not mapped to the free log-normal
distribution.

open question

Is the free log-normal distribution o, t < 0, B-infinite divisible?

— (n+2)"

< |s the sequence m, := (1)1 positive definite, i.e. is m, a

moment sequence?
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densitiy function of o¢

densitiy function of the free rolled-up normal distribution o

t>0: o;...measure on the unit circle T
Gt ... uncoiled measure on [—, 7]
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densitiy function of o¢

densitiy function of the free rolled-up normal distribution o

t>0: o;...measure on the unit circle T
Gt ... uncoiled measure on [—, 7]

Theorem

Let t > 0. The measure 7 is absolutely continuous. The density
function is continuous, even, and monotone raising on [—,0].

[—c, ] 0<t<4
[—7, 7] t>4

e LI t(1 t)
Cc = arctan — = = ||,
Va—¢ 2

where
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densitiy function of o¢

approximation of the density function

Fourier series of the density function of &

f(x)=— + Zexp (——) 1F1(1 — n; 2; nt) cos(nx)

—mn(at)

e 0 <t<4: pointwise convergence

e t > 4: uniform convergence
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densitiy function of o¢

d; densitiy function plots

0.15

0.10

0.05

0.5 1.0 15 20 25 3.0

t=41 t=45 t=5 t=6 t=28

Free log-normal distribution Christian Sattlecker



densitiy function of o¢

d; densitiy function plots
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densitiy function of o¢

Notation

Let 1+ a measure on the torus T.

uncoiled measure fi on [—, 7]
o ji(A):=p({e™|x € A}) forall Ac B((—m,))
o i({-7}) = i({r}) = su({-1})
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densitiy function of o¢

Notation

Let 1+ a measure on the torus T.
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densitiy function of o¢

Notation

Let 1+ a measure on the torus T.

uncoiled measure fi on [—, 7]
o ji(A):=p({e™|x € A}) forall Ac B((—m,))
o i({-7}) = ({W}) sn({-1})
o [ f(z)du(z) _f (e™) dii(x)

0 < € < 1: Define measure ,u(e) on T by dilatation of the uncoiled
measure [i

. Mfe)([—ﬂ, —em)U (e, m]) =0
o u)(A) =fi(LA) forall A€ B([—em,em))
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Introduction Free cumulants densitiy function of o¢

rolled-up normal distribution v;

fio f(2) dve = [%_F (%) e ¥ dx

Classical multiplicative CLT

Let 1 a probability measure on T with my(niu) = 0 and let

t

v |7 x? dji(x

En =

Then the sequence

Iun = Iu(a"‘) @ coo @ Iul(a")/

Vv
n times

converge weakly to the rolled-up normal distribution v;.
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Introduction Free cumulants densitiy function of o¢

Free multiplicative CLT

Let 1 a probability measure on T with all moments real and let

t

v [T x? dji(x

En =

Then the sequence

o = pE) K- X plEn)

n times

converge weakly to the free rolled-up normal distribution o.

G. P. Chisyakov and F. Gotze, Limit theorems in free probability
theory I, Cent. Eur. J. Math., 2008
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