Second-order Freeness in the Real Case

Emily Redelmeier

February 21, 2011

Emily Redelmeier Second-order Freeness in the Real Case



Outline

Introduction
Asymptotic Freeness
Second-Order Freeness

Genus Expansions for Real Matrices
Calculations for Gaussian Matrices
Cartographic Machinery
The Matrix Models

Real Ginibre Matrices

Gaussian Orthogonal Ensemble Matrices
Real Wishart Matrices

Haar-Distributed Orthogonal Matrices

Genus Expansion

Real Second-Order Freeness

Emily Redelmeier Second-order Freeness in the Real Case



Introduction

Asymptotic Freeness

Second-Order Freeness

Definition
A noncommutative probability space is a unital algebra A equipped
with a tracial linear functional ¢ : A — C with ¢ (14) = 1.
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Introduction

Asymptotic Freeness

Second-Order Freeness

Definition
A noncommutative probability space is a unital algebra A equipped
with a tracial linear functional ¢ : A — C with ¢ (14) = 1.

Definition

Let Az,..., A, € A We say that Aq,..., A, are free if, for any
centred ay,...,am with a; € Ay, and ky # ko # - - - # kn, we have
v(ar---am) =0.
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Introduction

Asymptotic Freeness

Second-Order Freeness

Definition
Let X v 0 Q2 = Muyxn (C) be random N x N matrices for

1 < c < n. The X. y are asymptotically free if, for alternating word

in the colours w and A y in the algebra generated by vaj(ti)) N

/\/ITOOE(H((ALN —E(tr (Ain))) -
(Arn = E(tr (Amn))))) = 0.
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Introduction

Asymptotic Freeness

Second-Order Freeness

Definition
Let X v 0 Q2 = Muyxn (C) be random N x N matrices for

1 < c < n. The X. y are asymptotically free if, for alternating word

in the colours w and A y in the algebra generated by vaj(ti)) N

/\/ITOOE(H((ALN —E(tr (Ain))) -
(Arn = E(tr (Amn))))) = 0.

Independent copies of many important matrix ensembles are
asymptotically free.
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Introduction Asymptotic Freeness

Second-Order Freeness

Definition

A second-order probability space is a noncommutative probability
space (A, ¢) equipped with a bilinear function p: Ax A — C
which is tracial in each argument and has p(14,3) = p(a,14) =0

for all a € A.
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Introduction Asymptotic Freeness

Second-Order Freeness

Definition

A second-order probability space is a noncommutative probability
space (A, ¢) equipped with a bilinear function p: Ax A — C
which is tracial in each argument and has p(14,3) = p(a,14) =0

for all a € A.

The function p models the rescaled covariance of traces.
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Introduction

Asymptotic Freeness

Second-Order Freeness

Definition
Subspaces A1, ..., A, C A are said to be second-order (complex)
free if they are free and (taking indices modulo the appropriate
range),
-1 p
p(ai---ap, by bp) = ¢ (aibk—i)

k=0i=1

o

when the a,...,ap and the by, ..., b, are centred and cyclically
alternating, and
p(ar---ap, by bg) =0

when p # g and the a1, ...,ap and the by, ..., by are centred and
either cyclically alternating or consist of a single term.
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Introduction

Asymptotic Freeness

Second-Order Freeness

The pairing of terms can be represented diagrammatically in spoke
diagrams:

by by by

by by by
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Introduction Asymptotic Freeness

Second-Order Freeness

Definition

Random matrices X : Q — (C) are asymptotically real
second-order free if, for cyclically alternating (or length 1) words in
the colours v and w and for A, y in the algebra generated by

X\%{?N and By n in the algebra generated by vai(ri)),v the

expression

Jim o (Tr (AL — E (tr (A1) -+ (Ap — E (tr (Ap))))
Tr ((Br — E(tr (B1))) -~ (Bg — E(tr (Bq)))))

is equal to 0 whenever p # g,
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Introduction

Asymptotic Freeness

Second-Order Freeness

Definition (cont'd)
and equal to

-1

©

p
] (E (tr (A1Bi—i)) — E (tr (A)) E (tr (Bi—i)))

k=0i=1

whenever p = g > 2.
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Calculations for Gaussian Matrices
. . Cartographic Machiner
Genus Expansions for Real Matrices grap y

The Matrix Models
Genus Expansion

Let:
> tr = %Tr,
> ni,..., N0, positive integers, n:=ny +---+ n,,
AL = A ACD = AT,
[n] =11,...,n},
e:[n] = {1,-1},
Stk (=1) k.

v

v

v

v
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Let X : Q — Mpy«n (R) be a random matrix with Xj; = fij.

1
VN

he Real Case
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Let X : Q = Mp«n (R) be a random matrix with Xj;

We wish to calculate expressions of the form

E (tr ( XEW)p, ... X(e(nl))onl) -

tr (X(a(n1+--.+nr_1+1))Dnl+m+nr71+1 o X(a(n))Dn)> .
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Forv=(c1,...,¢Cn) -+ (Cn1+"~+nr717 SRR C”) € Sn, we define:

Tr, (At An) = Tr (Aq -+ Ag, ) -+ Tr (ACMMHH ---Acn> .

he Real Case
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Forv=(c1,...,¢Cn) -+ (Cn1+"~+nr717 SRR C”) € Sn, we define:

Tr, (At An) = Tr (Aq -+ Ag, ) -+ Tr (ACMMHH ---Acn> .

Then

Tr, (Ar,...,Ap) = Z Ai1i7(1) T Ainify(n)'
1<it,...,in<N
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Then our expression is:

—#v—np(1) (n)
E: N=FD Zi oy Pt o By i ) -
1

1< 1t <M ()
1<e] ety SN
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Then our expression is:

—#v—np(1) (n)
E: N=FD Zi oy Pt o By i ) -
1

1< 1t <M ()
1<e] ety SN

We construct a face for each trace, with the D, matrices as
vertices and the random matrices as edges, arranged cyclically as
they appear in the traces.
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

To calculate the expression
E (tr (XTDlXDQXTDgXD4XTD5XD6>
tr (XTD7XD3XTD9XD1)>>

we construct:
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Calculations for Gaussian Matrices
Cartographic Machinery
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Genus Expansion

Genus Expansions for Real Matrices

We use a formual called the Wick Formula to compute the
expected value expression.
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Calculations for Gaussian Matrices
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Genus Expansion

Genus Expansions for Real Matrices

We use a formual called the Wick Formula to compute the
expected value expression.

Let P2 (n) be the set of pairings on n elements.
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

We use a formual called the Wick Formula to compute the
expected value expression.

Let P2 (n) be the set of pairings on n elements.

Theorem
Let {f\ : A € A}, for some index set N\, be a centred Gaussian
family of random variables. Then for iy,...,i, € A,

E(h--f)= > [ E(A).

Pa(n) {k,I}EPa(n)
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Calculations for Gaussian Matrices
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The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

There are three pairings on 4 elements:

Y Y

he Real Case
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

There are three pairings on 4 elements:

Y Y !

If X1, X5, X3, X4 are components of a multivariate Gaussian
random variable, then

E (X1 X2X3X3) = E (X1 X0) E (XsX4) + E (X0.X3) E (X2 Xa) +
E (X1 X4) E (X2X3) .
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Genus Expansion

Genus Expansions for Real Matrices

Then, for a pairing ™ € P, (n):
1, if ix =iy and jx = jj for all {k, I} €7

H E (fijfiji) = 0, otherwise
e ’
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Genus Expansions for Real Matrices

Then, for a pairing ™ € P, (n):

1, if ix =iy and jx = jj for all {k, I} €7
0, otherwise

H E (fikjk ff/.i/) =
{k.1}

Our expression becomes:

—#y—npy(1) . pm
Z Z N D (1), e(~(1)) D *E(H)LE((’y§n))'

b ) 3
1< uf<M  wEP2(n)
1<07 oty SN =t {k I} ER
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Reversing the order of summation, these become constraints on
the values of the indices:

—#y—n (1) .pm
Z Z N D —e(1) e(v(1)) D —e(n) e(v(n))*
Ll L (1) L

T€P2(n) 1<u],.f <M v
1<eq 5eptn <N
LkiZL/iZ{k,/}Gﬂ'
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Calculations for Gaussian Matrices
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Genus Expansion

Genus Expansions for Real Matrices

Reversing the order of summation, these become constraints on
the values of the indices:

—#vy—n (1) . (n)
Z Z N b L—au)fml)) Do) ctrnn-

TEP2(n) 1§L1+,...¢§M ! v (n)
1<eq 5eptn <N
LkiZL/iZ{k,/}Gﬂ'

We represent these constraints by gluing the edges so that
constrained vertices are adjacent.
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We note that if one term comes from X and the other from X T,
the identification is untwisted.
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Genus Expansions for Real Matrices

We note that if one term comes from X and the other from X T,
the identification is untwisted.
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If both terms come from X or both from X7, the identification
twisted.

S

e Real Case
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Genus Expansions for Real Matrices

If both terms come from X or both from X7, the identification
twisted.

S

e Real Case
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Calculations for Gaussian Matrices
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Genus Expansions for Real Matrices

We construct a (possibly nonorientable) surface this way:

e Real Case
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

We note that the constraints appearing on the D, matrices around
a vertex are exactly those that would appear in a trace.
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

We note that the constraints appearing on the D, matrices around
a vertex are exactly those that would appear in a trace.

Corners which appear upside down become transposed matrices.
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

We note that the constraints appearing on the D, matrices around
a vertex are exactly those that would appear in a trace.

Corners which appear upside down become transposed matrices.

This vertex contributes a factor of Tr (D;D;DJ Dy ).
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Each vertex gives us a trace, and hence a factor of N when
normalized.
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Each vertex gives us a trace, and hence a factor of N when
normalized.

Since the number of faces and edges are fixed, highest order terms
are those with the highest Euler characteristic (typically spheres or
collections of spheres).
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Genus Expansions for Real Matrices

Crossings require handles, so highest order terms typically
correspond to noncrossing diagrams with untwisted identifications.
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Genus Expansion

Genus Expansions for Real Matrices

Crossings require handles, so highest order terms typically
correspond to noncrossing diagrams with untwisted identifications.

If there is no relative orientation of the faces such that there are no
twisted identfications, the surface is nonorientable, so highest order
terms must have a relative orientation of the faces in which none
of the edge-identifications are twisted.
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The permutation 7 encodes face information (cycles enumerate
edges in order).
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The permutation 7 encodes face information (cycles enumerate
edges in order).

A pairing 7, taken as a permutation, encodes edge information on
an orientable surface.
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Genus Expansions for Real Matrices

The permutation 7 encodes face information (cycles enumerate
edges in order).

A pairing 7, taken as a permutation, encodes edge information on
an orientable surface.

1

The permutation v~ "7 encodes vertex information.

Emily Redelmeier Second-order Freeness in the Real Case
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Genus Expansions for Real Matrices

The permutation 7 encodes face information (cycles enumerate
edges in order).

A pairing 7, taken as a permutation, encodes edge information on
an orientable surface.

1

The permutation v~ "7 encodes vertex information.

This construction also works if 7 encodes hyperedges.
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To extend this construction to unoriented surfaces, we construct
the orientable two-sheeted covering space (the surface experience
by someone on the surface rather than within it).
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To extend this construction to unoriented surfaces, we construct
the orientable two-sheeted covering space (the surface experience
by someone on the surface rather than within it).

We do this by constructing a front and back side of each face.
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Genus Expansions for Real Matrices

To extend this construction to unoriented surfaces, we construct
the orientable two-sheeted covering space (the surface experience
by someone on the surface rather than within it).

We do this by constructing a front and back side of each face.

An untwisted edge-identification connects front to front and back
to back, while a twisted edge-identification connects front to back
and back to front.
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Genus Expansions for Real Matrices

We label the front sides with positive integers and the
corresponding back sides with negative integers.
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Calculations for Gaussian Matrices
Genus Expansions for Real Matrices Caritgmifte i)

The Matrix Models
Genus Expansion

We label the front sides with positive integers and the
corresponding back sides with negative integers.

Let 0 : k — —k. A permutation 7w describing something in this
surface should satisfy 7 = é7 1.
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Genus Expansions for Real Matrices

We label the front sides with positive integers and the
corresponding back sides with negative integers.

Let 0 : k — —k. A permutation 7w describing something in this
surface should satisfy 7 = é7 1.

We let vy =+, and v— = §74.
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Cartographic Machinery
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Genus Expansions for Real Matrices

We label the front sides with positive integers and the
corresponding back sides with negative integers.

Let 0 : k — —k. A permutation 7w describing something in this
surface should satisfy 7 = é7 1.

We let vy =+, and v— = §74.

Vertex information is given by ’y:lw_1'y+.
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Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

In the example,

m=(1,-9)(-1,9)(2,7)(—2,-7)(3,4) (-3, —4)(5,10)
(—5,—10)(6,—8)(—6,8).

Emily Redelmeier Second-order Freeness in the Real Case



Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion
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In the example,

m=(1,-9)(-1,9)(2,7)(—2,-7)(3,4) (-3, —4)(5,10)
(—5,—10)(6,—8)(—6,8).

The vertices are given by the cycles of

(1,7,-5,-9)(-1,9,5,-7)(2,4,10) (—2,—10,—4) (3) (—3)
(6,—8)(—6,8).
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Genus Expansions for Real Matrices

In the example,

m=(1,-9)(-1,9)(2,7)(—2,-7)(3,4) (-3, —4)(5,10)
(—5,—10)(6,—8)(—6,8).

The vertices are given by the cycles of

(1,7,-5,-9)(-1,9,5,-7)(2,4,10) (—2,—10,—4) (3) (—3)
(6,—8)(—6,8).

This diagram contributes the term:

N=12Ty <D1D7D5TD9T) Tr (D2Da Do) Tr (D3) Tr (06087)
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Real Ginibre matrices are square matrices Z := X with M = N.

he Real Case

ily Redelmeier Second-order Freeness i




Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion
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Real Ginibre matrices are square matrices Z := X with M = N.

Thus

E (ir, (260, z60))

— Z NX(%567T5€)—#('Y).
ne{pdp:p€P2(n)}
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If we expand out the GOE matrix T := X 4+ X7, we get

1
_ F (tr (xEQ) L xE(m)) L.
z—::{l,...,n}%{l,l} \/§ ( ( >

tr ( X (E(mttn_1+1)) X(e(n)))) ,
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If we collect terms, this is equivalent to summing over all
edge-identifications.

Thus

E(try (T,...,T)) = Z NXOrm)=#(7) |
mePM(£[n])Pa(£[n])
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With Wishart matrices W := X T D, X, we can collapse the edges
corresponding to each matrix to a single edge. We can think of the
connecting blocks as (possibly twisted) hyperedges.
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With Wishart matrices W := X T D, X, we can collapse the edges
corresponding to each matrix to a single edge. We can think of the
connecting blocks as (possibly twisted) hyperedges.

2)
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Thus:

E (tr, (W, -+, W,))

= Z NX(%“)_#(“’)trw(Dl,...,D,,).
r€PM([n])
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A Haar-distributed orthogonal random matrix has probability
measure on the orthogonal matrices which is invariant under
left-multiplication.
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. . Cartographic Machiner
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The Matrix Models
Genus Expansion

A Haar-distributed orthogonal random matrix has probability

measure on the orthogonal matrices which is invariant under
left-multiplication.

We wish to calculate expressions of the form:

E (1r, (0Wpy,...,01"D,))
_ Z N—#’YD(l) .. D(”)

L2®,20 ) (), =(7(n)

Ln L
lngi,...,LﬁgN ~(1) ~(n)
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Theorem (Collins and Sniady, 2006)
If O is a Haar-distributed orthogonal matrix, then

E(Ouj -+ Oij) = Z (1, Wgm)
(m1,m2)E€P2(n)?
fk:i/:{k,/}€7T1
Jk=ji{k,I}€m

where Wg : C[P2 (n)] — C[P2(n)] is the Weingarten function for
orthogonal matrices.
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Definition
Define ® : C[P2 (n)] — C[P2(n)] by letting the entry
corresponding to the pairings w1 and 7 be

<7T1, ¢7T2> — N# of loops in U7T2.
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Definition
Define ® : C[P2 (n)] — C[P2(n)] by letting the entry
corresponding to the pairings w1 and 7 be

<7T1, &)71'2> — N# of loops in U7r2.

Define the Weingarten function

Wg = oL
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Let m = {{1,9},{2,7},{3,4},{5,10},{6,8}} and
m = {{1,10},{2,6},{3,4},{5,9},{7,8} .
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Let m = {{1,9},{2,7},{3,4},{5,10},{6,8}} and
m = {{1,10},{2,6},{3,4},{5,9},{7,8} .

Then 71 U o has 3 loops:

SO <7T1,<T>7T2> = N3.
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We find that the constraints on the Dy matrices are given by the
cycles of the permutation v~15. 71007
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We find that the constraints on the Dy matrices are given by the
cycles of the permutation v~15. 71007

This suggests a diagram in which the two indices of O have
separate edges, identified according to the appropriate 7; (or
hyperedges of the form d.mpd716;).
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If we are calculating
E (tr (ooloDonog,) Cotr (OD4OTD5OTD6OD7OD8)>

and m = (1,2)(3,5) (4,8) (6,7) and m = (1,6) (2,5)(3,7) (4,8),

we construct:
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We note that there are extraneous vertices containing the O
matrices.
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We note that there are extraneous vertices containing the O
matrices.

Theorem (Collins and Sniady, 2006)

If m1 U mo has blocks of size ny, ..., ng, the leading term of the
Weingarten function (w1, Wgma) is

k
H (_1)n,-/2—1 Cni/2_1N#7r17r2/2—n
i=1
where ¢, 1= #H(%’Z’) is the mth Catalan number.
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At leading order, each of these extraneous vertices contributes a
factor of (—1)1(/271 ck/2—1N, where k is the degree of the vertex.
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At leading order, each of these extraneous vertices contributes a
factor of (—1)1(/271 ck/2—1N, where k is the degree of the vertex.

Because each extraneous vertex contributes a factor of N, we
again have an expansion in Euler characteristic.
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At leading order, each of these extraneous vertices contributes a
factor of (—1)1(/271 ck/2—1N, where k is the degree of the vertex.

Because each extraneous vertex contributes a factor of N, we
again have an expansion in Euler characteristic.

Thus:

(tr7 (OE( ) ..,OE(")>>
=Y NSRRI (R ) )
(m1,m2)EP2(n)?
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Definition
The nth mixed moment of (classical) random variables Xi, ..., X,
is an n-linear function defined to be the expectation of their
product:

a,,(Xl,... ,Xn) = E(Xl ce Xn)
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Definition
The cumulants ki, ko, ... are n-linear functions on the algebra of
random variables defined as follows:

Emily Redelmeier Second-order Freeness in the Real Case



Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Definition

The cumulants ki, ko, ... are n-linear functions on the algebra of
random variables defined as follows:

Let P (n) be the set of partitions of n elements.
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Definition

The cumulants ki, ko, ... are n-linear functions on the algebra of
random variables defined as follows:

Let P (n) be the set of partitions of n elements.

For p € P (n) we define

ko (Xt X)) = [ k(XKoo s Xi).
V={i1,...,i,}€p
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Definition

The cumulants ki, ko, ... are n-linear functions on the algebra of
random variables defined as follows:

Let P (n) be the set of partitions of n elements.

For p € P (n) we define

ko (Xt X)) = [ k(XKoo s Xi).
V={i1,...,i,}€p

We define the k; to satisfy the moment-cumulant formula:

an (X1, X)) = > k(X1 Xn).
pEP(n)
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Example

There are 5 partitions of 3 elements:

AARRRANRRY
SARA
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Example

There are 5 partitions of 3 elements:

AARRRANRRY
SARA

Thus

E(XYZ) = a3 (X, Y, Z) = ks (X, Y, Z) + ki (X) ko (Y, Z) +
ko (X, Z) ki (V) + ko (X, Y) ki (Z) + ko (X) k1 (Y) k1 (2) -
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The first four cumulants are:
ki (X) = E(X)
ky(X,Y)=E(XY)-E(X)E(Y)

ks(X,Y,Z) =E(XYZ)—E(X)E(YZ) -
E(XY)E(Y) - E(XY)E(Z) + 2E(X)E(Y)E(2)

ke (X,Y,Z, W) =E(XYZW) — E(X)E (YZW)
—E(XZW)E(Y) —E(XYW)E(Z) — E(XYZ)E (W)
— E(XY)E(ZW) — E(XZ)E(YW) — E (XW)E (YZ)
+2E (XY)E(Z)E (W) +2E(XZ)E(Y)E (W)
+2E (XW)E (Y)E(Z) +2E (X)E (YZ)E(W)
+2E (X)E (YW)E(Z) +2E (X)E (Y)E (ZW)
—6E(X)E(Y)E(2)E (W).

Emily Redelmeier Second-order Freeness in the Real Case



Calculations for Gaussian Matrices
Cartographic Machinery

The Matrix Models

Genus Expansion

Genus Expansions for Real Matrices

Cumulants correspond to connected surfaces (asymptotically).
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Cumulants correspond to connected surfaces (asymptotically).

There is a classification theorem for connected, compact surfaces:
any such surface is a sphere, a connected sum of tori, or a
connected sum of projective planes.
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Cumulants correspond to connected surfaces (asymptotically).

There is a classification theorem for connected, compact surfaces:
any such surface is a sphere, a connected sum of tori, or a
connected sum of projective planes.

For any cumulant, we have an Euler characteristic expansion:

(sphere terms) N™2"72 4 (projective plane terms) N =2 14

(torus and Klein bottle terms) N™2"+

(connected sum of 3 projective planes terms) N™2""2 + - ..
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Real Second-Order Freeness

Let A1,..., A, bein the algebra generated by alternating ensembles
of random matrices. If we expand out an expression of the form

E (tr (A1 — E(tr (A1))) - - (Ar = E(tr (A0)))))

we get

> )ITIE@(A)E (tr (HA-)) :

I1C[r] icl i¢l
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Real Second-Order Freeness

Let A1,..., A, bein the algebra generated by alternating ensembles
of random matrices. If we expand out an expression of the form

E (tr (A1 — E(tr (A1))) - - (Ar = E(tr (A0)))))

we get

> )ITIE@(A)E (tr (HA-)) :

I1C[r] icl i¢l

For an I C [r], the associated term is given by diagrams in which
the A; are disconnected for i € /.
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Real Second-Order Freeness

Expressions like this one can be interpreted in terms of the
Principle of Inclusion and Exclusion.
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Real Second-Order Freeness

Expressions like this one can be interpreted in terms of the
Principle of Inclusion and Exclusion.

Diagrams in which any A; is disconnected are excluded.
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Real Second-Order Freeness

Expressions like this one can be interpreted in terms of the
Principle of Inclusion and Exclusion.

Diagrams in which any A; is disconnected are excluded.

Since diagrams with connected A; require crossings, these vanish
asymptotically.
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Real Second-Order Freeness

In order to find an appropriate definition of second-order freeness,
we want to consider values of

Jim ko (T (A1 — E (1 (A1) -+ (Ap — E (11 (4,)))).
Te((B1 — E (tr (1)) -+ (Bg — E (1r ().
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Real Second-Order Freeness

In order to find an appropriate definition of second-order freeness,
we want to consider values of

Jim ko (T (A1 — E (1 (A1) -+ (Ap — E (11 (4,)))).
Te((B1 — E (tr (1)) -+ (Bg — E (1r ().

We can apply the Principle of Inclusion and Exclusion to this
expression as well, with the same interpretation.
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Real Second-Order Freeness

Now the A; can be connected to the B;.
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Real Second-Order Freeness

Now the A; can be connected to the B;.

If p# g, all terms vanish asymptotically.
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Real Second-Order Freeness

Now the A; can be connected to the B;.

If p# g, all terms vanish asymptotically.

If p = g, then we must construct a “spoke diagram”.
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Real Second-Order Freeness

Now the A; can be connected to the B;.

If p# g, all terms vanish asymptotically.

If p = g, then we must construct a “spoke diagram”.

In the real case, unlike the complex case, we need to consider
spoke diagrams with both relative orientations.
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Real Second-Order Freeness

For p = 3, we must consider these six possible configurations:

be by by

bs bs by
by by by
b} b3 b3

bt bt b
b} b5 b
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Real Second-Order Freeness

On each spoke, we must have a noncrossing diagram on A; and B;
or B
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Real Second-Order Freeness

On each spoke, we must have a noncrossing diagram on A; and B;
or B

This noncrossing diagram must connect A; and BjT.
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Real Second-Order Freeness

On each spoke, we must have a noncrossing diagram on A; and B;
or B

This noncrossing diagram must connect A; and BjT.

The contribution of such a spoke is
E (tr (A;B;)) — E (tr (Aj)) E (tr (B)))

or

E (tr (A;B;)) — E (tr (A) E (tr (B])) .
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Real Second-Order Freeness

Definition

Random matrices X : Q — (C) are asymptotically real
second-order free if, for cyclically alternating (or length 1) words in
the colours v and w and for A, y in the algebra generated by
X‘Ei?,v_and B,y in the algebra generated by vai(r,f)),v the
expression

Jim o (Tr (AL — E (tr (A1) -+ (Ap — E (tr (Ap))))
Tr ((Br — E(tr (B1))) -~ (Bg — E(tr (Bq)))))

is equal to 0 whenever p # g,
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Real Second-Order Freeness

Definition (cont'd)

and equal to

-1

h~l

[T (B (tr (A1Bi—i)) = E (tr (A7) E (tr (Bk—)))

k=0i=1
ST (e (aL)) - 2ot s (51)
k=0 i=1

whenever p = g > 2.
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Real Second-Order Freeness

Definition
Subspaces Aj, ..., A, of a second-order probability space A with
involution A — A? are real second-order free if they are free, and

p(ar---ap,by---bg) =0

whenever p # g with a1, ..., a, and by, ..., by centred and
cyclically alternating (or consisting of a single factor), and

p—1 p—1 p
plar---ap, br,--- bp) = [l (aibe-i) + Y [ (aibys)
k=0 i=1 k=0 i=1
with ai,...,ap and by, ..., b, centred and cyclically alternating.
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