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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Stein’s method (rough idea)

Let µ0 be a probability measure on R.

Part I: Find a class of functions C ⊆ Mb(R) and an operator
A : C →Mb(R) such that∫

R
Af (t)µ(dt) = 0 for all f in C ⇐⇒ µ = µ0.

or in terms of random variables:

E
{
Af (X )

}
= 0 for all f in C ⇐⇒ X ∼ µ0.

Part II: Establish that

lim
n→∞

E
{
Af (Xn)

}
= 0 for all f in C =⇒ Xn → µ0, as n→∞.
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Stein’s Method for the Gaussian distribution

Note that
d
dt

e−t2/2 = −te−t2/2.

Hence if f in C 1
b (R), we have by partial integration:

0 =
1√
2π

∫
R

( d
dt

e−t2/2 + te−t2/2
)
f (t) dt

=
1√
2π

∫
R

(
f ′(t)− tf (t)

)
e−t2/2 dt

= E
{
f ′(X )− Xf (X )

}
,

if X ∼ N(0, 1).
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Stein’s Method for the Gaussian distribution
(con’t)

Assume conversely that

E
{
f ′(X )− Xf (X )

}
= 0 for all f in C 1

b (R).

Putting f (t) = eiut , it then follows that

φ′X (u) + uφX (u) = 0, for all u in R.

This implies that X ∼ N(0, 1).
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Stein’s Method for the semi-circle distribution

Consider the SCD: h(t) dt, where h(t) = 1
2π

√
4− t21[−2,2](t) dt.

Note that for t in (−2, 2),

h′(t) = − 1
2π

t√
4− t2

,

so that

(4− t2)h′(t) + th(t) =
1
2π
(
− t
√

4− t2 + t
√

4− t2
)

= 0.

If f ∈ C 1
b (R) and X ∼ h(t) dt we thus have that

0 =
1
2π

∫ 2

−2

(
(4− t2)h′(t) + th(t)

)
f (t) dt

=
1
2π

∫ 2

−2

(
(t2 − 4)f ′(t) + 3tf (t)

)
h(t) dt

= E
{

(X 2 − 4)f ′(X ) + 3Xf (X )
}
.
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Solving the Stein diff. equation for the SCD

For any C∞-function g : R→ C, the differential equation:

(t2− 4)f ′(t) + 3tf (t) = g(t)− 1
2π

∫ 2

−2
g(t)

√
4− t2 dt, (t ∈ R),

(1)
has a unique C∞-solution on R.

If g ∈ C∞b (R) then so is f .
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Stein’s equation for the SCD

For a random variable X note now that

E
{

(X 2 − 4)f ′(X ) + 3Xf (X )
}

= 0 ∀f ∈ C∞b (R)

⇐⇒ E
{
g(X )− 1

2π

∫ 2
−2 g(t)

√
4− t2 dt

}
= 0 ∀g ∈ C∞b (R)

⇐⇒ E
{
g(X )

}
= 1

2π

∫ 2

−2
g(t)

√
4− t2 dt ∀g ∈ C∞b (R)

⇐⇒ X ∼ h(t) dt.
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Weak convergence to the SCD

For a sequence (Xn) of random variables Xn we note similarly that

lim
n→∞

E
{

(X 2
n − 4)f ′(Xn) + 3Xf (Xn)

}
= 0 ∀f ∈ C∞b (R)

⇐⇒ lim
n→∞

E
{
g(Xn)− 1

2π

∫ 2
−2 g(t)

√
4− t2 dt

}
= 0 ∀g ∈ C∞b (R)

⇐⇒ lim
n→∞

E
{
g(Xn)

}
= 1

2π

∫ 2

−2
g(t)

√
4− t2 dt ∀g ∈ C∞b (R)

⇐⇒ Xn
w−→ h(t) dt.
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The spectral distribution of a selfadjoint random
matrix

Let T be a selfadjoint random n × n matrix with eigenvalues

λ1 ≤ λ2 ≤ · · · ≤ λn.

Then the spectral distribution of T is defined at any Borel set B by

LT (B) =
1
n

∫
Ω

( n∑
j=1

δλj (ω)(B)
)

P(dω)

=
1
n

n∑
j=1

∫
Ω
1B(λj(ω)) P(dω).

By an extension argument it follows that for any bounded Borel
function f , ∫

R
f (t) LT (dt) = E

[
trn(f (T ))

]
.
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Stein’s method for random matrices

Let (Tn) be a sequence of selfadjoint random matrices, such that

lim
n→∞

E
{
trn
(
(T 2

n − 4)f ′(Tn) + 3Tnf (Tn)
}

= 0, ∀f ∈ C∞b (R).

Then
LTn

w−→ 1
2π

√
4− t21[−2,2](t) dt.

In other words

lim
n→∞

E
{
trn
(
f (Tn)

)}
=

1
2π

∫ 2

−2
f (t)

√
4− t21[−2,2](t) dt ∀f ∈ Cb(R).
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The Gaussian Unitary Ensemble (GUE)

Definition. By GUE(n, σ2) we denote the class of n × n random
matrices W satisfying that

∀i ≥ j : wij = wji .

the random variables wij , 1 ≤ i ≤ j ≤ n are independent.

∀i < j : Re(wij), Im(wij) ∼ i.i.d. N(0, 1
2σ

2).

∀i : wii ∼ N(0, σ2).
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The spectral distribution of GUE(n, 1
n)

Let Wn be a random matrix in GUE(n, 1
n ).

Then LWn(dx) = hn(x) dx , where

hn(x) =
1√
2n

n−1∑
j=0

ϕj
(√n

2x
)2.

ϕ0, ϕ1, ϕ2, . . . are the Hermite functions:

ϕk(x) = 1
(2kk!

√
π)1/2 Hk(x) exp(− x2

2 ), (k ∈ N0),

H0,H1,H2, . . ., are the Hermite polynomials:

Hk(x) = (−1)k exp(x2) ·
( dk

dxk exp(−x2)
)
.
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Stein’s method for SCD in the GUE case

The spectral density hn for the GUE(n, 1
n ) satisfies the third order

differential equation:

1
n2 h′′′n (t) + (4− t2)h′n(t) + thn(t) = 0, (t ∈ R).

Hence for any function f in C∞b (R) we find that

0 =

∫
R

f (t)
[
n−2h′′′n (t) + (4− t2)h′n(t) + thn(t)

]
dt

=

∫
R

[
− n−2f ′′′(t)− (4− t2)f ′(t) + 3tf (t)

]
hn(t) dt.

Thus, if Wn ∼ GUE(n, 1
n ) we have that

E
{
trn
[
(W 2

n − 4)f ′(Wn) + 3Wnf (Wn)
]}

=
1
n2E

{
trn
[
f ′′′(Wn)

]}
.
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Proof of the differential equation for hn (sketch)

If Φ denotes the confluent hypergeometric function, we have

ψ(z) :=

∫
ezxhn(x) dx = exp( z2

2n ) · Φ(1− n, 2;− z2

n ).

The function w(x) = Φ(a, b; x) satisfies the diff. eq.

x
d2w
dx2 + (b − x)

dw
dx
− aw = 0.

Setting z = −iy for y in R, it follows that

n2iy ĥ′′n(y) + 3n2iĥ′n(y) + (4n2iy − iy3)ĥn(y) = 0.

Fourier inversion!
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Asymptotic expansion for the GUE

Let g be a function from C∞b (R), and let f be the solution to

(t2 − 4)f ′(t) + 3tf (t) = g(t)− 1
2π

∫ 2

−2
g(t)

√
4− t2 dt, (t ∈ R).

Then,

E
{
trn
[
g(Wn)− 1

2π

∫ 2
−2 g(t)

√
4− t2 dt

]}
= E

{
trn
[
(W 2

n − 4)f ′(Wn) + 3Wnf (Wn)
]}

=
1
n2E

{
trn
[
f ′′′(Wn)

]}
.

In other words,

E
{
trn
[
g(Wn)

]}
=

1
2π

∫ 2

−2
g(t)

√
4− t2 dt +

1
n2E

{
trn
[
f ′′′(Wn)

]}
.
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Asymptotic expansion for GUE random matrices

For any function g in C∞b (R) there exists a (unique) sequence
(αj(g))j∈N of complex numbers, such that for any k in N

E
{
trn(g(Xn))

}
=

∫
R

g(x)hn(x) dx =

1
2π

∫ 2

−2
g(x)

√
4− x2 dx +

α1(g)

n2 +
α2(g)

n4 + · · ·+ αk(g)

n2k + O(n−2k−2).

More precisely

αj(g) =
1
2π

∫ 2

−2
[T jg ](x)

√
4− x2 dx ,

and
O(n−2k−2) =

1
n2k+2

∫
R

[
T k+1g

]
(x)hn(x) dx .

Here T : C∞b (R)→ C∞b (R) is the linear operator given by
T (g) = f ′′′.
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Asymptotic expansion for the GUE (con’t)

One may verify that

αj(g) =
1
π

3j−1∑
k=2j

Cj ,k
k!

(2k)!

∫ 2

−2
g (k)(x)

Tk( x
2 )

√
4− x2

dx ,

where Cj ,2j ,Cj ,2j+1, . . . ,Cj ,3j−1 are constants.

Moreover T0,T1,T2, . . . are the Chebychev polynomials given by

Tk(cos θ) = cos(kθ), (θ ∈ [0, π], k ∈ N0).
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A diff. equation for the Cauchy transform of hn

The Cauchy transform of a GUE(n, 1
n ) random matrix Xn is given

by

Gn(λ) = E
{
trn
(
(λ111n−Xn)−1)} =

∫
R

1
λ− x

hn(x) dx , (λ ∈ C\R).

Set fλ(x) =
1

λ− x
, (x ∈ R, λ ∈ C \ R).

It follows then as before by partial integration that

0 =

∫
R

fλ(x)
(
n−2h′′′n (x) + (4− x2)h′n(x) + xhn(x)

)
dx

=

∫
R

[
− n−2f ′′′λ (x)− (4− x2)f ′λ(x) + 3xfλ(x)

]
hn(x) dx

= n−2G ′′′n (λ) + (4− λ2)G ′n(λ) + λGn(λ)− 2.
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Asymptotic expansion for Gn

Consider the asymptotic expansion:

Gn(λ) =

∫
R

1
λ− x

hn(x) dx

= H0(λ) +
H1(λ)

n2 + · · ·+ Hk(λ)

n2k + O(n−2k−2).

Insert this into the differential equation:

n−2G ′′′n (λ) + (4− λ2)G ′n(λ) + λGn(λ) = 2.

Then we obtain a sequence of differential equations:

(λ2 − 4)H ′k(λ)− λHk(λ) = H ′′′k−1(λ), (k ∈ N).

These can be solved successively using that

H0(λ) =
1
2π

∫ 2

−2

1
λ− x

√
4− x2 dx =

λ

2
− 1

2
(
λ2 − 4

)1/2
.
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Explicit formulae

Using the technique described above we obtain

H1(λ) =
1

(λ2 − 4)5/2 ,

H2(λ) =
21(λ2 + 1)

(λ2 − 4)11/2 ,

H3(λ) =
1738 + 6138λ+ 1485λ2

(λ2 − 4)17/2 .
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Explicit formulae

Generally we have that

Hj(λ) =

3j−1∑
r=2j

Cj ,r (λ2 − 4)−r−1/2.

Here Cj ,r , 2j ≤ r ≤ 3j − 1, are constants satisfying the recursion
formulae

Cj+1,r =
(2r − 3)(2r − 1)

r + 1
(
(r − 1)Cj ,r−2 + (4r − 10)Cj ,r−3

)
.
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A formula of Pastur and Scherbina

Let Xn be a random matrix in GUE(n, 1
n ).

Then for any functions f , g in C∞b (R) we have

Cov
{
Trn(f (Xn)),Trn(g(Xn))

}
=

∫
R2

( f (x)− f (y)

x − y

)(g(x)− g(y)

x − y

)
ρn(x , y) dx dy .

Here,

ρn(x , y) =
n
4

(
ϕn
(√n

2x
)
ϕn−1

(√n
2y
)
− ϕn−1

(√n
2x
)
ϕn
(√n

2y
))
.
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Weak convergence of ρn(x , y)λ(dx ,dy)

Proposition. We have the following weak convergence:

ρn(x , y)λ2(dx , dy)
w−→ ρ(x , y)λ2(dx , dy) as n→∞.

Here,

ρ(x , y) =
1

4π2
4− xy

√
4− x2

√
4− y2

1[−2,2](x)1[−2,2](y),

In particular, if Xn ∼ GUE(n, 1
n ) for all n, then

lim
n→∞

Cov
{
Trn[f (Xn)],Trn[g(Xn)]

}
=

∫
R2

( f (x)− f (y)

x − y

)(g(x)− g(y)

x − y

)
ρ(x , y) dx dy ,

for all suitably “nice” functions f , g

ESI 2011



Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

ρn in terms of hn

Proposition. For any n in N we have that

ρn(x , y) =
1
4

(
h̃n(x)h̃n(y)− 4h′n(x)h′n(y) +

1
n2 h′′n(x)h′′n(y)

)
,

where
h̃n(x) = hn(x)− xh′n(x).

Consequently, for any function f in C∞b (R2),∫
R2

f (x , y)ρn(x , y) dx dy =

1
4

∫
R2

f (x , y)h̃n(x)h̃n(y) dx dy −
∫
R2

f (x , y)h′n(x)h′n(y) dx dy

− 1
4n2

∫
R2

f (x , y)h′′n(x)h′′n(y) dx dy .
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By Fubinis Theorem and partial integration we get that∫
R2

f (x , y)h′n(x)h′n(y) dx dy =

∫
R2

∂2

∂x∂y
f (x , y)hn(x)hn(y) dx dy ,

∫
R2

f (x , y)h′′n(x)h′′n(y) dx dy =

∫
R2

∂4

∂x2∂y2 f (x , y)hn(x)hn(y) dx dy ,

and∫
R2

f (x , y)h̃n(x)h̃n(y) dx dy =∫
R2

[
4f (x , y) + 2x ∂

∂x f (x , y) + 2y ∂
∂y f (x , y) + xy ∂2

∂x∂y f (x , y)
]

· hn(x)hn(y) dx dy .
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Asymptotic expansion for hn(x)hn(y) dx dy .

Proposition. For any function f in C∞b (R2) there exists a
sequence (βn(f ))n∈N0 of complex numbers such that

∫
R2

f (x , y)hn(x)hn(y) dx dy =
k∑

j=0

βj(f )

n2j + O(n−2k−2)

for any k in N0.
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Sketch of Proof.

For fixed x in R, f (x , ·) ∈ C∞b (R) and hence∫
R

f (x , y)hn(y) dy =
k∑

j=1

ηj(x)

n2j +
1

n2k+2 Rk(x),

where

ηj(x) =
1
2π

∫ 2

−2

[
T j f (x , ·)

]
(t)
√

4− t2 dt, (x ∈ R, j = 1, . . . , k),

and

Rk(x) =

∫
R

[
T k+1f (x , ·)

]
(t)hn(t) dt, (x ∈ R).

By Fubinis Theorem,∫
R2

f (x , y)hn(x)hn(y) dx dy =
k∑

j=1

∫
R

ηj(x)hn(x)

n2j dx+

∫
R

Rk(x)hn(x)

n2k+2 dx .
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Sketch of Proof (continued)

Using continuity properties of T it follows that

C f
k := sup

x∈R
|Rk(x)| <∞, and that ηj ∈ C∞b (R).

Therefore, ∫
R

Rk(x)hn(x)

n2k+2 dx = O(n−2k−2).

In addition, for each j we have an expansion:∫
R
ηj(x)hn(x) dx =

k−j∑
l=0

ξjl (f )

n2l + O(n−2k+2j−2),

for suitable complex numbers ξj0(f ), . . . , ξjk−j(f ).
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Sketch of Proof (continued)

Altogether,∫
R2

f (x , y)hn(x)hn(y) dx dy

=
k∑

j=1

∫
R

ηj(x)hn(x)

n2j dx +

∫
R

Rk(x)hn(x)

n2k+2 dx

=
k∑

j=0

( k−j∑
l=0

ξjl (f )

n2(l+j) + O(n−2k−2)
)

+ O(n−2k−2)

=
k∑

r=0

n−2r
( r∑

j=0

ξjr−j(f )
)

+ O(n−2k−2).
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Asymptotic expansion for covariances

For any functions f , g in C∞b (R), there exists a sequence
(βn(f , g))n∈N of complex numbers, such that

Cov
{
Trn[f (Xn)],Trn[g(Xn)]

}
=

∫
R2

( f (x)− f (y)

x − y

)(g(x)− g(y)

x − y

)
ρn(x , y) dx dy

=
k∑

j=0

βj(f , g)

n2j + O(n−2k−2).

for any k in N0.
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Proof of Asymptotic expansion for covariances

Use the previous Theorem on the function ∆f (x , y)∆g(x , y), where

∆f (x , y) =

{
f (x)−f (y)

x−y , if x 6= y ,

f ′(x), if x = y .

Note that

∆f (x , y) =

∫ 1

0
f ′(sx + (1− s)y) ds, ((x , y) ∈ R2),

so that
∆f ∈ C∞b (R2).
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The two-dimensional Cauchy transform

For λ, µ in C \ R, λ 6= µ, we have

Gn(λ, µ) := Cov
{
Trn[(λ111n − Xn)−1],Trn[(µ111n − Xn)−1]

}
=

∫
R2

(µ− λ)−2
( 1
λ− x

− 1
µ− x

)( 1
λ− y

− 1
µ− y

)
ρn(x , y) dx dy .

Recall that

ρn(x , y) =
1
4

(
h̃n(x)h̃n(y)− 4h′n(x)h′n(y) +

1
n2 h′′n(x)h′′n(y)

)
,

where
h̃n(x) = hn(x)− xh′n(x).
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The two-dimensional Cauchy transform
(continued)

From the above formulae we obtain that
Gn(λ, µ)

= − 1
2(λ− µ)2

[
G̃n(λ)G̃n(µ)− Ĝn(λ)Ĝn(µ) + 1− 1

n2 G ′′n (λ)G ′′n (µ)
]
,

where

G̃n(λ) = Gn(λ)− λG ′n(λ)

Ĝn(λ) = 2G ′n(λ)− 1.

By inserting the asymptotic expansions for Gn(λ) and Gn(µ) we
then obtain

Gn(λ, µ) = G (λ, µ) +
k∑

j=1

Jj(λ, µ)

n2j + O(n−2k−2).
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

General Wishart distributions

Let α and γ be real numbers in (−1,∞) and (0,∞), respectively,
and let n be a positive integer.

The Wishart distribution Wish(n, α, γ) with parameters (n, α, γ) is
the probability measure on Mn(C)sa with density

S 7→ c1 · (det S)α · exp(−γ−1Trn(S)) · 1Mn(C)+
(S),

with respect to Lebesgue measure Mn(C)sa.

A selfadjoint random n× n matrix with distribution Wish(n, α, γ) is
called a Wishart matrix with parameters (n, α, γ).
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Gaussian Wishart matrices (Wishart ∼ 1928)

Suppose m, n are positive integers such that m ≥ n, and put
α = m − n.

Let further B = (bij) be a random m × n matrix such that

Re(bij), Im(bij), 1 ≤ i ≤ m, 1 ≤ j ≤ n,

are i.i.d. with distribution N(0, 1
2).

Then B∗B ∼Wish(n, α, 1).
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

The spectral distribution of a Wishart matrix

Let W be a Wishart matrix with parameters (n, α, γ).

Then for any bounded Borel function f : [0,∞)→ R we have

E
{
Trn(f (W ))

}
= γ−1

∫ ∞
0

f (x)σn,α,γ(x) dx ,

σn,α,γ(x) =
n−1∑
j=0

ϕαk (γ−1x)2 dx ,

ϕαk (x) =
[ k!

Γ(k+α+1)x
α exp(−x)

]1/2 · Lαk (x), (k ∈ N0).

(Lαk )k∈N0 is the sequence of generalized Laguerre polynomials
of order α:

Lαk (x) = (k!)−1x−α exp(x)· d
k

dxk

(
xk+α exp(−x)

)
, (k ∈ N0).
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

The Marchenko-Pastur Law

For each n in N, let Wn be a Wishart matrix with parameters
(n, αn,

1
n ), and put cn = 1 + αn

n .

Assume that cn → c ∈ [1,∞) as n→∞.

Then for any function f in Cb(R), we have that

lim
n→∞

E
{
trn[f (Wn)]

}
=

∫ b

a
f (x)µc(x) dx .

Here µc is the Marchenko-Pastur Law with parameter c , i.e.,

µc(dx) =

√
(x − a)(b − x)

2πx
1[a,b](x) dx ,

where a = (c1/2 − 1)2 and b = (c1/2 + 1)2.
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Asymptotic expansion for Wishart matrices

Let c be a number in [1,∞), and for each n in N, let Wn be a
Wishart matrix with parameters (n, n(c − 1), 1

n ).

For any function f ∈ C∞pol(R) and for any k in N we have

E
{
trn
(
f (Wn)

)}
=

∫ ∞
0

f (x)σn,c(x) dx

=

∫ b

a
f (x)µc(dx) +

β1(f )

n2 +
β2(f )

n4 + · · ·+ βk(f )

n2k + O(n−2k−2),

for suitable constants β1(f ), . . . , βk(f ).
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Outline of proof – Step I

For f in C∞pol(R), put

f̃ (x) =

{
f (x)−f (0)

x , if x > 0,
f ′(0), if x = 0.

Then f̃ ∈ C∞pol(R), and

f (x) = f (0) + xf (x), (x ∈ R).

Hence ∫ ∞
0

f (x)σn,c(x) dx = f (0) +

∫ ∞
0

f (x)xσn,c(x) dx .

Therefore it suffices to establish asymptotic expansion for∫ ∞
0

f (x)xσn,c(x) dx .

Note that

µ̃n,c(dx) := c−1xσn,c(x) dx w−→ (2πc)−1
√

(x − a)(b − x) dx =: µ̃c(dx).
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Outline of proof – Step II

The function τc(x) = 1
2πc

√
(x − a)(b − x) satisfies the differential

equation:

(x − a)(b − x)τ ′c(x) + (x − (c + 1))τc(x) = 0.

Hence for any function f in C∞pol(R) we get by partiel integration:∫ b

a

[
(x − a)(x − b)f ′(x) + 3(x − (c + 1))f (x)

]
µ̃c(dx) = 0.
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Outline of proof – Step III

Proposition. For any function g from C∞pol(R), there is a unique
function f from C∞pol(R) satisfying that

g(x)−
∫ ∞

0
g(x) µ̃c(dx) = (x−b)(x−a)f ′(x) +3(x− (c +1))f (x).

Steins Method for µ̃c : For a sequence µn of probability measures
it follows that

µn
w→ µ̃c

m

∀f :

∫ ∞
0

[
(x − b)(x − a)f ′(x) + 3(x − (c + 1))f (x)

]
µn(dx)→ 0.
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Outline of proof – Step IV

Put τn,c(x) = xσn,c(x).

Then τn,c satisfies the differential equation

(x − a)(x − b)τ ′n,c(x)−
(
x − (c + 1)

)
τn,c(x)

=
1
n2

(
x2τ ′′′n,c(x) + xτ ′′n,c(x)

)
.

Hence by partiel integration (in the distribution sense) it follows
that∫ ∞

0

(
(x − b)(x − a)f ′(x) + 3

(
x − (c + 1)

)
f (x)

)
τn,c(x) dx

=
1
n2

∫ ∞
0

(
4f ′(x) + 5xf ′′(x) + x2f ′′′(x)

)
τn,c(x) dx .
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Outline of proof – Step V

Moreover, for any function g in C∞pol(R) we have that∫ ∞
0

g(x) τn,c(x) dx

=

∫ b

a
g(x) µ̃c(dx) +

1
n2

∫ ∞
0

(
4f ′(x) + 5xf ′′(x) + x2f ′′′(x)

)
τn,c(x) dx ,

where f is the solution to

g(x)−
∫ ∞

0
g(x) µ̃c(dx) = (x−b)(x−a)f ′(x) +3(x− (c +1))f (x).
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Asymptotic exp. for the Cauchy transform of σn

Consider for λ in C \ R the Cauchy transform

Sn,c(λ) =

∫ ∞
0

1
λ− x

τn,c(x) dx = −1 + λ

∫ ∞
0

1
λ− x

σn,c(x) dx .

Then we have the asymptotic expansion

Sn,c(λ) = I0(λ) +
I1(λ)

n2 +
I2(λ)

n4 + · · ·+ Ik(λ)

n2k + O(n−2k−2).

It follows from the differential equation for τn,c that

1
n2

[
λ2S ′′′n,c(λ)+λS ′′n,c(λ)

]
+(b−λ)(λ−a)S ′n,c(λ)+(λ−c−1)Sn,c(λ) = 2c .
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Stein’s method Random Matrices As. exp. for GUE Cauchy Transform As. exp. for covariances 2-dim. Cauchy Transform Wishart case

Concrete formulae

As in the Wigner case, we get a sequence of differential equations:

(λ− b)(λ− a)I ′k+1(λ)− (λ− c − 1)Ik+1(λ) = λ2I ′′′k (λ) + λI ′′k (λ),

which may be solved successively:

I0(λ) =
λ

2
− c + 1

2
− 1

2
(
(λ− b)(λ− a)

)1/2
,

I1(λ) =
cλ2

(λ− a)5/2(λ− b)5/2 ,

I2(λ) =
cλ2(1 + 6c2 − 4c3 + c4 − 4c + 10(1− c − c2 + c3)λ)

(λ− a)11/2(λ− b)11/2

+
cλ2((−15 + 39c − 15c2)λ2 − 4(1− c)λ3)

(λ− a)11/2(λ− b)11/2 .
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