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Stein’s method
Stein’s method (rough idea)

Let 1o be a probability measure on R.

Part I: Find a class of functions C C M(R) and an operator
A: C — Mp(R) such that

/Af(t),u(dt)—Ofor all fin C < p = po.
R

or in terms of random variables:

E{Af(X)} =0forall finC < X ~ po.

Part Il: Establish that

lim E{Af(Xn)} =0forall finC = X, — po, asn— oc.

n—oo
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Stein’s method

Stein’s Method for the Gaussian distribution

Note that q
ae—tz/z _ _te—tz/z‘

Hence if f in Cg(R), we have by partial integration:

1 d t2/2 t2/2
- = . f.’
° \/QTF /]R (dl’e te ) (t) dt

_ i / . e—t2/2
_wmAU“)HM) dt
— E{f/(X) - XF(X)).

if X ~ N(0,1).
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Stein’s method

Stein’s Method for the Gaussian distribution

(con’t)

Assume conversely that
E{f'(X) — Xf(X)} =0 for all f in C5(R).
Putting f(t) = e!“t, it then follows that
O (u) + upx(u) =0, for all uin R.

This implies that X ~ N(0, 1).
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Stein’s method

Stein’s Method for the semi-circle distribution

Consider the SCD: h(t)dt, where h(t) = iﬂl[_z,zl(t)dt.
Note that for t in (—2,2),
H(t)=—=—
so that
(4 — O)W() +th(t) = - (~ /a2 4 1V/a— ) =0
If f € CL(R) and X ~ h(t)dt we thus have that

1 2

0 ((4 — )W (t) + th(t)) f(t) dt
1 2
=2/,

(2 — 4)f'(t) + 3tf(t)) h(t) dt

=E{(X? - 4)f'(X) + 3XF(X)}.



Stein’s method

Solving the Stein diff. equation for the SCD

For any C*-function g: R — C, the differential equation:

(£~ 4)F/(1) + 3¢F(8) = (1) — - / VA 2dt, (teR),
(1)

has a unique C*°-solution on R.

If g € Cp°(R) then so is f.
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Stein's method
Stein’s equation for the SCD

For a random variable X note now that

E{(X? — 4)f'(X) + 3Xf(X)} = 0 Vf € CZ°(R)

— E{g(X) - £ [%g(t)Va4—t2dt} =0 Vg e C(R)

2
= ]E{g(X)} = 217r/_2g(t)\/4 t2dt Vg e G°(R)

<= X ~ h(t)dt.
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Stein's method
Weak convergence to the SCD

For a sequence (X,) of random variables X, we note similarly that

lim E{(X? — 4)f'(X,) +3Xf(Xa)} =0 Vf e G°(R)

n—oo

— lim E{g(X,) — = f_22 g(t)V4—t2dt} =0 Vg e C°(R)

n—o0
2
— lim E{g(X,)} = ;ﬂ/ g(t)V4—t2dt Vg e C°(R)
n—00 )

= X, = h(t)dt.
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Random Matrices

The spectral distribution of a selfadjoint random

matrix

Let T be a selfadjoint random n x n matrix with eigenvalues
A< A << A

Then the spectral distribution of T is defined at any Borel set B by

Lr(B) =~ /Q (iax,.(w)(s)) P(dw)
j=1

By an extension argument it follows that for any bounded Borel
function f,

/f(t Lr(dt) = E[tra(F(T))].



Random Matrices
Stein’s method for random matrices

Let (T,) be a sequence of selfadjoint random matrices, such that

lim E{tr,((T7 —4)f'(T,) +3T,f(T,)} =0, Vfe CPR).

n—oo

Then )
LT, LN 7\/ 4 — 1.'21[,272](1') dt.
s

In other words

2
Tim E{tr(F(T,))} = % / AOVA=PILag(0)d VF € GR),
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The Gaussian Unitary Ensemble (GUE)

Definition. By GUE(n, 0%) we denote the class of n x n random
matrices W satisfying that

o Vi>j: wj=wj.
o the random variables wj;, 1 <7 < j < n are independent.
o Vi < j: Re(wy), Im(w;) ~ iid. N(0,352).

e Vi: Wij ~ N(O,O’Z).
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Random Matrices

The spectral distribution of GUE(n, 1)

Let W, be a random matrix in GUE(n, ).

Then Ly, (dx) = hy(x) dx, where

n—1

o hn(x) = \/1272%(\/@)2.

J=0

® 0, 1,2, ... are the Hermite functions:

k(%) = Grmrme H(x) ep(=%), (k€ No),

@ Hy, Hi, Ho, ..., are the Hermite polynomials:

dk

Hi(x) = (~1)* ep(x*) - (7 exp(—3?)).



Stein’s method for SCD in the GUE case

The spectral density h, for the GUE(n, 1) satisfies the third order
differential equation:

%hﬁ,”(t) + (4= )M (t) + tho(t) = 0, (¢t € R),

Hence for any function f in C2°(R) we find that
0_/f [0 2 () + (4 — )R, (0) + thi(1)] dt
= [ L= 20 = (@ = () + 3t ()] b e)
Thus, if W, ~ GUE(n, ) we have that
E{tra (W2 — 0)F (W) + 3Waf(W,)]} = LE{ira [ (W,)]}.
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Random Matrices

Proof of the differential equation for h, (sketch)

If ® denotes the confluent hypergeometric function, we have

¢(Z) = /erhn(x) dx = exp(é%) . ¢(1 _ n’2; _é)

@ The function w(x) = ®(a, b; x) satisfies the diff. eq.
d’w dw
XW+(b*X)E*aW:0

Setting z = —iy for y in R, it follows that
n?iy b (y) + 3n%ih)(y) + (4n?iy —iy®)ha(y) = 0.

Fourier inversion!
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As. exp. for GUE

Asymptotic expansion for the GUE

Let g be a function from Cp°(R), and let f be the solution to

(2 — B)F(£) + 3tF(t) = g(t) / (OVa—2dt, (teR).
Then,
Bt [s(W) — 2 % 6(1)VA— 2ar])
:]E{tr,,[ (W2 — 4)f' (W,) + 3W,f(W,)]}

E{t [F"(Wh)]}.

In other words,
1 2 1 "
E{tra[g(W)]} = 5 /_ &()V/a— 2 de+ B i [(W)] ).
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As. exp. for GUE
Asymptotic expansion for GUE random matrices

For any function g in C;°(R) there exists a (unique) sequence
(aj(g))jen of complex numbers, such that for any k in N

E{tra(g(X))} = /

L P gy “ﬁf)+---+“k<g>+o< o

More preC|se|y

1 [ _.
aj(g) = 27T/_2[T1g](x)\/4—x2 dx,

and
1

—2k—2y _ k+1
O(n )= oy /R [T g] (x)hn(x) dx.
Here T: Cp°(R) — Cp°(R) is the linear operator given by
T(g) = "




Asymptotic expansion for the GUE (con’t)

One may verify that

3j—1 5 X
1 k! Tk(%)
aj(g) = — E Gk () (x 27 dx,
ie) ™5, J’k(2k)!/_2g () 4—x2
where Cj i, Cj2jy1, ..., Cj3j—1 are constants.

Moreover Ty, T1, T2, ... are the Chebychev polynomials given by

Tk(cos ) = cos(kb), (0 €10,7], k € Np).
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A diff. equation for the Cauchy transform of h,

The Cauchy transform of a GUE(n, %) random matrix X, is given
by

Go(A) = E{tra(Ay—X,) 1)} = /

x) dx, (A € C\R).

n
A—X

Set f,\(x):/\ix, (xR, A€C\R).

It follows then as before by partial integration that

0—/6\ _2h'” (x)+ (4 —x2)hf,(x)+xh,,(x)) dx

_ /R [— n2F"(x) — (4 — x2)£(x) + 3xFx(x)] hn(x) dx
=n2G(N) + (4 = N)G)(A) + AGa(N) —
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Cauchy Transform

Asymptotic expansion for G,

Consider the asymptotic expansion:
1
Gn(N) = / hn(x) dx
R

= Ho(A) + Hln(f) ot Hsz(j) +0(n"%2).

Insert this into the differential equation:
n2G"(\) + (4 — X2)G:(\) + AGp(N) = 2.
Then we obtain a sequence of differential equations:
(X2 = A)H () — AH(A) = H4 (), (ke ).

These can be solved successively using that
1 (%1 A
Ho(A\) = — ——— V4 —x2dx == —
o) =5 / S A—x TS
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Cauchy Transform
Explicit formulae

Using the technique described above we obtain

1
Hl(>\) = ()\2 _ 4)5/27
21(\% + 1)
H2(>\) = ()\2 _ 4)11/27
1738 + 6138\ + 1485)2
Hs(A) = (A2 — 4)17/2
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Cauchy Transform
Explicit formulae

Generally we have that

3j—1

B =3 G\ — )12,

r=2j
Here Cj,, 2j < r < 3j — 1, are constants satisfying the recursion

formulae

(2r—3)(2r —1)
r+1

Cj—l—l,r = ((r - 1)Cj,r—2 + (4r - 1O)C:i,r—3)-
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As. exp. for covariances
A formula of Pastur and Scherbina

Let X, be a random matrix in GUE(n, 1).
Then for any functions f, g in C;°(R) we have

COV{Tr,, Xn)), Tra(g(Xn ))}

_ /Rz (f(X) - f(y)) (g(X) - g(y))pn(x’y) dx dy.

xX—Yy X—Yy

Here,

pn(x,y) = 2 (20(v/3)%n-1(v/3y) = on1(v/EX)2n(V3Y)).
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As. exp. for covariances

Weak convergence of p,(x, y) A(dx, dy)

Proposition. We have the following weak convergence:
pn(X, ) Xa(dx, dy) == p(x,y) Aa(dx,dy) as n — ooc.

Here,

1 4 — xy

Pxy) =1 T %1[ 2.2)(

In particular, if X, ~ GUE(n, %) for all n, then

X)L 2.2 (¥);

||m Cov{Tr,,[f )], Tralg(X ]}

[ (0 (80 4, vy,

X—y X—Yy

for all suitably “nice” functions f, g
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As. exp. for covariances
pn in terms of h,

Proposition. For any n in N we have that

pn(x:9) = 3 (BaB(y) = A0, 0) + 5K CR))

where y
hn(x) = ha(x) — xh),(x).

Consequently, for any function f in CEO(RQ),

/ f(x,y)pn(x,y)dxdy =
RZ

2 ey () ha(y) dxdy — / F(x, ), ()R (y) dx dy

4 Jp2
1 /!
4n2/ f(x,y)h,(x)h,(y)dxdy.
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Transform As. exp. for covariances 2-dim. Cauchy Trans

Stein's method Random Matrices As. exp. for GUE Cauch

By Fubinis Theorem and partial integration we get that

82
/ / _
[ bt dxdy = [ S0t x)hbly) dxay.
! 1 64
[ Ao BB axdy = [ o Fxphalhnly) dxdy.
and
R2 f(x, Y)%n(x);’n(y) dxdy =

|, ) 253 £ y) 20§y ) 75 9]

- hp(x)hn(y) dx dy.
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As. exp. for covariances

Asymptotic expansion for h,(x)h,(y) dxdy.

Proposition. For any function f in C3°(IR?) there exists a
sequence (5n(f))nen, of complex numbers such that

R2 n

k .
f(x,¥)hn(x)hn(y)dxdy = Z ,6}(25) + O(n—2k—2)
J=0

for any k in Npy.
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As. exp. for covariances
Sketch of Proof.

For fixed x in R, f(x,-) € C;°(R) and hence

k
/f(xyh(y dy:zmn(x 2k+2 Ri(x),
Jj=1

where
2
nj(x):;/ [T/ (x,)](t)V4 — t2dt, (xeR, j=1,... k),
™ J_2
and

Rk(x):/R[Tk+1f(x,.)](t)hn(t)dt, (x € R).

By Fubinis Theorem,

/R2 f(x,y)hn(x)hn(y)dxdy = Z/ 10)hn(x) h (X) /Rwdx'
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As. exp. for covariances
Sketch of Proof (continued)

Using continuity properties of T it follows that

Cf = sup|Ri(x)| < oo, andthat n; € C°(R).
x€R

Therefore,
/ Rk(X)h”(X) dx = O(n—2k—2)‘
R

n2k+2

In addition, for each j we have an expansion:

k—=j j
& (f TS
[nmixax =3 9 1 o2
R /=0
for suitable complex numbers f{;(f), . ,ﬂ;_j(f)_
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Sketch of Proof (continued)

Altogether,

. f(x,¥)hn(x)hn(y) dxdy
Z h X X
/ 77_[ ( ) /l; 5723( 2( )dX

(E_:J e+ O(n—Zk—Z)) + O(n 22

I
M»

.
[l
o

I
M»

n 2f(§r:5{j(f)) +0(n~%72),
j=0

\
Il
<}
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As. exp. for covariances

Asymptotic expansion for covariances

For any functions f, g in C;°(R), there exists a sequence
(Bn(f, g))nen of complex numbers, such that

Cov{Trp[f(Xn)], Tralg(Xa)]}

[ (A0 (6 -0y, ey

X—Yy XYy

K
_ Z 51'(:2}@ +O(n2),
=0

for any k in Np.
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As. exp. for covariances

Proof of Asymptotic expansion for covariances

Use the previous Theorem on the function Af(x,y)Ag(x,y), where

f)=fly)
Af(x,y) = =y EXFY,
f'(x), if x=y.

Note that

Af(x,y):/o Flsc+ (1—s)y)ds,  ((xy) € R2),

so that
Af € C[,’O(Rz).
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2-dim. Cauchy Trans
The two-dimensional Cauchy transform

For A\, v in C\ R, X\ # p, we have

Go(\, p) = Cov{Tr,,[()\l,, — Xn)~ 1] Tr,[(1ln — Xp) 1]}

:/R2(Iu_)\)_2()\ix B Mi)()()\iy - #iy)pn(X,y)dxdy.

Recall that

pnly) = 5 (FalVhuly) — 4K (OBY) + W CRAY)),

where

hn(x) = ha(x) — xh)(x).
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2-dim. Cauchy Trans

The two-dimensional Cauchy transform

(continued)

From the above formulae we obtain that
Gn(A, 1)

e [ VB) — GG ) + 1~ 616 0]
where

Gn(X) = Ga(X) — AGJ(N)
Go(N) =2G'(\) — 1.
By inserting the asymptotic expansions for G,(A) and Gp(u) we

then obtain

< ()
_ ’ —2k-2
Go(A i) = G(A )+~ i +0(n ).
j=1
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General Wishart distributions

Let @ and v be real numbers in (—1,00) and (0, 00), respectively,
and let n be a positive integer.

The Wishart distribution Wish(n, «,v) with parameters (n, a, ) is
the probability measure on M,(C)s, with density

S - (detS)*- exp(—’y_lTr,,(S)) . an(C)+(S),
with respect to Lebesgue measure M,(C)ga.

A selfadjoint random n x n matrix with distribution Wish(n, a, ) is
called a Wishart matrix with parameters (n, a, 7).
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Gaussian Wishart matrices (Wishart ~ 1928)

Suppose m, n are positive integers such that m > n, and put
a=m-—n.

Let further B = (bj;) be a random m x n matrix such that
Re(bj),Im(by), 1<i<m, 1<j<n,
are i.i.d. with distribution N(0, %)

Then B*B ~ Wish(n, , 1).
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The spectral distribution of a Wishart matrix

Let W be a Wishart matrix with parameters (n, a, 7).

Then for any bounded Borel function f: [0,00) — R we have

E{Tea(F(W))} =~ /O T F(X)0man (%) dx,

Y2 19(x), (k€ Np).

k!
° ¢i(x) = [rumarny ¥ &xp(—x)]
® (L)keny, is the sequence of generalized Laguerre polynomials
of order a:
dk

L(x) = (K) 5 exp(x) 1

xk+e exp(—x)), (k € Nop).
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The Marchenko-Pastur Law

For each nin N, let W, be a Wishart matrix with parameters
(n,an, ), and put ¢, = 1+ 22,

Assume that ¢, — ¢ € [1,00) as n — oc.

Then for any function f in Cp(R), we have that

b
nli_)rr;OIE{tr,,[f( Wo)l} :/a f(x) pe(x) dx.
Here pc is the Marchenko-Pastur Law with parameter ¢, i.e.,

(x —a)(b—x)

2mx

peldx) = 1oy (x) dx
where a = (c/2 — 1)? and b = (/2 4+ 1)2.
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Asymptotic expansion for Wishart matrices

Let ¢ be a number in [1,00), and for each nin N, let W, be a
Wishart matrix with parameters (n, n(c — 1), ).

For any function f € ngl(R) and for any k in N we have
E{trn(f(W,,))}
= / f(x)on,c(x)dx
0
b f p ‘
= / f(x) pe(dx) + /81”(2) + an(4) 4+t 5;2(1) + O(n_Zk_z),

for suitable constants S1(f), ..., Bk(f).
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Outline of proof — Step |

For f in C5(R), put

i O - if x > 0,
=1,
(0), if x=0.

Then f € Cra(R), and
f(x) = f(0) + xf(x), (x € R).

/f X)on,c(x /f X)X c(x)dx.

Therefore it suffices to establish asymptotic expansion for

/000 f(x)xon,c(x) dx.

Hence

Note that

finc(dx) == ¢ txonc(x) dx = (2m¢c) "1/ (x — a)(b — x) dx =: fic(dx).



Outline of proof — Step I

The function 7c(x) = 52=+/(x — a)(b — x) satisfies the differential

; 2mc
equation:
(x —a)(b— x)TL(x) + (x — (c + 1))7c(x) = 0.

Hence for any function f in ngl(R) we get by partiel integration:

b
/ [(x — a)(x — b)F'(x) + 3(x — (c + 1))f(x)] fie(dx) = 0.
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Outline of proof — Step Il

Proposition. For any function g from C7(R), there is a unique
function f from C75)(R) satisfying that

g(x) - /OOO 8(x) fic(dx) = (x = b)(x — a)f'(x) +3(x — (c +1))f ().

Steins Method for [i.: For a sequence p,, of probability measures
it follows that

W~

Hn = fbe

v

vF /Ooo [(x — b)(x — a)F(x) + 3(x — (c + 1))F(x)] jn(cdx) — 0.
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Outline of proof — Step IV

Put 7, c(x) = x0p,c(x).
Then 7, ¢ satisfies the differential equation
(x = a)(x = b)m, (x) = (x = (¢ + 1)) Tne(x)

= (P ) + xrle(0).

Hence by partiel integration (in the distribution sense) it follows
that

/°° <(X —b)(x —a)f'(x) +3(x — (c+ 1))f(X)>Tn,c(X) dx
0

_1 /0 - (47706) + 5xF"(x) + x2F"(x) ) nelx) lx

n2
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Outline of proof — Step V

Moreover, for any function g in C5(R) we have that

/ " g(x) me(x) dx

/a £ i) + % /0 h (4F100) + 55" (x) + X2F"(3) ) e ()

where f is the solution to

g(x)— /OOO 8(x) fic(dx) = (x = b)(x — a)f'(x) +3(x — (c +1))f ().
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Asymptotic exp. for the Cauchy transform of o,

Consider for A in C\ R the Cauchy transform

[e.9]

>~ 1 1
Snc(A) = —Th dx=—-14 X —0n dx.
W= [T Imear =142 [T o x

Then we have the asymptotic expansion

KO L BOY L KO

—2k—-2
SncX) = () + 232 + 22+ 4 O(n ),

It follows from the differential equation for 7, . that

LRSI EASL W] BN (A=) (W) +H(A-e-1)S, () = 2c.
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Concrete formulae

As in the Wigner case, we get a sequence of differential equations:
(A= bYA= @)1 (V) = (A = € = D)liega () = A27(N) + A (),

which may be solved successively:

A c+1 1 1/2
I — 2 _ T (= _
c)?
h(\) =
A2(1+6c% —4c3+c* —4c+10(1 — c— c? + 3))N)
h(A) =

(A — a)11/2()\ _ b)11/2
N cA2((—15+39¢ — 15c2)A\2 — 4(1 — c)A3)
(A — a)11/2()\ _ b)11/2 )
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