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1 Introduction

As a model problem we consider the Dirichlet boundary value problem for the Laplace
equation,

—Au(z) =0 forzeQ, wu(zr)=g(x) forzel =09Q, (1.1)

where Q C R3 is a bounded Lipschitz polyhedron. Using an indirect approach, the solution
of (1.1) can be described as single layer potential

w(z) = (Vw)(z) = /FU*(x,y)w(y) ds, forz e, (1.2)
where * L1
T = e

is the fundamental solution of the Laplacian. It is well known, see, e.g. [2], that Vo
H=Y2(T') — HY(S). The unknown density w € H~'/2(T) is then found by applying the
interior Dirichlet trace operator 7™ : H'(Q) — HY2(T') to (1.2) which results in the
boundary integral equation

(Vw)(z) = / U'(z,y)w(y)ds, = g(xz) forxz eT, (1.3)

T

and which is equivalent to a Galerkin-Bubnov formulation: Find w € H~Y2(T") such that
(Vw,v)r = (g,v)p for allv e HY2(T). (1.4)

Since the single layer boundary integral operator V = yéntf/ : HY2(I) — HY*(I) is
elliptic, [6],
(Vw,w)p > ¢} Hsz_l/Q(F) for allw € H~Y*(T), (1.5)
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unique solvability of the variational formulation (1.4) follows. Moreover we can deduce a
stability and error analysis of related boundary element discretization schemes, see, e.g., [7].
Error estimates then rely on the regularity of w = Vg, i.e. on the regularity of the given
Dirichlet datum g, and on the mapping properties of the single layer boundary integral
operator V. In the case of a Lipschitz domain Q we have that V : H=1/2¥5(T") — H/2+5(T)
is bijective for all s € [—3, 3], see [2, 8], while in the case of a polyhedral bounded domain
this remains true for |s| < sy where sq > % is determined by the related interior and
exterior angles in corners and at edges, see, e.g., [5], and [4] for the two—dimensional case.

The error estimate for the Galerkin solution of the Galerkin-Bubnov variational formu-
lation (1.4) is given, due to Cea’s lemma, in the energy norm in H~/2(T"). Hence, to derive
error estimates in stronger norms, e.g. in L*(T"), we have to use an inverse inequality for
the used boundary element space and where we have to assume a globally quasi—uniform
boundary element mesh, see, e.g., [7] for a more detailed discussion. In fact, this excludes
non—uniform and adaptive meshes as often used in practice.

Instead of the Galerkin-Bubnov variational formulation (1.4) we will consider a Galerkin—
Petrov variational formulation which allows the use of different trial and test spaces, both
in the continuous and discrete setting. In this case, the ellipticity estimate (1.5) has to be
replaced by an appropriate stability condition, also known as inf sup condition. While the
analysis of the Galerkin-Bubnov formulation (1.4) relies on a related domain variational
formulation in H'(£2), our analysis is based on using a Galerkin—Petrov domain variational
formulation for which we have to introduce suitable Sobolev spaces. With this we can
not only conclude known mapping properties of the single layer boundary integral opera-
tor, but we can establish a new stability condition which ensures unique solvability of the
Galerkin—Petrov variational formulation.

In this note we will not consider a stability and error analysis of related Galerkin—
Petrov boundary element methods which will be a topic of further research. In fact,
such an approach can also be used for Galerkin-Petrov variational formulations in weaker
Sobolev spaces, e.g., when the given Dirichlet data have reduced regularity, for example
if we have g € L*(T") only, see, e.g., [1]. However, the main focus of future work will be
on the extension of this concept to the mathematical and numerical analysis of boundary
integral equation and boundary element methods for time-dependent problems such as the
heat equation, see, e.g., [3] for related Galerkin—Bubnov formulations.

2 Strong domain variational formulation

For the Dirichlet boundary value problem (1.1) we consider, instead of a standard domain
variational formulation in H'(Q) which is based on Green’s first formula, a Galerkin—Petrov
variational formulation. For this we introduce

Ha(Q) = {v e HY(Q): Ave LQ(Q)} c HY(Q),

with the norm
HU”?“{A(Q) = HU”%%Q) + HVUH%%Q) + ”AU”%%Q) :
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Then we have to find u € Ha(2) satisfying u(x) = g(z) for « € I such that
/[—Au(x)]v(:p) dr =0 forallve L*(Q), (2.1)
Q

where we have to assume that the given Dirichlet datum g is in the Dirichlet trace space
YCHA(Q) C H1/2'(T). In particular, let u, € Ha(Q2) be a bounded and norm preserving
extension of g € 7" HA(Q) with

lllgprraiey =, min _ llolas@) = llugllzaw - (2.2)

veEHA (Q):’U‘F

It remains to find ug € X5 := HA(Q) N Hy () such that

ag(ug,v) := /Q[—Auo(:c)]v(x) dx = /Q[Aug(a:)]v(:c) dr for allv € Y := L*(Q). (2.3)

Related to the trial and test spaces we introduce the associated norms

1/2
Jullxs = [HWHim) + ”AuHiﬂ(Q)} s olls = lvllzae -
Lemma 2.1 The bilinear form of the variational problem (2.3), is bounded, i.e.
|as(u, v)| < [Jullxgllvllvs  for allu € X, v eYs,

and satisfies the stability condition

Amin (€2)

as(U,'U)
cs||ullxs < sup T4 ()

0#£vEYy ||U||Ys

forallu € Xg, cs=

where Apin(€2) s the minimal eigenvalue of the Dirichlet eigenvalue problem
—Au(z) = u(z) forz e, wu(z)=0 forzel.

Proof.  The boundedness of the bilinear form ag(-,-) is a direct consequence of the
Cauchy—Schwarz inequality,

|as(u, v)| = /Q[—AU(JJ)]U(@ dx| < [|Aull 2@ vl z2@) < lJullxslvllys-

To prove the stability condition we consider © € Xg and choose v = u — Au € Ys. By
using the minimal Dirichlet eigenvalue for the Laplacian in €2,

2
@ = i 1Vl
0£ve H) (Q) HU”%2(9)



and Holders inequality we have

lollvs = llu = Aullzq) < lJullze) + [[Au 20
1

V )\min(Q)

1 1/2 ) ) 1/2 1+ Amin(9)

as(u,v) = ag(u,u — Au) = /Q[—Au(:c)] [u(z) — Au(x)] dz

_ /Q —Au(z)]u(z) dx + / [Au(z))? de

Q

- /Q|Vu(x)|2dx+/g[Au(x)]2dx

IVl 2 + [|Aul| 2

Then,

)\min<Q>

2 2 2
= IVullZe + 1Aulza = llulls = /775 o5

[l xsl[ollvs

implies the stability condition as claimed. |

As a consequence of Lemma 2.1 we conclude unique solvability of the variational problem
(2.3) to obtain u = ug + uy, € Ha(€2). In particular, when chosing in (2.1) v = —Au €
L?(Q), this gives

HAUH%Q(Q) = /Q[—Au(:c)]2 dr = 0. (2.4)

For the solution u € HA(Q) C H'(Q) of the variational formulation (2.1) we note that the
interior Neumann trace

Yty(z) ;= lLim  n, - Vau(T) 0

= f r 2.
Q573 —z€el 8nxu<x) oree (2:5)

is well defined, at least we have vy € H~'/2(T) due to duality arguments and the
use of Green’s first formula. To do a more detailed analysis, for u € HA()) we define
Y = Au € L*(Q2) and we consider the Dirichlet boundary value problem

—A¢(z) =¢(x) forz e, o¢(x)=0 forxel.

In the case of a domain €2 with a sufficient smooth boundary I' or in the case of a convex
polyhedron we find ¢ € H?*(Q), and therefore Ha(Q) = H?*(Q) follows. However, this
is not true when the domain €2 is polyhedral bounded, but non—convex. In this case,
HA(Q) includes harmonic functions which are not in H?(2) but in H%(Q), s < s;, for some
S; > %, see, for example, [5, Corollary 2.6.7]. In any case, the Neumann trace operator
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A HA(Q) = 4 HA(Q) is well defined, implying the Neumann trace space 7" H (1),
and satisfying

71y ey < ON [[V][aa)  for allv € HA(Q). (2.6)
Lemma 2.2 Let u € HA(S) be the unique solution of the variational formulation (2.1).
Then,
t
il U2tz ) < IVUllZ2q)- (2.7)

Proof. Let u = ug + u, € Ha(f2) be the unique solution of (2.3). We then define

) = ule) =7 7= 17 [a@ds. [ o) ds =0,
and where u is the unique solution of the Dirichlet boundary value problem
—Au(z) =0 forzxeQ, u(z)=g(x)—~ forxel.
Obviously, u € Ha(Q), and (2.6) together with (2.4) then implies

mt ~

H’V mcHA o) = HUHHA(Q = Hﬂ”%%n) + HVﬁH%Q(Q) + HAﬂ”%%Q)
()
= 7z + IValliz@ =l q) -

Since an equivalent norm in H'() is given by

2
oy = | [ vle)dse] + 190l

we immediately conclude

1nt~H2

H’V SHAQ) S C ”ﬁ’ﬁ{%(ﬂ) =c |’Vﬂ|’%2(ﬂ) .

Inserting u = u — v concludes the proof. ]
In addition to the interior Dirichlet boundary value problem (1.1) we also consider the
exterior Dirichlet problem
—Au(r) =0 forx e Q :=R"\Q, wu(z)=g(xr) forxeTl, (2.8)
where in addition we have to impose a suitable radiation condition,
u(z) = O(1/]z|) as|z| = cc. (2.9)

When introducing the bounded domain Q, := B,\Q with B, := {z € R : |z| < 7}, and
chosing r > 0 such that 2 C B,, we can proceed as in the case of the interior Dirich-
let boundary value problem (1.1), when considering the limit r — oo and the radiation
condition (2.9). As in (2.7) we may define the exterior Neumann trace of the solution u
satisfying

ext

Ce [V ul e 1y @) < IV UllZ20e)- (2.10)
Note that Ha (%) € H*(Q), s < se, for some s, > 3 which may differ from s;.
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3 Ultra week domain variational formulation

To derive mapping properties of the single layer boundary integral operator V' we may
also consider the ultra week domain variational formulation, see, e.g., [1]. Multiplying the
partial differential equation in (1.1) with a test function v € Ha(Q) N HJ (), integrating
over (), and applying integration by parts twice, this gives

0= [ [-Au(z)]v(x)dx = Vu(x) - Vo(x) dz
Q Q
- /Qu(x)[—Av( x)]dx +/ u(x )8ia; () dsy .

When inserting the Dirichlet boundary condition, this results in the Galerkin—Petrov vari-
ational formulation to find u € Xy = L*(Q2) such that

ay(u,v) ::/Qu(x)[Av(x)] dx:/g(x)aixv(az) ds, (3.1)

T

is satisfied for all v € Yy = HA(Q) N Hg(2). In this case we have to assume that the given
Dirichlet datum g is in the dual of the interior Neumann trace space, i.e. g € [\ HA(Q)].
We obviously have Xy = Ys and Yy = Xg, respectively, with the associated norms

1/2
ullx, = llullzz@),  vllve = [IIWII%m) + ([ A2

Similar as in Lemma 2.1 we can prove boundedness,
lay (u, v)| < |Jullx,l|v|ly, forallue Xy, ve Yy,

and the stability condition

a u, v
eslullxy < sup 2l&?)

for all u € Xy.
0£veYy ”UHYU

As a consequence, we conclude unique solvability of the variational problem (3.1) to obtain
u e XU = Lz(Q)
4 Single layer potential

We now consider the single layer potential (1.2), u(z) = (Vw)(z), z € R3\I'. When defining

g= %nti, we observe that u is a solution of the Dirichlet boundary value problem (1.1)

being also the unique solution of the strong Galerkin—Petrov formulation (2.1). To ensure
u € Ha(Q), we chose ¢ € [HA(€2)]" and we consider

(Vw, V) ma@xiia@) = /@/) /U*xy) w(y) ds, dzx
— [ww [ @il deds, = (opue
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where the duality pairing has to be specified. Using the Newton potential

o) = (Now)(y) = / U* (2, y)(e)de fory €

and the Dirichlet datum ¢(y) = ¢(y) = (No)(y) for y € T', we note that ¢ € Xy is the
solution of the Dirichlet boundary value problem

—Ayp(y) =v(y) foryeQ, oly)=¢(y) foryel.

In fact, ¢ € Xy solves, due to ¥ € [Ha(Q)] C Y{, = [HA(Q) N H(Q)], the ultra—week
variational formulation

/ng(x)Av(:c) dr = /F¢(:c)aimv(x) ds, — /Qw(x)v(x)dx for all v € Y.

This variational formulation implies

/

. / .
6= € Y] = [FHY(©) 0 Ha(9)
from which we further conclude
w € WUIHH(Q) N Ha(Q)] = 1™ Ha(Q)
as well as o
VA HA(Q) = HaA(Q),

and finally, ' '
VM HA(Q) = 19 Ha () (4.1)

follows. In particular, when Ha(Q) C H*(Q)is satisfied for 3 < s < s;, we have
V:H"3() — H2(T).
Since we can do the same considerations subject to the exterior problem, we finally conclude
V:HYT) — H*(T) foralls€ (1,min{s; —1/2,s, —1/2}). (4.2)
Note that in the case of a polygonal bounded domain €2 C R? this result was already given
. [?D]ﬁe to the mapping properties (4.2) and when assuming g € H*(I') for some s €
(1, min{s;, s.}) we may consider the Galerkin-Petrov variational formulation to find w €

H*7Y(T") such that
(Vw,v)r = (g,v)r forallve H*(). (4.3)

To prove unique solvability of the Galerkin—Petrov formulation (4.3) we need to establish
an appropriate stability condition.



Theorem 4.1 Let w € H*"Y(T) be given for some s € (1, min{s;, s.}). Then there holds
the stability condition

<Vw7 U>F
Hs-1() < sup —
over—=(r) [Vl =)

(4.4)

ey [|lwl
with a positive constant ¢,y > 0 independent of w.

Proof. In fact, we follow the standard approach to prove the ellipticity estimate (1.5),
see, e.g., [6, 7]. Since u = Vw is harmonic in €, Green’s first formula implies

J

With the jump relations for the interior Dirichlet and Neumann trace operators for the
single layer potential we have

0 2
anxu(a:)u(:c) dsm:/Q\Vu(a:)\ dx . (4.5)

() = (Ve)(@), Wule) = Swle) + (K'w)(r) forzel,

where in addition to the single layer boundary integral operator V we used the adjoint
double layer boundary integral operator,

(K'w)(z) = /F 821 U*(z,y)w(y)ds,, xeTl.

Hence, (4.5) gives
1
<(§I + K w, Vw)r = ||Vu||%z(9) .

When doing the same considerations subject to the exterior Dirichlet boundary value prob-

lem, this gives
1
(51— K'Y, Viohe = [Vl

Note that in R? the single layer potential v = Vw satisfies the radiation condition (2.9).
Now we conclude, by using (2.7) and (2.10),

int t
(w, Vw)r = HVUH%Q(Q) + ||VU||%2(QC) > cif| " U||12Hs—1(r) + celln™ U||§{s—1(r)-
On the other hand we have

int t int t
||w||12ys—1(r) = ||y — " U||§Js—1(r) <2 (Hﬂn U||§Js—1(r) + [P U||12Hs—1(r)>

and therefore we obtain

(w, Vi > es w0y > ey ollmro ol
due to H*}(T') ¢ H*(T') for s > 1, which finally gives (4.4). [
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From the stability condition (4.4) we can conclude unique solvability of the Galerkin—Petrov
formulation (4.3).
By using
(Vw,v)r = (w, Vu)p forw € H*YT'),v € H*(T)

we can define the single layer boundary integral operator V : H=%(T") — H'~%(T"), which
satisfies the following stability condition.

Lemma 4.2 Let v € H™® be given for some s € (1, min{s;,s.}). Then there holds the
stability condition

v
ey [ollg-s@ < sup Vv, w)r
0£weHs—1(T) | w]

(4.6)

Hsfl(r‘)

with the positive constant cy > 0 as used in (4.4).

Proof. For g € H*(T") we find, by solving (4.3), w € H*7}(T"), and the stability condition
(4.4) gives

Vw,v)r g,0)r
L L L LY
ozver—@) |Vla-s)y  orver—sm) |V]la-5(r)
Using duality we then conclude the stability estimate
<'Uvg>f‘ 1 <'vaw>f‘

lolg—ewy = sup <=y
otger(r) l9llm=@y = v ogwen—1(ry Wl me—r(r)

as claimed. ]

Using the indirect single layer potential u(z) = (Vv)(x), z €  we can describe the solution
of the Dirichlet boundary value problem (1.1) with a given Dirichlet datum g € H'=*(T),
i.e. v e H*(I") is the unique solution of the Galerkin—Petrov formulation

(Vu,w)pr = (g,w)r for allw € H>}T). (4.7)

Due to s > 1 it is possible to consider g € L*(I') C H'™%(T") within the variational
formulation (4.7) which can be seen as the boundary integral equation counter part of the
ultra—week finite element formulation [1].

Remark 4.1 In the two-dimensional case Q C R? we need to have w € H*"1(T') with the
constraint (w, 1)r = 0 to satisfy the radiation condition (2.9) for the single layer potential
u(z) = (Vw)(z) as |z| — 0o. To ensure solvability of the Galerkin—Petrov formulation
(4.3), g has to satisfy the solvability condition (g, weg)r = 0 with the natural density weq =
V=, So solvability of the Dirichlet boundary value problem (1.1) for general g can always

be guaranteed when considering an appropriate additive splitting of g(x) = v, + g(x),

_ {gweqr
Yo = (Lweg)r
results then remain true when considering appropriate factor spaces.

, where we have to assume diam$) < 1 to ensure (1, weg)r > 0. All other
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