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Stable boundary element domain decomposition
methods for the Helmholtz equation

O. Steinbach, M. Windisch

Institut fiir Numerische Mathematik, TU Graz,
Steyrergasse 30, 8010 Graz, Austria

{o.steinbach,markus.windisch}@tugraz.at

Abstract

In this paper we present a stable boundary element domain decomposition method
to solve boundary value problems of the Helmholtz equation via a tearing and inter-
connecting approach. A possible non—uniqueness of the solution of local boundary
value problems due to the appearance of local eigensolutions is resolved by using
modified interface conditions of Robin type, which results in a Galerkin boundary el-
ement discretization which is robust for all local wave numbers. Numerical examples
confirm the stability of the proposed approach.

1 Introduction

The time-harmonic modeling of acoustic waves in a bounded Lipschitz domain Q C R?
results in the complex valued boundary value problem

Au(x) + [k(2)Pu(z) =0 forz € Q, —u(z)=g(x) forT =09, (1.1)
where k € R is the wave number, and n, is the exterior normal vector which is defined
for almost all x € I'. For simplicity we only consider Neumann boundary conditions in this
paper, but Dirichlet or boundary conditions of mixed type can be treated in a similar way.
We assume that the boundary value problem (1.1) admits a unique solution, i.e., £ is not
an eigenvalue of the associated Neumann eigenvalue problem of the Laplace operator.
The aim of this paper is to formulate and to analyze boundary element domain decompo-

sition methods for an efficient and parallel solution of the boundary value problem (1.1).
For this we consider a non—overlapping domain decomposition

p

i=1



where the subdomains §2; are assumed to be Lipschitz and simply connected. The local
interface I';; between two neighbored subdomains €2; and €2;, and the global interface I';
are given by

Ty =%nQ;, TIi=Jry
2

In addition, I's := I'; UT defines the skeleton of the domain decomposition (1.2). Note
that in the case of composite materials, see, e.g., [1, 21], we may also consider piecewise
constant wave numbers, i.e.

k(r) = k; forxeQ, i=1,...,p. (1.3)

Moreover, we may also include an exterior subdomain €y := R*\Q when modeling also
the surrounding area. Instead of the global boundary value problem (1.1) we now consider
local boundary value problems

9]
Au;(z) + kiu(x) = 0 for z € Q, a—nul(a:) =g(x) forzel;NT, (1.4)

together with the transmission or interface conditions

0 0

ui(x) = u;(z),
Standard domain decomposition methods, see, e.g., [16, 18, 20], are based on the use of
local Dirichlet to Neumann maps

ti(z) == %ul(x) = (S.,ui)(x) forxely, (1.6)

where u; is the solution of the local Dirichlet boundary value problem
Aui(z) 4 kiug(x) =0 forax € Q,  wi(x) =u;(x) forx €Ty (1.7)

While in the case of the Laplace equation the solution of a local Dirichlet boundary value
problem and therefore the Dirichlet to Neumann map (1.6) is well defined, this is not
always the case for the local Helmholtz equation (1.7). In particular, when A = £? is an
eigenvalue of the Dirichlet eigenvalue problem

—Au,(r) = du(z) forz €€, wui(x) =0 forxely, (1.8)

the local Dirichlet to Neumann map (1.6), i.e. the local Steklev—Poincaré operator Sy, is
not well defined. Note that the problem of non—uniqueness of local Dirichlet boundary
value problems can be avoided just by using sufficiently small subdomains €2; to ensure
“? < Amin(€2;). But such an approach is not very practicable in applications.



The boundary element discretization of the local Dirichlet to Neumann maps (1.6) leads
to a system of linear algebraic equations to be solved in parallel. For an efficient itera-
tive solution we will apply tearing and interconnecting methods [6, 11] which require the
solution of local Neumann boundary value problems

iuz(a:) = ti(z) forxzel;. (1.9)

Au; fui(z) =0 f Q;
wi(x) + kijui(x) = 0 forx € €Y, o,

Note that the local Neumann boundary value problem (1.9) is not uniquely solvable when
p = k7 is an eigenvalue of the Neumann eigenvalue problem

—Auy(x) = pui(x) for x € €, %ul(x) =0 forzel;. (1.10)
Hence, instead of the Neumann transmission condition in (1.5) we will consider interface
conditions of Robin type which allow a unique solution of the related subproblems [5].
Moreover, the use of the symmetric boundary integral formulation to include Robin type
interface conditions will also resolve the non—unique definition of the local Dirichlet to
Neumann maps in the case when the local wave number x? is an eigenvalue of the Dirichlet
eigenvalue problem (1.8).
The finite element tearing and interconnecting (FETI) method was introduced in [6] as a
dual version of classical iterative substructuring methods. FETI methods are well estab-
lished as powerful and robust parallel solvers for large—scale finite element equations in
different fields of applications, see, e.g., [7, 15]. For a rigorous theoretical analysis, see, for
example, [2, 9, 13, 20]. In particular, for second—order self-adjoint elliptic problems such
as the potential equation or the linear elasticity problem, the FETI approach is based on
an equivalent minimization problem with constraints, which is reformulated by using dis-
crete Lagrange multipliers to enforce the continuity of the primal unknowns. The resulting
FETTI algorithm then requires the solution of local Dirichlet and Neumann boundary value
problems which can be done in parallel. For floating subdomains, appropriate subspace
methods can be used for the solution of the local Neumann problem, when the kernel,
e.g. the rigid body motions in elasticity, is known. Recently, the boundary element tearing
and interconnecting (BETT) methods [11] have been introduced, for an inexact data—sparse
BETT algorithm, see [10]. In particular in electromagnetic and acoustic scattering problems
a boundary element approach has some advantages over a finite element approach in the
treatment of unbounded regions, or when considering composites with piecewise constant
material parameters.
In this paper we aim to formulate and to analyze stable boundary element domain de-
composition methods for an efficient and parallel solution of an interior boundary value
problem of the Helmholtz equation where the related bilinear form is not elliptic anymore.
Although we cannot consider an equivalent minimization problem to derive the dual formu-
lation, the latter can be deduced by using algebraic arguments only. But due to the possible
appearance of local eigensolutions of related Dirichlet or Neumann eigenvalue problems of
the Laplace operator, the local Dirichlet or Neumann boundary value problems may not



be solvable, i.e., the local Steklov—Poincaré operator may not be well defined, or it is not
invertible. In [5], a FETI approach was considered to solve Helmholtz problems where
the Neumann transmission conditions were replaced by interface conditions of Robin type
to ensure a unique elimination of the primal unknowns. Indeed, by using modified Robin
type interface conditions it is possible to derive a boundary element domain decomposition
method which is stable for all local wave numbers.

This paper is organized as follows: In Sect. 2 we discuss the solution of local Dirichlet and
Robin type boundary value problems by using boundary integral equations. This leads to a
boundary integral representation of local Steklov—Poincaré operators which are valid for all
wave numbers. In Sect. 3 we formulate related domain decomposition methods and analyze
their stable discretization by using Galerkin boundary element methods. Numerical results
are given in Sect. 4 to demonstrate the stability of the proposed approach.

2 Dirichlet and Robin type boundary value problems

Within this section we consider boundary value problems of the Helmholtz equation with
respect to some bounded domain 2 C R? with Lipschitz boundary I' = 9. Later we will
apply these results to the subdomains §2; as introduced in the domain decomposition (1.2).

2.1 Boundary integral operators
Any solution of the Helmholtz equation
Au(z) + K*u(r) = 0 forz € QCR?

can be described by using the representation formula, see, e.g., [8, 12, 17, 19],
u(z) = /U*(x y)t(y)ds, — /—U* Ju(y)ds, forz € Q (2.1)

where ‘
1 emlr*yl

0
t(y) == aTuQ/)a yel
Y

are the fundamental solution of the Helmholtz equation and the associated normal deriva-
tive of the solution u, respectively. By taking the Dirichlet and Neumann traces of the
representation formula (2.1) we obtain a system of boundary integral equations which can
be written by means of the Calderon projector C on I' as

<?)::<¥5fkgf@q)(?)::c(?) 22)

wm@:/mmW@%, /¥4ﬁ uly)ds,

U; —



are the single and double layer potentials, and

(K L8) /(9 o p)Ho)ds,,  (Da)(a -—a% Ui )ut)ds,

are the adjoint double layer potential and the hypersingular boundary integral operator,
respectively. The mapping properties of all boundary integral operators as introduced
above are well known, see, e.g., [4, 8, 12, 14, 17, 19]. In particular, from the projection
property C? = C of the Calderon projector C as defined in (2.2) we conclude as in the case
of the Laplace operator [19] the following relations:

LT

Klivl{ = VHK/I;7 K,;Dn = Dlivli7 DRVH = (2 9

[+ K,). (2.3)

Moreover, by using the duality pairing

e = [ o@irEds,

r

for all v € HY2(I") and 7 € H~Y2(T") we obtain

(Vew, T)r = (w,V_,.7)r, (K., 7)r= (v, K, 7)r, (D.u,v)r = (u,D_.v)r.

2.2 Dirichlet boundary value problems

The Dirichlet to Neumann map is defined via the solution of the Dirichlet boundary value
problem
Au(z) + k*u(z) = 0 forx €Q, wu(x) = g(x) forz €T. (2.4)

Lemma 2.1. If k? is not an eigenvalue of the Dirichlet eigenvalue problem (1.8), then
for any g € HY?(T) there exists a unique solution v € H*(Q) of the Dirichlet boundary
value problem (2.4), i.e. u = Sg, where the solution operator S : HY*(T') — HY(Q) is
well defined and bounded. If A\ = k* is an eigenvalue of the Dirichlet eigenvalue problem
(1.8) with an associated eigenfunction wuy, then the Dirichlet datum g has to satisfy the
solvability condition

0
ong

(g,t)r =0, t\(z)= ux(xz) forxz el. (2.5)
Moreover, the solution of the Dirichlet boundary value problem (2.4) is only unique up to
the eigensolution uy,

u="u+auy, o€l (uuyg=0.

Proof. Tf k? is not an eigenvalue of the Dirichlet eigenvalue problem (1.8), the assertion
follows as in the case of the Laplace equation, see, e.g, [12, 18].



2

It remains to consider the case when A = k° is an eigenvalue of the Dirichlet eigenvalue

problem (1.8). From Green’s first formula

/ [Vu(a) - Vo(e) — wu(ayo(a)|dr = / [~ Aufa) — ku(e)vla)d + / Sula)o(o)ds,

Q

we first obtain Green’s second formula

[ - sut) - u@)|o@ds + [ 5wy,

Q r

— / [ — Av(x) — /{22;(30)} u(x)dx + / 8i$v(x)u(x)dsx :

For the solution u of the Dirichlet problem (2.4) and for v = u, we then conclude the
solvability condition

0
If we introduce the Sobolev space
Hy(Q) :== {ve H(Q): (v,u\)q =0}
we can find & € H; () with & = g on T as the unique solution of the variational problem
/ [Vﬁ(:p) -Vou(z) — mZﬁ(x)v(x)] dr = 0 forallve Hy(Q)
Q

and the general solution of (2.4) is given by u = u 4+ auy, o € R. O
Note that the solution operator S : HY?(T') — H'(f) of the Dirichlet boundary value

problem (2.4) admits an adjoint operator S* : H~(2) — H~Y/%(T") which is defined by
(9.8 f)r == (Sg, f)a forall f € H(Q),g € HYX(I). (2.6)

To solve the Dirichlet boundary value problem (2.4) we may use the first boundary integral
equation in (2.2),

(Vi) (z) = (%1 + K)g(z) forzeT. (2.7)

Since V,, — V; is compact, see, e.g., [8, 17], we conclude that Vi : H~Y2(I') — HY2(T) is
invertible if x? is not an eigenvalue of the Dirichlet eigenvalue problem (1.8). If A = x? is
an eigenvalue of (1.8), we conclude from (2.2)

(Vity)(z) = (%I — K\ )tx(x) =0 forxel, (2.8)

0 ) L . .
where t) = 8—7,@\ is the normal derivative of the assocated eigenfunction w,.
n



Lemma 2.2. If k? is not an eigenvalue of the Dirichlet eigenvalue problem (1.8), then
for any g € HY?(T') there exists a unique solution t € H'/?(T) of the boundary integral
equation (2.7), i.e. t = S.g, where the Steklov-Poincaré operator S, : HY/*(I') — H~Y2(T")
is well defined and bounded. If X = K% is an eigenvalue of the Dirichlet eigenvalue problem
(1.8), the solvability condition (2.5) ensures solvability of the boundary integral equation
(2.7), but the solution is only unique up to eigensolutions ty,

t=t+aty, aeR, (R ')r=0,
where R : HY2(T') — H~Y2(T') is some self-adjoint and H'/?(T")-elliptic operator.

Proof. If 2 is not an eigenvalue of the Dirichlet eigenvalue problem (1.8), the single layer
potential V, is invertible.

If A = k? is an eigenvalue of the Dirichlet eigenvalue problem (1.8), the single layer potential
Vi is not injective and therefore the boundary integral equation (2.7) is not solvable in
general. However, the solvability condition (2.5) implies

1 1
<(§I+Kﬂ)g7t)\>F = <g7t)\>F - <g7 (51 - K/—K>t)\>r = 07
ie., (%[ + K.)g € ImV, and the boundary integral equation (2.7) is solvable, but the
solution is only unique up to eigensolutions ¢,. O

2.3 Steklov—Poincaré operators

Within this section we only consider the case when x? is not an eigenvalue of the Dirichlet
eigenvalue problem (1.8). In this case, the Steklov—Poincaré operator S, is well defined,
and a boundary integral representation is given by the solution of the boundary integral

equation (2.7),

1
t(x) = Vn’l(ﬁl + K,)g(x) forz el.

When inserting this expression into the second equation of (2.2) this gives a second repre-
sentation

1 1
t(z) = |Dx+ (51 + K;)Vﬁ_l(él + K.)|g(x) =: (Skg)(x) forxzel. (2.9)
To investigate the invertibility of S, we will derive a Garding inequality and we will consider
the injectivity of S,.

Lemma 2.3. Let k? be not an eigenvalue of the Dirichlet eigenvalue problem (1.8). The
Steklov—Poincaré operator S, as given in (2.9) is then well defined, and satisfies a Garding
inequality,

(Sev,v)p +c(v,v) > ¢f HUHEW(F) for allv € HY(T), (2.10)

where c(v,v) is a compact perturbation.



Proof. For an arbitrary but fixed v € H'/?(T') the related Neumann datum 7 = S,v is well
defined. Hence we can introduce

o(x) = /U:(x,y)T(y)dsy—/%U;‘(:p,y)v(y)dsy for x € Q
r r
satisfying
0
on,

Ag(z) + K*p(x) =0 forx € Q, o¢(x) =v(x), o(x) =7(x) forxel.

Hence we obtain by Green’s first formula

S = [ gowitmds, = [ [VotPds— w2 [ lotw)Pds
Q I

On,

T
= H‘b”?ﬁ(ﬂ) — (K + 1)”¢”%Q(Q) :

By using the adjoint solution operator as defined in (2.6) we further conclude
||¢||%2(Q) = ||SU||%2(Q) = (Sv,8v)a = (v,5"Sv)r

where §*S : HY2(I') — H~'/2(T") is compact, since the imbedding Sg € H*(Q) c H(Q)
is compact. Hence we can use the compact bilinear form

c(v,v) == (k¥ +1) (v, §*Sv)r

to obtain

(Swv, v)r +c(v,0) = [6lin@) 2 o [0l
by the trace theorem. O
Since the Steklov—Poincaré operator S, : HY?(I') — H~'/%(T) realizes the Dirichlet to
Neumann map it is obvious that S, is not injective if g = k2 is an eigenvalue of the
Neumann eigenvalue problem (1.10).
In the case that x? is neither an eigenvalue of the Dirichlet eigenvalue problem (1.8) nor of
the Neumann eigenvalue problem (1.10), the Steklov—Poincaré operator S, as given in (2.9)
is well defined, injective, and invertible. But to end up with a boundary integral domain
decomposition formulation which is stable independent of the wave number k, instead of a
Dirichlet to Neumann map we will use a Dirichlet to Robin map as discussed in the next
section.

2.4 Robin type boundary value problems

Instead of the Dirichlet boundary value problem (2.4) we now consider a Helmholtz equa-
tion with Robin type boundary conditions,

8im“<x> +in(Ru)(z) = g(z) forzel, (211)

where the regularization operator R : H/2(T') — H~Y2(I") is assumed to be self-adjoint
and H'/?—elliptic, and n € R\{0}.

Au(x) + k*u(z) =0 forx € Q,




Lemma 2.4. For any n € R\{0} there exists a unique solution u € H'(Q) of the Robin
type boundary value problem (2.11).

Proof. The weak formulation of the boundary value problem (2.11) is to find u € H'(Q)
such that

/ Va(z) - Vo(z)de — i / w(@)o(z)dz + in / (Ru)(z)o(x)ds, — / o(2)v(z)ds,

is satisfied for all v € H'(Q). Since the associated bilinear form satisfies a Garding in-
equality, i.e. for v € HY(Q)

Re / [Vv(:c) - Vu(z) — HQUCL’)@} dx + in/(Rv)(:c)@dsx

0 T
= ”UH%ﬂ(Q) — (K*4+1) ”UH%Q(Q)a

it is sufficient to prove injectivity. Let u € H'(Q) be any solution of the homogeneous
variational problem

/Vu(x) -Vo(z)dr — I{2/U(ZL‘)’U(ZL‘)d$ +z’n/(Ru)(x)v(w)ds$ =0 (2.12)

Q r

for all v € H'(Q). By choosing v = u this gives
/|Vu(:c)|2daz — ,%2/\u(:v)|2da:+i'r]/(Ru)(:c)u(:z:)dsm =0
Q Q r

and therefore, when considering the imaginary part,

/ (Ru)(x)a(@)ds, = 0.

T
Since R is self-adjoint and H'/?(T")-elliptic, u(x) = 0 for € I follows. Then, since
u € H'(Q) is a solution of the variational problem (2.12), we have
/Vu(a:) - Vo(r)dz — K /u(az)v(az)daz =0 forallve H(Q).
Q Q

From this we conclude, by applying integration by parts,

Au(z) + k*u(z) =0 forz € Q,

anmu(x) =0 forxel.



Hence, u is a solution of the Helmholtz equation with vanishing Cauchy data. Then, by
applying the representation formula (2.1), u(z) = 0 for x € Q follows. O
To solve the Robin type boundary value problem (2.11) we aim to derive a boundary
integral formulation which is stable for all wave numbers . By using the second equation
in (2.2) we can rewrite the Robin boundary condition in (2.11) as

(Dyu)(x) +in(Ru)(x) + (%I + K))t(x) = g(x) forz eT, (2.13)

and where we use in addition the first equation in (2.2),

(Vit) () — (%1 4 Ku(w) = 0 forzeT. (2.14)

When x? is not an eigenvalue of the Dirichlet eigenvalue problem (1.8) we obtain from

(2.14)

1
t(z) = V;l(al + Ko)u(z) forz el

to be inserted into (2.13),
1 1
Do+ (51 + KV, MG+ K| ul@) +in(Ru)(@) = g(z) forzel.  (215)

Since the Steklov-Poincaré operator S, : HY2(I') — H~Y/%(T') is coercive, see Lemma
2.3, and since the injectivity of the operator S, + inR follows as in the proof of Lemma
2.4, unique solvability of the boundary integral equation (2.15) follows. In particular, the
case when p = k2 is an eigenvalue of the Neumann eigenvalue problem (1.10), is covered.
Obviously, then also the system of boundary integral equations (2.13) and (2.14) admits a
unique solution. It remains to prove that the latter holds true also in the case when A\ = k2
is an eigenvalue of the Dirichlet eigenvalue problem (1.8).

Lemma 2.5. Let A = x% be an eigenvalue of the Dirichlet eigenvalue problem (1.8). Then
the system (2.13) and (2.14) of boundary integral equations related to the Robin type bound-
ary value problem (2.11) admits a unique solution (u,t) € HY?(T') x H-Y*(T).

Proof. Associated to the system of boundary integral equations (2.13) and (2.14) is the
bilinear form

1 1
a(u,t;v,7) = (Vit, T)r — <(§I + K )u, 7)r + ((51 + K))t,v)r + (Deu, v)r + in{Ru, v)r .
Since the boundary integral operators V. —V, : H=Y2(I') — HY*(T'), K,,— K, : H/*(T') —
HY2(T'), D,—Dy : HY?(I') — H=Y*("), and K’ — K} : H~'/*(T') — H~'/?(T") are compact,

see, e.g. [8, 17], the bilinear form a(-, -; -, -) satisfies a Garding inequality

Refa(v,70,7) + (v, 730,7)} 2 off [[0lunqy + 1711y

10



for all (v,7) € H'/?(T") x H='/%(T") where the bilinear form c(-,-; -, -) is compact. Hence it
remains to prove injectivity.
Let (u,t) be a solution of the homogeneous boundary integral equations

1 1
Vit = (51 + K u=0, (51 + Kt + DyutinRu=0. (2.16)

Since A\ = k2 is an eigenvalue of the Dirichlet eigenvalue problem (1.8), i.e.

1 1
Vit =V ity = (51 — Kty = (51 — K" )t, =0,

we obtain with

0= (1 V ot)r = (Vat ) — <(%1 bRt = (b — (u, (%1 SR ) = (b

the solvability condition
<’LL, t)\>p =0.

The general solution of the first boundary integral equation is then given by
t = ’{—i— aty, a€R, (IZ Rilt)\>[‘ =0.

Applying V;; to the second equation in (2.16) this gives, by using (2.3),
1
0 = Vv, [(51 + K'Yt + Do + mRu}

= T+ KVit + (51 + K51 — KJu+ inV,Ru
_ (%1 K| Vit + (%1 — K )u| + iV, R

— (%[ + K,)u+inV,Ru

A [t n inRu],

ie.
t+inRu = at) for some a € R.

Moreover, when applying D, to the first equation in (2.16) we obtain, by inserting the
second equation in (2.16),

1 1 1 1
0 = DK[VHt—(§I+KK)u] = GI+ K5I - Kt = (51 + K) Dy

= (%I +K7) [(%I — K[t = D = (%I + KL)|t+ inful

1 1
= OJ<§I —+ K,;)t)\ = Oét)\ — Oé(il — K,;)t)\ = Oét)\

11



and therefore a = 0. Hence we conclude
t+inRu = 0

as well as N

t+aty+inRu=0.
But then we conclude

0= <;fv~|> ab\ + 'LT}RU, R_lt)\>p = <%v, R_lt)\>p + a||t>\||§%_1 + ZT](U, t>\>p,
which implies & = 0, i.e. t = ¢.
Next we define
o(z) = /U*(x y)t(y)ds, — / Ju(y)ds, forx € Q
r
satisfying
A¢(x) + K2p(x) = 0 forz € Q

and, due to the first equation in (2.16),

1

o(z) = (Vit)(x) + éu(:v) — (Keu)(z) = u(z) forx el.

Moreover, we have

9 1 e
8nx¢(x) = (51 + K )t(x) + (Deu)(z) forx eT.

From the second equation in (2.16) we therefore conclude, by using Green’s first formula,

(x)p(x)ds, + in{Ru, u)r

1 ~ .
0 = (51 + KT+ Dot inRu, ue = / o
T

= [ [Iveta)? - wlota)] da + in(u, .
Q

When considering the imaginary part we obtain for n # 0
(Ru,u)r = 0,

and since R is self-adjoint and H'/?(T")-elliptic, u = 0 follows. Finally, t = —inRu = 0.
This proves, that the homogeneous system (2.16) only admits the trivial solution. O

Remark 2.6. Note that we only assume n # 0 in the Robin type boundary condition
(2.11). Moreover it is sufficient to consider Robin type boundary conditions only on a part
I'r C T of the boundary I' = 02 to ensure unique solvability of the related boundary value
problem with boundary conditions of mized type (Dirichlet, Neumann, Robin), and of a
related boundary integral formulation.

12



3 Domain decomposition methods

3.1 Variational formulations

Let us consider the local boundary value problems (1.4),

Au;(z) + kju(x) = 0 for z € Q, —ui(z) = g(z) forxel;=00;NT,  (3.1)

together with the transmission or interface boundary conditions (1.5),

iu,(x) + iu](:zc) =0 forzely. (3.2)
87’1,]'

To avoid non—uniqueness in the solution of either local Dirichlet or Neumann boundary
value problems, instead of the Neumann transmission boundary condition in (3.2) we
consider a Robin type interface condition given as

0 0 , o
a—niui@) + 8—%%@) +inij Rijlui(x) — uj(x)] = 0 forw € T'y;,i < j, (3.3)

together with the Dirichlet transmission condition
wi(x) = u;(z) forx el (3.4)

Note that Ry; : H'/2(I';;) — H~'/2(';;) is assumed to be self-adjoint and H'/2(T';;)-elliptic,
and 7;; € R\{0}. In this case, the equivalence of the interface transmission conditions (3.3)
and (3.4) with (3.2) follows immediately.

The local subdomain boundary I'; = 0f2; of a subdomain €2; is considered as the union

where I'; N T corresponds to the original boundary where Neumann boundary conditions
are given, while I';; denotes the coupling boundary with an adjacent subdomain. We define

(Riur,)(z) = (Rijupr,;)(x) forz € Ty (3.5)
and
ij for x € Fija 1< 4,
ni(x) =< —ny;  forxzeTly, i> 7, (3.6)
0 forzel;NI.
We assume, that n;(x) for = € I'; does not change its sign. This can be guaranteed either
when considering a checker board domain decomposition [5], or when enforcing Robin type

boundary conditions only on a part of the local boundary I';, i.e. setting 7;; = 0 on some
coupling boundaries I';.

13



Let HY/*(I's) = H'(Q)ry be the skeleton trace space which is related to the domain
decomposition (1.2). For u € HY?(T's) we set u; = wr, € H*(T;) to ensure the Dirichlet
transmission boundary condition (3.4).

For v € HY/?(I's) we then obtain the variational formulation to find u € HY?(I's) such
that, due to (3.3),

3 [ [t + ) o o] e e

= / 821 u(z)v(z)ds,

+Z / { 8iiui($)‘|"ﬂ]ij(Rz‘jUF¢j)($)+ 8?%%(@ — ini;(Rijupr,, ) (%) | vy, (2)ds,

for all v € HY/?(T") subject to the local Helmholtz equations
Au;i(z) + kiug(xr) = 0 for z € Q.

By using the local representation formulae

0
ui(z) = /U:i(:p,y)ti(y)dsy—/%U;(x,y)ui(y)dsy forx e Q,i=1,...,p
Y
Fi Fi

we obtain a boundary integral formulation to find v € HY?(I's) and t; € H~Y/*(I;) for
1=1,...,p such that

p
1 .
> (Dt omdr + G+ KL twue)e, + G, o) = [atoeis, 61
i=1 r
for all v € HY/2(I') and
1
<thi7 Ti>F¢ - <(§[ + Km)u\l’w Ti)Fi = 0 for all Ti € H71/2<Fi>7i = 17 R (38)

Theorem 3.1. The coupled variational problem (3.7) and (3.8) admits a unique solution
uw € HY?(Dg). In particular, the associated bilinear form is coercive. Moreover, if the
Neumann boundary value problem (1.1) is uniquely solvable, the associated bilinear form is
also injective.
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Proof. Coercivity follows as in the proof of Lemma 2.3. It remains to proof injectivity.
Let u € HY?(T's) and t; € H=Y/2(I';) for i = 1,..., p be any solution of the homogeneous
system

p
1 .
Z [(Dﬁqui7 UIFi>F¢ + <(§[ + K/{e)tiv UIFi>F¢ + <Z7}Riu|Fivv\Fi>Fi =0

=1

for all v € HY2(T") and
1
<thi77—i>l’¢ - <(§[ + Kﬁ¢>u|FiaTi>Fi = 0 for all Ti € H_1/2<Fi>7i = 17 <oy P

With the definition of R; and 7n; we also have

p
1
> {<Dmunavlm>ri +{(GI+ K;i)tiavlwri] =0 forallve H'/(Ts).

i=1

Let us define

oi(x) = /U* (z,y)t:(y)ds, — /8 (z,y)ur,(y)ds, forz €T},

which satisfies
Agi(r) + K*¢i(z) = 0 forx € Q.
and 9 .
Tgf),(x) = (51 + K;z)tl(:p) + (Dy,uyr,)(z) forz €Ty

as well as
1
0u(w) = (Vetd)(2) + (o) = (Kuur)(2) = wp, forz €Ty

Hence we may consider ¢; = ¢o, € H'(;) as the restriction of a function ¢ € H'(Q).
Then we obtain, by using Green’s first formula,

0= 3 [Davede + (G4 Ko
- 3 [ oo wis
= 3 [ [760) T o= (e o)
_ / [S;¢(x)~Vv(x)—[/ﬁ(x)]2<b(x)v(x)]d:c for all v € H'(Q).
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Since this is the weak formulation of the Neumann boundary value problem

0
on.

¢(z) = 0 for z €  follows. Recall that the Neumann boundary value problem (1.1) was
assumed to be unique solvable. From ¢;(z) = 0 for z € €; we conclude vur,(z) = 0 for
x €T as well as n; - V() =0 for x € T';. Hence we conclude

1

(§[+K,’%)ti(:c) =0, (Vgti)(x) =0 forxel,.

Ag(x) + [k(z)]p(z) = 0 forz € Q,

¢(x) =0 forzel,

If k2 is not an eigenvalue of the Dirichlet eigenvalue problem (1.8), the single layer potential
V., is injective and ¢; = 0 follows. On the other hand, if A\ = k? is an eigenvalue of the
Dirichlet eigenvalue problem (1.8), we also have

Again, t;(x) = 0 follows. O
It remains to define the regularization operator R; : HY?(T;) — H~Y%(T;) which is as-
sumed to be self-adjoint, and H'/2(T;)-elliptic. In particular, we will also use the re-
strictions R;; 1= Ryr,; : HY?(Ty;) — ﬁ*1/2(1"ij). A particular choice is the use of the
hypersingular integral operator which is related to the Yukawa partial differential equation

—Au;(z) + Klui(r) = 0 forx € Q.

Hence we define

1 0 0 e rile=l
- (y)d fi r;. .
won, | an, ooyl ui(y)ds, forx el (3.9)

i

(Riug)(z) =

3.2 Boundary element discretizations
For the Galerkin discretization of the coupled variational formulation (3.7) and (3.8) let
Wi, = span{p 2y C H'/2(Ts)

be a boundary element space on the skeleton of, e.g., piecewise linear basis functions ¢y,
with respect to a quasi regular boundary mesh with mesh size hg. We also define local
restrictions of W), onto I';, in particular

Win = Whr, = Span{%";c}]kvﬁl - H1/2<Fi)-

By using the isomorphisms

M; Mg
v; € RMi sy = E Vi € Win, vERMS sy = E vpor € Wi
k=1 k=1
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there exist Boolian connectivity matrices A4; € RM*Ms mapping some v € RMs of global
nodal values onto the vector v; = A;v € RMi of the local subdomain boundary nodal values.
In addition, let

Zip = span{yi}ps, € HV3(T)

be some local boundary element space, e.g., of piecewise constant basis functions ¥, with
respect to a local quasi regular boundary mesh with average mesh size h;. The Galerkin
boundary element discretization of the variational formulation (3.7) and (3.8) now reads:
find u, € Wy, and ¢; 5, € Z; 5, such that

p

1 .
> {(Dmumrwvhm)ri (G A+ K )i vaira ), + (mRz‘Uhrmvhmm} = /g(fﬁ)vh(af)dsx

i=1 T

(3.10)
for all all v, € W}, and

1
<Vn¢ti,h77—i,h>1‘i - <<§[ + Kni)uh‘[‘i, Ti,h)l‘i =0 for all Tih € Z@h, 1= 1, .., P. (311)

Since the bilinear form of the coupled variational problem (3.7) and (3.8) is coercive and
injective, see Theorem 3.1, the stability of the Galerkin variational formulation (3.10) and
(3.11) follows for a sufficient small mesh size h, see, e.g., [17, 19]. In particular, there holds
the quasi—optimal error estimate

p
i=1

P
o 2 . 2
<c {vhléllg/h ||U — vhHHl/Q(FS) + Zzl Ti’:gghh ||t2 — Tivh”Hl/Q(Fi)} .
When assuming optimal regularity ur, € HIQ)W(FS), i.e. u € H*?(Q), and when using the

Aubin—Nitsche trick, see, e.g., [19], we finally obtain the error estimate

|lu — Uh||L2(1"S) < c(u,t;) h2. (3.12)

3.3 Tearing and interconnecting

The Galerkin variational formulation (3.10) and (3.11) is equivalent to a linear system of
algebraic equations

an h _[?Iil hAi Q
b . ’ El .
~ ~ p =p
AIK//ﬂ,h Ce A;K/{cp,h Z A;F [Dmi,h —I— '”th,h]Az u 221 A;rgz
=1 i=
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where the block matrices are defined by

Vmi,h[fak] = <Vnzwlzawé>rz7

~ 1 . .
Kf%hw’ n] - <(§I+ wa)w;v@bz)n?
~ 1

Rilmk] = (G1+ KL b,
Dﬁmh[m?n] - < HZSOn,Qth‘,,
Ri,h[m7 n] = <R2¢n7 Som>rz

fork,/=1,..., N, mn=1,...,M;,and i = 1,...,p. In addition,
gm] = (g, ¢\)r,ar form=1,... M,

To tear the global vector u € RMs we introduce the local unknowns u, = A;u € RM:. To
ensure the global continuity, in addition we have to require the interconnecting condition
in the form

p
ZBZ@Z. = 0. (3.14)
=1

In particular, for z;, € I';; the interconnecting condition (3.14) states the continuity condi-
tion
win(@k) = wjn(Tr)-

For 7 < j let k; and k; denote the local indices of the global index k. Then we can set
Bilk,ki]| =1, Bjlk,kj]=—1. (3.15)

Moreover, the global equation in (3.13) can be rewritten as
p ~
>oAl [(Dm,h +amiRip)u; + Kt — g, = 0.
=1

For z;, € I';; with local indices k; and k; we can rewrite this equation as

[(Dm,h i Rip)u; + K, gty — gJ T [(Dnj,h i Ryp)u; + Kty - QJ} b
i J

Hence, for i < j we may introduce a discrete Lagrange multiplier A\; to define

[(Dm,h + i Ry p)u; + f};iﬁ - gl} L= Ak, [(D,@j,h + in; Rjp)u; + K ki — g } = =\

kj
By using (3.15) we therefore end up with the local systems

(D n +imi Rip)u,; + —’?//ﬂ,hiz -9, = BZ-TA fori=1,...,p.
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Hence, the linear system (3.13) is equivalent to

Ylful,h _val-tl,h tl Q
Kl/il,h Dy n +inRyp _BlT Uy 9,
Yﬂp,h _[A(/thh Ep B Q

K., Dun+inRyy —B] u,, g,

B, B, A 0

(3.16)

Remark 3.2. In the tearing and interconnecting approach for a second order partial differ-
ential equation with an elliptic bilinear form the equivalence of the variational problem with
a related minimization problem is used. After localization, Lagrange multipliers are used
to enforce global continunity of the primal unknowns. Since in the case of the Helmholtz
equation the bilinear forms are only coercive satisfying a Garding inequality, algebraic ar-
guments have to be used to derive (3.16).

Let us consider in (3.16) the local systems

VK' h —f{vﬁ. h L. Q
R . = 3.17
< Ky Do i B ) ( u, ) ( g, + B/ A ) (3.17)

which correspond to the Galerkin discretization of the boundary integral equations (2.13)
and (2.14). Since the associated bilinear form is coercive and injective, stability of the
local Galerkin scheme (3.17) follows for a sufficiently small mesh size h; < hg. Hence we
obtain the Schur complement system of (3.16)

~ —1
Zp: (0 B-) Vicih —Kyn ( 0 )
i=1 Z K;i,h Dy, +iniRi B\
s (B, Fe ) (),
; K. Den+imiRip g

A= 1. (3.18)

~

which can be written as

Note that the linear system (3.18) corresponds to the standard dual system in tearing and
interconnecting domain decomposition methods.

4 Numerical results

As a numerical example we consider the Neumann boundary value problem (1.1) with
respect to several computational domains 2 C R3, and by using different domain decom-
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position strategies. In all examples, the exact solution is given by
pinlz—7]
First we consider the domain
Q={zeR’ : z; € (-1.0,15), x5 € (0.0,1.0), z3 € (0.0,1.0)}
which is divided into two subdomains, see Fig. 1,

Q={zeQ:z,<0}, QW={reQ: x>0},

and 7 = (2,0,2)".

[}
[}
T
[}
Ly
/I'""",’ """" Y

e 7z
7’ 7z

Figure 1: Domain decomposition with two subdomains.

The boundary element discretization of the coupled variational formulation (3.7) and (3.8)
is done with respect to a globally uniform boundary mesh of NV; plane triangular elements
with M; nodes per subdomain and by using piecewise constant basis functions % and
piecewise linear continuous basis functions ¢!. The linear system (3.18) is solved by a
GMRES method with a relative error reduction of ¢ = 1075,

First we consider the global wave number x = 2, which corresponds neither to a Dirichlet
nor to a Neumann eigenvalue of both subproblems. The results, which confirm the error
estimate (3.12), are given in Table 1.

N; | M; | GMRES | [Ju1 — uppl|pomy)

12 8 3 1.759 -1

48 26 8 3.359 -2

192 98 11 7.635 -3
768 386 13 1.853 -3
3072 | 1538 15 4.586 —4
12288 | 6146 18 1.142 4

Table 1: Numerical results for two subdomains, k = 2.

In a second example we consider the global wave number x = /31 ~ 5.4414 which cor-
responds to the first Dirichlet and Neumann eigenvalue of the unit cube €2;. The results
given in Table 2 confirm the stability of the proposed approach.
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N; M; | GMRES | [lu; — U1,h||L2(F1)

12 8 3 4.056 —1

48 26 8 1.716 -1

192 98 15 2.569 -2
768 386 17 5.419 -3
3072 | 1538 19 1.266 -3
12288 | 6146 22 3.077 4

Table 2: Numerical results for two subdomains, x = /3.

P Ni Mi GMRES ||U1 — ul,hHLz(Fl)
8 24 14 23 3.195 -1
8 96 20 29 9.827 -2
8 384 | 194 31 2.528 2
8 | 1536 | 770 35 6.006 —3
8 | 6144 | 3074 41 1.379 -3
27 24 14 54 1.600 —1
27 96 20 o8 4.506 -2
27 | 384 | 194 29 1.090 -2
27 | 1536 | 770 62 2.498 -3
64 24 14 100 9.622 -2
64 96 20 105 2.527 -2
64 | 384 | 194 104 5.922 -3
64 | 1536 | 770 105 1.474 -3
125 | 24 14 167 6.347 2
125 | 96 20 156 1.567 -2
125 | 384 | 194 137 3.817 -3
125 | 1536 | 770 137 7.976 4

Table 3: Domain decomposition with p = n® subdomains.

In the last example we consider a sequence of domain decompositions where the unit cube
Q = (0,1)? is subdivided into p = n?® subdomains, n = 2,3,4,5. Again, the global wave
number is x = 2, and the exact solution is given as in (4.1) with 7 = (—0.1,0,0)". The
related results are given in Table 3.

5 Conclusions

In this work we have presented a stable boundary element domain decomposition approach
to solve interior boundary value problems for the Helmholtz equation via tearing and inter-
connecting methods. All numerical results confirm the stability of the proposed approach.
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But in particular the results given in Table 3 indicate the requirement of an efficient pre-
conditioner for the BETI Schur complement F}. For this we may apply ideas from finite
element tearing and interconnecting methods as described in [5]. But this has to be com-
bined with preconditioned solution strategies for the coupled linear system (3.16), which
also require the use of preconditioners for the discrete single layer potential V,, , and for
the discrete hypersingular boundary integral operator D,, ;. Moreover, fast boundary ele-
ment methods such as the fast multipole method have to be incorporated to end up with
an efficient simulation tool, see, e.g., [10], for the case of data sparse boundary element
domain decomposition methods in the case of the potential equation.
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