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Abstract

We consider the numerical solution of an abstract operator equation Bu = f by
using a least-squares approach. We assume that B : X — Y™ is an isomorphism,
and that A : Y — Y™ implies a norm in Y, where X and Y are Hilbert spaces.
The minimizer of the least-squares functional 1 |Bu— f[|%_,, i.e., the solution of the
operator equation, is then characterized by the gradient equation Su = B*A~! f with
an elliptic and self-adjoint operator S := B*A™'B : X — X*. When introducing the
adjoint p = A7!(f — Bu) we end up with a saddle point formulation to be solved
numerically by using a mixed finite element method. Based on a discrete inf-sup
stability condition we derive related a priori error estimates. While the adjoint p is
zero by construction, its approximation p; serves as a posteriori error indicator to
drive an adaptive scheme when discretized appropriately. While this approach can be
applied to rather general equations, here we consider second order linear partial dif-
ferential equations, including the Poisson equation, the heat equation, and the wave
equation, in order to demonstrate its potential, which allows to use almost arbitrary
space-time finite element methods for the adaptive solution of time-dependent partial
differential equations.

Keywords: Least-squares methods, space-time finite element methods, a posteriori error
indicator, adaptivity, Poisson equation, heat equation, wave equation

1 Introduction

The use of Galerkin finite element methods for the numerical solution of partial differential
equations is well established, see, e.g., the text books [11, 39], and many others. However,
for time dependent problems it is a common procedure to first discretize the spatial part
using a finite element method, and then applying either a time stepping method, e.g., an
explicit or implicit Euler scheme, see, e.g., the monograph [45], or discontinuous Galerkin



methods in time, see, e.g., [33], and the references given therein. Recently, the interest
of discretizing space and time at once has been rising, resulting in so called space-time
discretization methods, see, e.g., [26]. Although, the discretization in space and time leads
to larger systems of algebraic equations to be solved, these methods bring the advantage of
having full control of the discretization in space and time simultaneously, allowing for space-
time adaptivity. Moreover, space-time methods offer more flexibility in the construction of
efficient solvers than time stepping methods, since preconditioning and parallelization in
the space-time domain is applicable, and mandatory, see, e.g., [22, 29] for space-time solvers
in the case of parabolic equations. The derivation of space-time formulations usually results
in Petrov-Galerkin schemes, see, e.g., [1, 38, 40, 46] in the case of the heat equation, where
for the numerical treatment it is crucial to establish a related discrete inf-sup stability
condition. This becomes even more involved in the case of the wave equation where a
CFL condition is required, e.g., [42]. Possible approaches to overcome such a restriction
is the use of discontinuous Galerkin methods, e.g., [17, 33, 34], or introducing a suitable
transformation operator such as the (modified) Hilbert transformation [30, 35, 42]. Another
approach is to replace the direct variational formulation by a least-squares/minimal residual
equation. This has been studied in the context of first order least-squares systems in, e.g.,
[19, 20, 21, 36|, and in the context of minimal residual Petrov—Galerkin discretizations in
[1, 44], just to mention a few. For the latter approach it is well known that the Galerkin
discretization results in a mixed system, where the second variable is the Riesz lift of the
residual of the primal variable. This is also the point of view we will take.

From the well-established theory of least-squares methods, with a tremendous overview
by Bochev and Gunzberger [6], see also [4] and [3, 5], least-squares formulations of second
order partial differential equations come with the advantage of offering an error estimator
for free, but also double the degrees of freedom. To apply the theory, it is of main interest
to consider so called practical methods, that allow to measure the residual in a localizable
norm, i.e., in a non-negative Sobolev norm allowing at least L? regularity. Trimmed to
this interest, Fiihrer and Karkulik introduced a first order system least-squares method
(FOSLS) for parabolic problems [20], showing the applicability and power of least-squares
methods in the space-time setting. However, the reformulation as a first order system
comes with the fact that one has to assume a higher regularity on the source term in order
to show convergence of the method. This is unnatural to a certain extent, since source
terms of partial differential equations are usually considered as functionals acting on the
test space and thus belong to Sobolev spaces of negative order. At this point we want to
mention that recently in [19, 21], FOSLS with a source term in a negative order Sobolev
space were analyzed by replacing the load by its finite element approximation.

In this paper, we will formulate and analyze a least-squares method for the solution of
abstract operator equations, that overcomes this problem, i.e., we will be able to phrase the
method, even when the source is of minimal regularity. For X and Y being Sobolev spaces
of non-negative order, we will consider the problem to find v € X such that Bu = f € Y*,
where B : X — Y™ is an isomorphism. Then the problem is equivalent to minimize the
residual 3||Bv— f[|$. over all v € X. As Y* is the dual space of Y, the residual is measured
in a Sobolev norm with negative index. The main idea is now based on lifting the negative




order Sobolev norm using a bijective operator A : Y — Y™ in order to keep the method
practical. Then the problem is equivalent to minimize the functional §||Bv — f|%_., for
which the minimizer u € X is characterized as the unique solution of the gradient equation
B*A7Y(Bu — f) = 0. Introducing the auxiliary variable p = A~!(f — Bu) € Y we end up
with solving a saddle point formulation. This saddle point point problem is of similar shape
as those obtained from optimal control with energy regularization, see [27, 28, 31]. The
discretization follows by standard means, using conforming finite element spaces of lowest
order. To ensure uniqueness, we will need a discrete inf-sup stability condition. Though,
p = 0 on the continuous level, for the discrete Lagrange multiplier in general it holds that
prn # 0. Thus, it can be used to define an a posteriori error estimator which is shown
to be efficient and reliable using a so called saturation assumption [13, 16]. The idea of
lifting the norm was already considerd in [7, 8] for elliptic partial differential equations, or
more recently in [32] for a larger class of problems, and in [14] adding a stabilization term
when considering ill-posed problems. In [1], this concept was already applied in the context
of space-time methods to parabolic equations, with a discretization on a tensor product
mesh. The novelty of our method is the application to space-time problems on completely
unstructured meshes, and the practicability even when using negative Sobolev norms as
well as the proof of an efficient and reliable error estimator in this setting. Moreover, the
use of completely unstructured space-time meshes allows for full space-time adaptivity, and
later on, for a parallel solution of the resulting linear systems of algebraic equations.

This paper is organized as follows. In Section 2 we consider the least-squares approach
for the solution of an operator equation Bu = f in an abstract sense. We derive the saddle
point formulation and show ellipticity of the related operator S = B*A~'B. Based on
a discrete inf-sup condition we show unique solvability of the discrete system and derive
related a priori error estimates. Using a so called saturation assumption we are able to
prove that the use of the dual p;, as error estimator is efficient and reliable. In Section
3 we apply the approach to the Poisson equation, showing that it is also related to the
well known h — % estimator [12, 18]. Section 4 deals with the application of the approach
to the heat equation, while the wave equation is considered in Section 5. In all cases we
provide numerical examples to illustrate our theoretical findings. Finally, in Section 6 we
give a conclusion, where we mention possible extensions and further work which needs to
be done.

2 Abstract setting

Let X C HC X*and Y C H C Y* be Gelfand triples of Hilbert spaces, where X*, Y* are
the duals of X, Y with respect to H and with the duality pairing (f,¢)y for f € Y* and
geY. Let A:Y — Y* be a bounded linear operator which is assumed to be self-adjoint
and elliptic in Y. Therefore, A implies a norm in Y, i.e., ||q|ly := /(Aq,q)y for ¢ € Y.
For f € Y*, the norm is given by duality,

| f|ly+:= sup (f,@)n

ozqey llally

(2.1)
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Lemma 2.1 The dual norm (2.1) allows the representations

LIS+ = llpslly = (Apg.pp)n = (fops)m = (A7, foa, (2.2)
where py € Y is the unique solution of the variational formulation
(Aps,q)m = (f.q)u  for allg €Y. (2.3)

Proof. Since A : Y — Y* is bounded and elliptic, py = A1 f is well defined as unique
solution of the variational formulation (2.3). From the definition (2.1), we first have, note
that || f||y~ > 0 implies ||ps|ly > 0,

y= = sup @) > {f:ps)n

1/] > ,
ogev llglly sy

e, (fipr)m < flly-llpslly -

Hence we obtain
Ips 15 = (Aps.pye = (Fippm < N flv<lpsllys e, lpslly < flly~-
On the other hand, (2.1) implies, when using (2.3),

A
| flly+ = sup o 0)n - M
ozaey Nally ozecyllally

S ||pf||Y )

and hence, || f]

v+ = ||ps|ly follows. With this we finally obtain

IF15+ = llpslly = (Aps, o = (Fopp)mn = (f A7 ).

Let B : X — Y™ be a bounded linear operator which satisfies an inf-sup condition, i.e.,
there exist positive constants ¢ and ¢ such that

(Bv,q)

|Bv|ly+ < 2 ||v||x, sup > B v|lx forallve X. (2.4)

o£gey  lally

In addition, we assume that B is surjective. Then, B : X — Y* is an isomorphism. Due
to the assumptions made we conclude unique solvability of the operator equation to find
u € X such that Bu = f in Y* is satisfied. The solution of the operator equation Bu = f
in Y* is equivalent to the minimization of a quadratic functional for v € X,

1

%/* = § <A_1(BU — f),BU — f)H

= BT By — (BAT b+ (A7 P

T = 3IBv-=1]

whose minimizer u € X is given as solution of the gradient equation

B*A Y (Bu—f)=0,
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i.e., we have to solve the operator equation
Su:=B*A"'Bu=B*A"'f. (2.5)
Note that B* : Y — X* is the adjoint of B : X — Y™, i.e.,

(B*q,v)y :={(q, Bv)y forallve X, g€,

satisfying
B* B Bu||y-
||B*Q|X* = sup < CLU)H = sup <Qa U>H < su HQHYH UHY SCQBHC]HY
orvex  vllx  omex fvllx T omex  llvllx
forall g € Y.

Lemma 2.2 The operator S := B*A™'B : X — X* is bounded and elliptic, i.e.,

ISullx- < 3 llullx, (Su,wyn > cFl|ullk  for allu € X,

where ¢35 = [cF)?, ¢f = [cP]?.

Proof. For v € X we first have, using (2.2) for f = Bu,

S A'Bu. B
HSU‘X* — sup < u7U>H: sup < Uu, U>H
ozvex  IVllx  ozvex vl x
A'B Buo||y+ Bully- || Bv|ly«
< sup AT BullBelly: o IBull DBl ey
04veX vl x 0#veX vl x

In addition, we define p, = A~'Bu € Y to obtain
Ipully = (Apus pu) i = (B"A™' Bu,u)y = (Su, u)p.
From the inf-sup stability condition in (2.4) we then conclude

Bu,v Apy,v
P lullx < sup LU gy MPun
ozvey  |v]ly otoey ]y

ie.,
[Pl < lpally = (Su,u)a.

|
In fact, S := B*A7'B : X — X* defines an equivalent norm in X,
[vlls = V{Sv,v)m = /(A1 Bv, Bv)u = || Bv]|y~
satisfying
A lvllx < |vlls < 8 lv|lx  forallv e X. (2.6)
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The variational formulation of the operator equation (2.5) is to find u € X such that
(Su,v)yg = (B*A f,v)y forallv € X, (2.7)

which is uniquely solvable for all f € Y*.

Let Xy = span{gpk}kM:Xl C X be some finite dimensional ansatz space which is defined
with respect to some admissible decomposition of the computational domain into shape-
regular simplicial finite elements of mesh size H, see, e.g., [11, 39]. Then the Galerkin
variational formulation of (2.7) is to find uy € Xy such that

<SUH, UH)H = <B*A71f, UH>H for all vy € Xpg. (28)
Using standard arguments, we conclude Cea’s lemma,

— < i — )
Ju—unlls < inf fu—ovills, 29)

and convergence uy — u in X follows from an approximation property of Xp.

Since the operator S = B*A~'B does not allow a direct evaluation in general, we have
to define a suitable approximation. For u € X we write Su = B*A~'Bu = B*p,, where
pu = A7 Bu. In fact, p, € Y is the unique solution of the variational formulation

(Apu,@)g = (Bu,q)g  for allg €Y.

Let YV, = span{@bi}f\g C Y be a finite dimensional ansatz space which is defined with
respect to some mutually different decomposition of the computational domain into finite
elements of mesh size h. Then we define p,, € Y, as unique solution of the Galerkin
variational formulation

(Apun, an)a = (Bu, )y for all ¢, € Yy,

and we define Su = B*pun as approximation of Su = B*p,. We immediately have the
bounds

purlly < 5 lullx|[punlly

||puh||§/ = <Apuh7puh>H = <Buapuh>H S ||BU| Y=

ie.,
lpunlly < e [lullx,

and
1Sullx- = [1B*punllx= < & lIpunlly < [F] lullx, (2.10)

as well as the error estimate

I(S = S)ullx- = |B*(pu — pun)|

x0 <6 Ipu = punlly < ¢ nf [lpy —anlly.  (2.11)
€Yy

In the same way we define ps, € Y}, as unique solution of the variational formulation
(Apsn, anyu = (frqn)u for all g, € Y,
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in order to define B*py), as approximation of B*p; = B*A™'f ie., py = A~'f. Hence,
instead of (2.8) we now consider the perturbed variational formulation to find vy € Xpg
such that _

<SaH,UH>H = <B*pfh7'UH>H for all vy € Xg. (2.12)

To ensure unique solvability of (2.12), we assume the discrete inf-sup stability condition

B
csllvullx < sup (Bow, an) i

for all vy € Xy. (2.13)
otaneyi  llGnlly

Lemma 2.3 Assume the discrete inf-sup stability condition (2.13) to be satisfied. Then
the approximate operator S is discrete elliptic in Xg, i.e.,

(Sv,vp)y > les) lvull%  for allvy € Xp. (2.14)
Proof. We first note that §UH = B*p,,n where p,,,, €Y} solves

(APoghs qn) i = (Buw, gy for all g, € ).
Hence we obtain

(Svir, v = (B*Pogns Vit = (Bvt, Do) it = (ADustis Do) it = |Ponl|3 -

On the other hand, the discrete inf-sup stability condition (2.13) implies

Buy, q ADuvyhs q
s oy < sup Bl o Al
0#qn €Y HQhHY 0#£qn €Y ||Qh||Y
and hence, B
Glloallx < lpvenlly = (Sva, vm)n
follows. ]

The discrete ellipticity estimate (2.14) ensures not only unique solvability of the perturbed
variational formulation (2.12), using the Strang lemma, see, e.g., [11, 39], we can prove the
following error estimate.

Lemma 2.4 For the unique solution ug € Xy of the perturbed variational formulation
(2.12) there holds the error estimate

B12 B
[?])%-nﬁ|m—vmu (2.15)

HU_ﬂHHX S (1+2 B
1 H




Proof. When considering the difference of the variational formulations (2.8) and (2.12),
this gives B
(Supg — Sup,vy)n = (B*(pf — psn), vy for all vy € Xpy.

From the discrete ellipticity (2.14) we then conclude

les] lum —ullx < (S(un —n), un — Um)u
(S — S)um, ugr — Up) g + (B*(pf — Dfh), UH — UH)H

I(S = S)un|

IN

X*

uy — Uyl x + 3 lpr — peally lun — tnl x,

ie.,
[es)® [Jumr — Tnllx < [[(S = S)un|lx- +c5 lps — prally-

We further have, using Lemma 2.2 and (2.10),

IS = Shurllx- < (S =S)ullx- + (S = ) (u— un)
< S = S)ullx- +2[c5]? Ju — unllx,
and by using the triangle inequality,
. ]
|u —tgllx < 1+2[ BE |u —ugllx + —5 o] [||(5 SYullx++ 5 oy — poally |-

The assertion now follows from the norm equivalence inequalites (2.6), Cea’s lemma (2.9),
and the error estimate (2.11). n

The perturbed variational formulation (2.12) is, using pj, = psn — pPayn € Y, equivalent to
the coupled variational formulation to find (ug,pn) € Xy X Y}, such that

(Apn; qn)u + (Bug, qn)w = (f,qn)u,  (ph, Bum)n =0 (2.16)

is satisfied for all (vy,qn) € Xy X V). This is equivalent to the linear system of algebraic

equations,
(af ™) (8)-(1). e

where, for¢,7=1,... ., My and k =1,..., M,

Aplg,i] = (Avi, i) e, Bulj, k] = (Bow, ¥ u,  fi = (f,¥)m

Since Ay, is symmetric and positive definite, and hence invertible, we conclude the Schur
complement system

B, A,'Byu= Bl A, f (2.18)

which is the matrix representation of the perturbed variational formulation (2.12). Note
that the Schur complement matrix Sy, := Bj] A, ' By, is symmetric and positive definite.



Moreover, we observe that (2.16) is the Galerkin formulation of the coupled variational
formulation to find (u,p) € X x Y such that

is satisfied for all (v,q) € X x Y, i.e., of the coupled operator equation
Ap+ Bu=f, B'p=0. (2.20)

Due to p := A~'(f — Bu), this is (2.5), where by construction we have p = 0. If the
Galerkin matrix Bj, is invertible, so is B), and hence p, = 0 follows in this particular
case. But in general, the discrete inf-sup stability condition (2.13) involves spaces such
that dim(Xp) # dim(Y},,). Thus, By, is a not a square matrix and hence not invertible, so
that p, € Y} is not zero, and we can use pj, to define an a posteriori error indicator for

lv — wa| x-
Lemma 2.5 Let (uy,pn) € Xg X Yy, be the unique solution of (2.16). Then,
lpully < llu—Gnlls < ¢ lu—Tnllx. (2.21)

Proof. When subtracting the Galerkin formulation (2.16) from (2.19) for¢g=¢, € ¥, C Y
and v = vy € Xy C X, this gives the Galerkin orthogonalities

(Alp —pn),an)u + (B(u —ug),qu)g =0, (p—pn, Bug)g =0 (2.22)
for all (vy,qn) € Xg x Yy, In particular for p = 0 this gives
(Apn,qn)u = (B(u —ug), qn)u,  (Bvg,pnyp =0 for all (vy,qn) € Xg X V),

Hence, when choosing ¢, = p;, € Y}, we further conclude

th||2y = (Apn, pr)r = (B(u —un),pn)r < [|B(u — un)|[y~pnllv
ie.,
[pnlly < 1B(u = um)lly- = [lu—unlls,
and the assertion finally follows from (2.6). [

While the upper estimate (2.21) shows the efficiency of the error estimator ||py||y, reliability
is more involved. For this we introduce an ansatz space X7 C X such that Xy C X4 is
satisfied. As in (2.13) we assume the discrete inf-sup stability condition

_ Buvg, q
cs lvgllx < sup M

for all vz € Xg. (2.23)
otameyi  lanlly

Due to Xy C X3 we have that (2.13) is a direct consequence of (2.23). Using (2.23) we
can determine (ug,p,) € X5 X Y, as unique solution of the variational formulation such
that

<Aﬁh7 qh>H + <Baﬁ7 Qh>H = <f7 Qh>H7 <Z_)h7 B/UF>H =0 (224)
is satisfied for all (vg, qn) € X X Y.



Lemma 2.6 Let (ug,pn) € Xy x Yy, and (g, p),) € X X Yy be the unique solutions of the
Galerkin variational formulations (2.16) and (2.24), respectively. Assume the saturation
assumption

lu —ugllx <nl|u—1uglx for somen e (0,1). (2.25)

Then the error estimator ||py||y is reliable, satisfying
_ 1 P

— —_— = . 2.26

lu = trllx < = 02 Pnlly (2.26)

Proof. Subtracting the Galerkin variational formulation (2.24) from (2.16), this gives the
Galerkin orthogonality

(Blugr — um), qn)ir = (Alpn — Dp) qn)u for all g, € V..
From the discrete inf-sup stability condition (2.23) we then conclude, recall uy —ugz € Xy,

~ ~ B(uz — uy), Alpn — 7).
s |ug — Ugllx < sup (B(ug — un) Qh>H: sup (A(pn — Dn)> qn) 1

<lpr = nlly -
0£qn €Y}, lanlly 0£qn Y], lanlly

On the other hand, using the above Galerkin orthogonality and the second equation in
(2.24) for v = Uy — upy, this gives

lpn = Dully = (A(pn —Dn),on — Pp)ur = (B(Us — Un), pn — Dp)m
= (B(ug — Un),pa)u < c§ |tz — Unl|x|pnlly-

Hence we obtain

- - 1 _ B -
g — % < = o = Bully < = i — @ullxllpally,
Cs Cs
ie.,
~ ~ cB
Uz — unllx < = llpnlly -
Cs

Using the triangle inequality and the saturation assumption (2.25) we finally have

B
- - - - - c
lu —ug|x < |lu—ugllx + Jug — unllx <nllu—uglx + é [Py,
from which the assertion follows. ]

It remains to define, for a given ansatz space X7, the test space Y}, such that the discrete
inf-sup condition (2.23) and therefore (2.13) are satisfied. This can be achieved by assuming
a sufficiently rich test space Y},, as stated in the following abstract approach. But, as we
will see later, this is not always required, since one may establish (2.23) in a different way.
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Theorem 2.7 For a given finite element space X7z C X let Y, CY such that

sup - Inf [|p,; —anlly <0 [|peglly = 0 [loglls (2.27)

vﬁGXﬁ qh h

is satisfied for some § € (0,1). Then there holds the discrete inf-sup stability condition
(2.23), i.e.,

Buz,
(1= 6) fogllx < sup LU

qn€Yp ||Qh||Y

for allvg € X (2.28)

Proof. For an arbitrary but fixed vz € Xz we define p, = A7'Bvg € Y and as in the
proof of Lemma 2.2 we conclude

lpog ¥ = llvzlls = (Bog, pog)mr -
In addition we define p,_j € Y}, as unique solution of the Galerkin variational formulation
(Apvhy @n)r = (Bvgr, qn)u = (Apv, gy for all g, € Yy,

satisfying the bound
”pvﬁh”Y < Hpvﬁ”YJ
and Cea’s lemma,
Hpvﬁ - pvﬁhHY < qigﬁh Hpvﬁ — qnlly -

From (2.27) we then obtain

[Py — Pognlly < 8 [pully -

Hence we can write

<Bvﬁ> pvﬁh>H <Apvﬁ>pvﬁh>H = <Apvﬁ’p'l}ﬁ>H - <Apvﬁ7pvﬁ - pvﬁh>H

> g3 = Dozl IPog = Pogally = (1= 8) [lpo |3
> (1= 08) [[pogllyl[Pognlly
ie.,
(1= 8)lolls = (1= ) oyl < et
pvﬁhHY
implying the inf-sup stability condition (2.28). |

In some applications, e.g., when considering space-time finite element methods for the
heat equation as in [40], the discrete inf-sup condition can be established when using a
(discretization dependent) norm on the ansatz space X. In particular, let |||, : X = R
define a norm on Xy, satisfying ||v||x, < ||v||x for all v € X and assume that ,

C. Buy,
cs |lvallxn < sup (Bow, an) i

for all vy € Xpg. (2.29)
0#gn €Y thHY

Then the following stability and error estimates hold true.
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Lemma 2.8 Assume the discrete inf-sup stability condition (2.29). Then the approzimate
operator S is discrete elliptic, satisfying

(Svir,vu)m > [Cs]? vil|%,  for allvg € Xu,

and the perturbed variational formulation (2.12) admits a unique solution. Furthermore,
there holds the error estimate

2c8
il < (14 Z2) inf Jlu - onlx. 2.30
o~ ln < (1+52) infJu—onlx (2:30)

Proof. The proof of the discrete ellipticity estimate follows the lines of the proof of Lemma
2.3, replacing the discrete inf-sup stability condition (2.13) by (2.29). This already ensures
unique solvability of (2.12), as || - [ x,, defines a norm on Xy C X. To derive the error
estimate, let vy € Xy be arbitrary but fixed. First note that we have

lu —un|xn < llu—vullxn+ llve = tnllxn < lv—vnlx + lon —wnlxn-

When using the discrete inf-sup stability condition (2.29), and (2.16), for the second term
we further have

N N Bluy — iin), Buy — (f — Apy).
G o — Tiullxn < sup (B(vs — tn), qn)u sup (Bua — (f — Apn) an)u
0#qn €Y HQhHY 0#£qnEYh HQhHY
B(vg —u) + App, q
= sup BOETOEAGIE  my
0#qr€Yy HQh”Y

Using (pn, Bug)g = 0 for all vy € Xpg, see (2.16), we can further estimate

Ipell3 = (Apn, pr)ur = (B(u —tg), ppyn = (B(u —vg),pn)a < & v —vgllx||pslly,

ie., |lpnlly < B llu —vgllx. Since vy € Xy was arbitrary, this concludes the proof. n

In what follows we will discuss several applications of this abstract setting. Although our
main interest is in the discretization of time dependent partial differential equations such
as the heat and the wave equation, we will first consider an elliptic problem in order to
present the main ideas of this approach for examples which are well known in literature.
Crucial is the choice of the finite element spaces X7 and Y}, such that the discrete inf-
sup condition (2.23) is satisfied. As we will see, and depending on the particular partial
differential equation to be solved, we may even consider X7 = Y}, or we may consider
stable pairs of finite element functions which are defined with respect to the same finite
element mesh. In the most general case we may choose first a finite element space Xg,
then a space Xz to ensure the saturation condition (2.25), and finally Y}, to satisfy the
discrete inf-sup stability condition (2.23), e.g., we may define the ansatz space Y} with
respect to a sufficient small mesh size h < ¢y H in order to meet (2.27).
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3 Elliptic Dirichlet boundary value problem
As first example we consider the Dirichlet boundary value problem for the Poisson equation,
—Au(z) = f(z) forx e, wu(x)=0 forzel, (3.1)

where 0 C R", n = 2,3, is a bounded Lipschitz domain with boundary I' = 9Q2. With
respect to the abstract setting we have

X=Y=H)Q), A=B=-A:HNQ) »H Q). [vlx= Vol

We obviously have (2.4) with ¢ = ¢ = 1. In this case, the abstract variational formulation
(2.19) reads to find (u,p) € HL(Q) x HL(Q) such that

/Vp -Vq(x da:—l—/Vu -Vq(z)dz = {f,q)a /VU -Vp(x)de =0  (3.2)

is satisfied for all (v,q) € H3(Q) x Hy(Q). Let Xj, := SHQ)NH(Q) = span{gpk}é\i}‘l, where
SHS) = span{e; } X denotes the standard finite element ansatz space of piecewise linear
and continuous basis functions, which are defined with respect to some admissible locally
quasi-uniform decomposition of 2 into shape regular simplicial finite elements 7' of local
mesh size hy. By definition we have, for 0 # u;, € X},

||vuhHL2(Q):(Vuh,vuh>L2(Q)< sup (Vun, Van) 2
IVunllze)  ~ otanexn  Vanlzz@

ie., (2.23) for Y, = Xz = Xj. In the case Xy = Xy = X}, we finally obtain, due to
pn = 0, the standard finite element formulation for the Poisson equation, i.e.,

/QVuh(x) -Van(x)de = (f,qn)q for all g, € X}, (3.3)

In order to use ||Vpp| r2(q) as a reliable and efficient error estimator we need to introduce
a finite element space Xy which is defined with respect to a coarser mesh. In fact, one
may first define the ansatz space Xy, and afterwards Yj,, by applying some additional
refinements. Hence we consider the mixed variational formulation to find (ugy,pn) € Xpg X
Y}, such that

/Vph -Van(x dx—l—/VuH -Van(x)de = (f,qn)q /VUH -Vpp(z)dx =0

(3.4)
is satisfied for all (vyg,qn) € Xy X Y,. According to Lemma 2.4 we conclude the error
estimate

IV (u —ug)| L2 )<cl mf HV(u—vH)HLz —1—02 1nf IV (u = qn)ll 20

13



Hence, assuming u € HJ ()N H*(Q) for some s € [1,2] we finally obtain the error estimate
19— i)y < ¢ B s, (3.5)
Note that the saturation assumption (2.25) now reads, for u, € X, =Y},
IV (u = un)l[r2) < IV (w—tn)ll2@) for somen € (0,1).

For the particular choice H = 2h, i.e., one additional refinement to define Y; from Xg,
this is obviously related to the h — % error estimator, e.g., [12, 18]. Although this error
estimator is well established in literature, we just present one example solving the mixed
Galerkin finite element scheme (3.4). Note that in contrast to the standard h — % error
estimator we compute (py, uy) at once solving (3.4).

In what follows we will use the error estimator

Nh Nh
= Vil = [ (Vm@Pdo =Y [ [m@Pde=Y i,
Q =1 7 =1
with the local error indicators
o= /h [Vpn()]? dz .
Ty
In order to define local indicators for the error ||V(u — ug)||r2@0) we sum up all local

contributions,
2 2
Ui E Mhe -

h H
Ty CTj

For the adaptive refinement we use the Dorfler marking [15] with the parameter 6§ = 0.5.
The marked elements are then refined using newest vertex bisection. All computations
were done using the finite element software Netgen/NGSolve [37]. The resulting linear
systems were solved using the sparse direct solver package Umfpack.

As example we consider the L shaped domain

Q= (-1,1)*\ ([0,1] x [~1,0]) C R?,

and we consider the Dirichlet boundary value problem (3.1) with the exact solution, given
in polar coordinates,

u(r, p) = r?/3 sin ggo, ue H(Q), s< g (3.6)
Due to the reduced regularity we expect a reduced order of convergence of O(H?/3) for a
uniform refinement when measuring the energy error ||V(u — @y )|| 20, and of O(H*?)
when considering the L? error ||u— Ul 12(0). When using the adaptive refinement strategy
as described, we recover the optimal convergence of O(H) in the energy norm and of O(H?)
in L?(Q)), respectively. The related numerical results are given in Fig. 1. In Fig. 2 we present
a comparison of the error ||V (u — up)|| 2 (o) and the error estimator n = [|Vpy|| 2y which
shows that the error estimator is effective.
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Figure 1: Convergence behavior for the approximation of the singular function (3.6).
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Figure 2: Comparison of the error ||V(u — ug)| 12() and the error estimator ||Vpsl| 2.
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Remark 3.1 Instead of X =Y = H}(Q), S = B*A™'B = —A, we may also consider the
abstract setting with X = HA(Q) := {v € H}(Q) : Av € L*(Q)}, Y = L*(Q), B=—-A:
HA(Q) = Y, and A =1 : L*(Q) — L*(Q). Then we have that S = B*A™'B = A? is
the Bi-Laplacian. For a conforming finite element discretization in this case one may use
tensor product meshes and quadratic B splines to define X}, and piecewise constant basis
functions to define Yy. For a related approach in the case of a distributed optimal control
problem, see, e.g., [9, 10]. Alternatively, and applying integration by parts twice, one may
exchange the roles of X = L*(Q) and Y = HA(R), in order to consider, e.g., less reqular
Dirichlet boundary conditions u = g € L*(T), see, e.g., [2]. In addition, one can also apply
the abstract theory as presented in this paper for the analysis of related boundary element
methods [41].

4 Parabolic Dirichlet boundary value problem

As an example for a parabolic partial differential equation we consider the Dirichlet problem
for the heat equation,

Opu(z,t) — Agu(x,t) = f(x,t) for (z,t) € Q :=Q x (0,7T), (4.1a)
u(z,t) =0 for (z,t) €e ¥ :=T x (0,7), (4.1b)
u(z,0) = for x € Q, (4.1c)

where €2 C R", n = 1,2,3 is a bounded Lipschitz domain with boundary I' = 02, and
T > 0 is a given time horizon. In view of the abstract setting we have the Bochner spaces

X = L*0,T; Hy(Q) N Hy (0,T; H'(Q)), Y := L*(0,T; Hy(Q)), H := L*(Q),

where Hj (0,T; H'(Q)) := {u € L*(Q) : O € L*(0,T; H'(Q)),u(z,0) = 0,z € Q}. The
operators A:Y — Y* and B : X — Y™ are defined in a variational sense satisfying

(Ap, )q = (VaD, V@) 12(0),  (Bu, q)q = (O, q)g + (Vau, Vaq) 12(q)

for all p,g € Y and u € X. The corresponding norms read

Iplly = 1Vapllz2),  lullx = \/II&:UI v T 1IVaulls,  [|0rul

Y* — ||vmwu||L2(Q))
where w, € Y is the unique solution of the variational problem
(Vaowy, Voq)r2g) = (Oiu, q)g forallgeY. (4.2)

The operator A : Y — Y™ is self-adjoint, bounded and elliptic. Moreover, B : X — Y™ is
bounded with ¢ = V2, ie.,

|Bolly- < V2|jv|lx forallv e X.
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In order to prove an inf-sup stability condition, for u € X we first define w, € Y as in
(4.2). For ¢ :== u+ w, € Y we then have

<BU, q>Q =

(
(
= (Vwy, Vou) 12y + (Vau, Vou) r20) + (Vawy, Vawy) 120y + (Vau, Vawy) 120
(Va(u+ wy), Va(u + wy)) r2(0)

= llally-

On the other hand,

lally = IV (u+ w72

<qu, V$U>L2(Q) + (wau, wau>L2(Q) + 2 <wau, V1u>L2(Q)
(Vau, Vau) r2) + (Vowa, Vowy) 120y + 2 (Opu, u)g

> || Vaully + ([ Vaw 5

= ul%.

implies
(Bu,u+wu)q 2 [lul x[lu+wly,

and therefore the inf-sup stability condition

(Bu, q)

lullx < sup € forallue X

oqey  |lally

follows with ¢ = 1. Note that this estimate is improved than originally derived in [40].
Moreover, B : X — Y™ is surjective, see, e.g., [27]. Thus, we can apply the abstract theory
from Section 2. The variational formulation (2.19) now reads to find (u,p) € X x Y such
that

/ V.p(z,t) - Vaeq(z, t) de dt
Q
+/ [&u(a:,t) q(z,t) + Vyu(z,t) - Vaq(z, t)}dx dt = (f,q9)q, (4.3)
Q
/Q [@v(:v, t)p(z,t) + Vyu(z,t) - pr(x,t)}dx dt = 0

is satisfied for all (v,q) € X X Y.

For the discretization of (4.3) we first consider an ansatz space Xy = sparl{gok}jk\ix1 cCX
of piecewise linear and continuous basis functions ¢, which are defined with respect to
some admissible and locally quasi-uniform decomposition of the space-time domain () into
shape regular simplicial finite elements ¢/’ of mesh size H,. In addition we define the ansatz
space Y, = span{lpi}f\g C Y of piecewise linear and continuous basis functions v; which
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are defined with respect to some refined decomposition of the space-time domain () into
finite elements ¢ of local mesh size h;. From a practical point of view, we may use one
additional refinement of the mesh which was used to define Xy, i.e., for ¢* C ¢! we have
h; = %H 4. As an alternative, we may also use second order form functions on ¢}’ to define
Y,. In both cases we have the inclusion Xy C Y) which enables us to prove a discrete
inf-sup stability condition. For any u € X we define w,, € Y}, as the unique solution of
the Galerkin variational formulation

(wauh, vth>L2(Q) = <8tu, Qh>Q for all qn € Yh.
With this we define the discrete norm

lullxn = \/||UI|§/ + [wanlly < Jlullx,

and as in the continuous case, instead of w, € Y we now use w,,,,, € Y;,, we can prove the
discrete inf-sup stability condition

<BUH7 Qh>

lum|xn < sup € forall uy € Xp.

oaneyn  llanlly

Hence we conclude unique solvability of the mixed space-time finite element variational
formulation to find (ug,pn) € Xu X Y}, such that

/ Vepn(z,t) - Veqn(x,t) de dt
Q
—l—/Q [@ﬂg(x,t) qn(z,t) + Veoupg(z,t) - quh(a:,t)}dx dt = (f,qn)q, (4.4)
/ [&vH(:v,t) pr(x,t) + Vyvp(x,t) - Vapn(z, t)}d.r at = 0
Q

is satisfied for all (vy,q) € Xy x Yy,. The related error estimate now follows from the
abstract estimate (2.30), i.e., with ¢ = /2 and ¢y = 1 this gives

||u_27H”X,h S (1+2\/§) inf ||U—UH||X
vgeEXy

Hence, assuming u € H*(Q) for some s € [1,2] we conclude the error estimate, e.g., [40],

IVa(u — )|l r2q) < llu—tnlxn < cH Hulgs(g)-

We also define the ansatz space Xz := Y, N X and compute (us,p;,) € X7 X Y3, such that
| Vemiant) - Vaan(ao,t) doat
Q
+/ [&tﬂﬁ(x,t) qn(z,t) + Voug(z,t) - quh(x,t)}dx dt = (f,an)q, (4.5)
Q

/ [atvﬁ(xat)ﬁh(mat)+vaﬁ(x,t)-Vrﬁh(x,t)}dxdt =0
Q
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is satisfied for all (vg, qn) € X7 X Y. As before we can prove the discrete inf-sup stability

condition

<Buﬁ> qh>

uzllxn < sup € for all uy € Xy,

0#£qr €Y} HQh“Y

which ensures unique solvability of (4.5), and we write the abstract saturation condition
(2.25) as
HU — ﬂﬁ“xﬁ S n ||u — ”zIHHXﬁ for some n € (0, 1)

As in the case of the Poisson equation we now use global error estimator

Nh Nh
0= Vol = [ IVapn(o P dedt =3 [ [Vomnla, 0P dede =Y o,
Q = Y4 =1
with the local error indicators

o= [ Ve P dvdt, = Y
dp

h H
Ty CTj

to drive an adaptive refinement algorithm, using Dorfler marking with # = 0.5 and newest
vertex bisection, [15], and we compare these results with those obtained by a uniform
refinement strategy. We consider the Galerkin variational formulation (4.4) for the ansatz
space Xy = SL(Q) N X of piecewise linear and continuous basis functions, and the test
space Yg = S%(Q) N'Y of piecewise second order and continuous basis functions. The
latter corresponds to the test space ¥j, = S}(Q) NY of piecewise linear continuous basis
functions, which are defined with respect to a refined mesh with local mesh size h = %H .
As before, all computations were done in Netgen/NGSolve [37] where we used the sparse
direct solver package Umfpack to solve the resulting linear system.

In the first example we use the one-dimensional spatial domain Q2 = (0, 3) and the time
horizon T' = 6, i.e., we have the space-time domain Q := (0,3) x (0,6) C R?. As exact
solution we consider the smooth function

{%(t —z—2)3(x—t)*sinfx forx <tandt—x <2,
u(z,t) = (4.6)
0 else,

and we compute f = 0yu — A u accordingly. Since u is smooth we expect optimal orders
of convergence, i.e., O(H?) when measuring the error in L*(Q), and O(H) in the energy
norm [|Vy - ||z2(g). These rates are confirmed by the numerical results for both a uniform
and an adaptive refinement strategy, as shown in Fig. 3(a). In Fig. 3(b) we present a
comparison of the error ||V, (u — ug)||12(@) with the error estimator ||V,ps||r2(g), where
the curves are almost parallel. Moreover, in Table 1 we provide a comparison of the errors
|Vao(u—1g)| r2(q) for both the uniform and adaptive refinement strategy. We observe that
in the adaptive case less degrees of freedom are needed to reach the same level of accuracy
than in the case of a uniform refinement. Finally, in Fig. 4 we present the related finite
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Figure 3: Convergence results in the case of a smooth solution for the heat equation.

uniform adaptive
L Mx va<u_aH)HL2(Q) L Mx Hvﬂﬂ(u_ﬁH)HLQ(Q)
0 14 1.175e+00 0O 14 1.175e+00
1 41 9.391e-01 2 41 7.463e-01
2 137 6.597e-01 4 138 3.637e-01
3 497 3.144e-01 6 496 1.745e-01
4 1889 1.568e-01 8 1825 8.636e-02
5 7361 7.840e-02 10 6524 4.377e-02

Table 1: Comparison of the errors between uniform and adaptive refinement.
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(a) Initial mesh (b) Uniform refinement L =5  (c) Adaptive refinement L = 10

Figure 4: Space-time finite element meshes.

element meshes. Note that the solution is smooth but behaves similar as a wave. This
motivates to use a mesh which is adaptive in space and time.

As a second example we consider the heat equation (4.1) in the space-time domain
Q = (0,1 C R? ie, 2 = (0,1) and T = 1 with homogeneous Dirichlet and initial
conditions, but a discontinuous right hand side

f<x’t):{(1) Scs,et)e{(a:,t)e(o,l)x (£ et <t<az—41, W

as depicted in Fig. 6(a). Note that a similar example was also considered in [20]. Since
the exact solution is unknown, in Fig. 5 we provide the results for the error estimator
| VapnllL2(q) which is equivalent to the error ||V, (u — g)||12(g). As already observed in

~ 1
20, Section 5.2.3], in the case of uniform refinement we obtain a reduced rate of M, *
which corresponds to O(H %), while in the case of an adaptive refinement we have the

optimal rate of ]TJ;%, i.e., O(H). In Fig. 6(b) we provide the adaptive mesh at level L = 9.

As a last example for the heat equation we consider again the space-time domain
Q = (0,1)2, with f(z,t) = 2 for (z,t) € Q, and ug(x) = 1 for z € (0,1). Obviously, we
have ug € L?(0,1), but ug & H} (), i.e., there is no compatibility with the homogeneous
Dirichlet boundary conditions at ¢ = 0. This results in a reduced order of convergence.
In this example, we choose the parameter § = 0.9 in the Dorfler marking strategy. Since
the exact solution is not known, in Fig. 7 we provide the results for the error indicator
| Vapnll2(g) which is equivalent to the error ||V, (u — ug)||r2(). We observe a rate of
O(H"%) in the case of a uniform refinement, and of O(H®!%) for the adaptive refinement
strategy. These rates coincide with those observed in [20, Section 5.2.4].
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ug & H&(Q)-

Remark 4.1 Similar as in the case for the Poisson equation we may also define
X = {v € L2(0,T; LA(Q)) N HL (0, T; HH(Q)) : v — Agv € L2(Q)}, Y = L2(Q).

In this case we have B = 0, — A, : X — L*(Q), and A := 1 : [*(Q) — L*(Q). For a
conforming space-time finite element discretization one can use tensor-product meshes with
quadratic B splines in the spatial directions, and piecewise linear continuous basis functions

in the temporal direction.

5 Hyperbolic Dirichlet boundary value problem

In this section we apply the abstract theory to the Dirichlet boundary value problem for
the wave equation,

Ou(z,t) = Opu(x,t) — Ayu(z,t) = f(x,t) for (z,t) € Q:=Q x (0,T), (5.1a)
u(z,t) =0 for (z,t) e ¥:=T1 x (0,7, (5.1b)
u(x,0) = Oyu(x,t)j—0 = 0 for z € Q, (5.1c)

where, as in the parabolic case, 2 C R", n = 1,2,3 is a bounded Lipschitz domain with
boundary T := 09, and T" > 0 is a given time horizon. Following [42], the space-time
variational formulation of the wave equation (5.1) is to find u € H&’&(Q) such that

—<atU, atQ)L?(Q) + <Vmua va>L2(Q) = <f7 Q>Q (5'2)
is satisfied for all ¢ € H&’}O(Q). Here we use the anisotropic Sobolev space

Hy,(Q) := L*(0,T; Hy () N Hy (0, T; L*(92)),
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where Hj (0,73 L*(Q)) covers the zero initial condition u(z,0) = 0 for z € Q, while
L*(0,T; H}(2)) includes the homogeneous Dirichlet boundary condition on 3. Note that
the second initial condition dyu(x,t);—o = 0 for € € enters the variational formulation
(5.2) in a natural way. A norm in H&;&(Q) is given by the graph norm

lallse @) = 3/ 10cullZaq) + IVauliZq) = luliioy

Note that Hé;’v})(Q) is defined accordingly, but with a zero terminal condition ¢(z,T") = 0
for z € . Although the right hand side of the variational formulation is well defined
for f € [H&;}O(Q)]*, in order to ensure a unique solution u € H&;&(Q) we have to assume
f e L*Q), e.g., [25, 42]. In fact, the solution operator mapping f € L*(Q) to the solution
u € H&’éy(@) of the variational formulation (5.2) does not define an isomorphism. Instead
we have to enlarge the ansatz space in order to incorporate the second initial condition
Owu(z,t)u=o = 0 in an appropriate way. In what follows we will consider a generalized
variational formulation of the wave equation, see [43]: For the enlarged space-time domain
Q- =Qx (=T,T), and for u € L*(Q) we define the zero extension

() = {u(x,t) for (z,t) € Q,

0, else.

The application of the wave operator u on (Q_ will be formulated as a distribution, i.e.,
for p € C5°(Q-) we define

(Ou, v)q_ ::/ u(x,t) Dgp(:ﬂ,t)dxdt:/Qu(Lt) Op(z,t) dz dt.

Now we are in the position to introduce the space
H(Q) = {u =T, : T € L3(Q), Tau(mo) =0, i € [HI(Q)]'},

with the graph norm

lulliar = \/ullFa(g) + 1Ty -

The normed vector space (H(Q), || - ||#(q)) is a Banach space, and it holds true that, see
[43, Lemma 3.5], HS;&(Q) C H(Q) ie.,

10| (2 oy < ||u||Hé;’é’(Q) for all u € H&;&(Q). (5.3)

Therefore, we can consider the space

IR

Ho.(Q) = Hy)y (Q) C H(Q)

24



which will serve as ansatz space. For u € Hp (Q), an equivalent norm is given as, see [43,
Lemma 3.6],

[ll900,@) = 15l 3 o+
For given f € [HS;}O(Q)]* we now consider the variational formulation to find u € Ho, (Q)
such that

b(u,q) = (Bu,q)q = (0, Eq)q_ = (f,q)q for all g € Hyy(Q), (5.4)

where & : HS;’})(Q) — H}(Q_) is a suitable extension operator, e.g., reflection in time.
Note that we have, see [43, Lemma 3.5],

(Ou,Eq)g_ = — (0w, 0:q) 12() + (Vau, Vo) 12(0), U € Hé;’é,(@) C Hoo,(Q).q € Hé;’i)(@)-

We conclude that the bilinear form within the variational formulation (5.4) is bounded for
all u € Ho, (Q) and ¢ € H&’b(@), and satisfies the inf-sup stability condition

(Ou, Eq)q_
[ullsoo@ =  sup

for all u € Ho,p (Q). (5.5)
orqeriti) l4lmi

In view of the abstract setting we therefore have
X = Hoo (Q), Y :=Hyp(Q), H:=LQ), B:X—>Y"
Finally, we define

<Ap7 q>Q = <atp7 atq>L2(Q) + <v$p7 VmQ>L2(Q) for all D, q € Y = H&;’}O(Q)J

which corresponds to the space-time Laplacian. Thus we can apply the abstract theory as
given in Section 2. The variational formulation (2.19) now reads to find (u,p) € X x Y
such that

(Oip, 0u0) 12(Q) + (Vb Vo) 12(q) + (U, Eq) o = ([, 2)q, (OV,Ep)g_ =0 (5.6)

is satisfied for all (v,q) € X x Y.

Let Xy C H&;&(Q) C Ho,(Q) = X be the conforming finite element space of piecewise
linear and continuous basis functions which are defined with respect to an admissible locally
quasi-uniform decomposition of the space-time domain () into shape-regular simplicial finite
elements of mesh size H. Moreover, let Y}, C Hé;’}](Q) be a second finite element space of
piecewise linear and continuous basis functions which are defined with respect to a refined
decomposition of the space-time domain into finite elements of mesh size h. The Galerkin
discretization of (5.6) then reads to find (ug,pn) € Xy X Y} such that

(Oeph, Oran) 2(Q) + (Vabh, Van) r2@) — (Octr, Oeqn) 12(0) + (Vaun, Vaan) 2@ = (fsan)o
(5.7)
and
—(Owm, Opn) r2Q) + (Vavm, Vabn)r2(q) =0 (5.8)

is satisfied for all (vg, gn) € Xz x Y. Using the relation ||u|zy,, @) < H“”H&& @ = lulm@)

for u € H&’&(Q) we conclude a best approximation result.
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Theorem 5.1 Assume (2.27) such that the discrete inf-sup stability condition (2.13) is
satisfied, and assume u € H&;&(Q) N H*(Q) for some s € [1,2]. For the unique solution
(ug,pn) € Xy X Yy of (5.7) and (5.8) there holds the error estimate

v = up|l3o0.@ < inf

-1
oneXs \u — UH|H1(Q) S cH? |u H3(Q)-

If the finite element space Y}, is chosen appropriately, i.e., such that the discrete inf-sup
stability condition (2.23) and the saturation condition (2.25) are satisfied, n = |pa|u1(g)
serves as an error indicator for [[u — ugl2, (). We define the finite element spaces
Xp=S5(Q)NX and Y}, = SE(Q) NY of piecewise linear continuous basis functions with
either h = H/2 or h = H/4, and we consider the Dorfler criterion [15] with parameter
0 = 0.5. As in the previous examples we refine all marked elements using red-green-blue
refinement.

As a first example we consider the smooth solution (4.6) as for the heat equation, and
we compute f = dyu— Azu. In this case we expect to see optimal orders of convergence for
the error in the energy norm. In Fig. 8 we present the numerical results for both a uniform
and an adaptive refinement, and for h = H/2 as well as for h = H/4. In all cases we
observe a linear convergence, for both the error |u — ug|x1(g), and the estimator |py|q1(q).-
Finally, in Fig. 9 we present the initial mesh, and two adaptively refined meshes in the
space-time domain.

1 (- Ipnlgrq) uniform
| |- @ lim =Ty g, uniform
—B—  |pnlg(q) adaptive

| | —m—lan — uly g adaptive 100

MY~ H

10° 3

E 5107t 3

errors
errors

1071 F

1072 E E 1072 E

10? 10° 10* 10° 10? 10° 10* 10°
Mx Mx

(a) h = H/2 (b) h= H/4

Figure 8: Errors [u—ug|p1(g) and estimators |py| g1 (q) for adaptive and uniform refinements
for different choices of h and H for the smooth solution (4.6).

As a second example we consider the unit square @ = (0, 1) and choose the right hand
side f and the inital values u(x,0) = uo(z) and dyu(z,t)—0 = g(x) to be

f(z,t) =2 for (z,t) € Q, wuo(x)=1forz e (0,1), g(x)=0forz e (0,1).

Note that the initial condition satisfies ug € L?*(0,1), but ug ¢ H}(0,1), i.e., there is no
compatibility with the homogeneous Dirichlet boundary conditions at t = 0. Therefore, we
expect to see reduced orders of convergence. This is confirmed as shown in Fig. 10, where
we obeserve a rate of O(H%%) in the uniform refinement case, using Xy = S(Q)NX and
Y, = Yy = S%(Q)NY. Driving an adaptive refinement scheme with the Dorfler parameter
6 = 0.9 the rate could be increased to O(H"1).
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Remark 5.1 As for the Laplace equation we can also use a boundary element least-squares
formulation in the case of the wave equation [24]. In particular in the one-dimensional case
one can prove the mesh condition H > 2h in order to ensure stability, even for adaptive
meshes.

6 6 6
5 5 5
4 4 4
.t -3 -3
2 2 2
: | 1
D ’ 1 X ’ ’ 0 ’ 1 X ’ ’ D ’ 1 X ’ ’
(a) initial, Mx = 56 (b) h = H/2, Mx = 3624 (c) h = H/4, Mx = 2893

Figure 9: Meshes from the adaptive refinement for the solution (4.6).

T T T T T T T T T
10—0.1 - |
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— 10
&
—o— |ph|H1(Q) adaptive
B lph‘Hl(Q) uniform
10702 | |— M00% ~ got N
a7 —0.03 .
--- My ~ [0-06
Lol Lol Lol NN

103 104 10°
Mx
Figure 10: Error estimator for adaptive and uniform refinement in the case of a less regular
solution violating the compatibility of initial and boundary conditions.
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6 Conclusions

In this paper we have formulated and analyzed least-squares methods for the numerical
solution of abstract operator equations Bu = f. Applications involve elliptic, parabolic,
and hyperbolic problems, with the Poisson equation, the heat equation, and the wave
equation as examples. While we assume that B : X — Y* is an isomorphism, and B
is given from the application, there is still some freedom in the choice of the underlying
spaces X and Y. When considering the Laplace operator B = —A instead of B : Hj(2) —
H'(Q) we may also consider Y = L*(Q2), implying X = {v € H}(Q) : Av € L*(Q)}, or
the other way around, i.e., an ultra weak variational formulation using X = L?(Q) and
Y = {v e H}Q) : Av € L*(Q)}. Tt is obvious that in all of these cases we have to use
appropriate inf-sup stable finite element spaces Xy and Y. But these approaches can be
applied to the heat, and the wave equation, as well, see, e.g., [23].

In addition to those simple model problems can apply this methodology to rather
general problems, including flow problems, nonlinear equations, etc. Other applications
involve the least-squares formulations of boundary integral equations [24, 41].

In this paper we have considered the stability and error analysis of adaptive space-time
least-squares finite element methods. It is clear that for an efficient solution of the resulting
huge linear systems of algebraic equations we need to use appropriate preconditioned and
parallel solution strategies. While the construction of these solvers was not within the
scope of this paper, this will be done in future work. In particular, due to the structure
of the linear system to be solved, we need to have preconditioners for Ay, and for the
discrete Schur complement S;, = B,jAngh. Both matrices are symmetric and positive
definite, independent of the particular choice of B. Possible solution strategies involve
direct methods based on factorization as used in [29], or multigrid methods as considered
in [22]. The use of efficient solution methods then also allows the numerical solution of
partial differential equations in the four dimensional space-time domain, as we already did
for optimal control problems; e.g., [28].
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