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Abstract

In this paper, we recast the variational formulation corresponding to the single
layer boundary integral operator V for the wave equation as a minimization prob-
lem in L?(X), where ¥ := 9 x (0,T) is the lateral boundary of the space-time
domain @ :=  x (0,7). For discretization, the minimization problem is restated
as a mixed saddle point formulation. Unique solvability is established by combining
conforming nested boundary element spaces for the mixed formulation such that the
related bilinear form is discrete inf-sup stable. We analyze under which conditions
the discrete inf-sup stability is satisfied, and, moreover, we show that the mixed for-
mulation provides a simple error indicator, which can be used for adaptivity. We
present several numerical experiments showing the applicability of the method to
different time-domain boundary integral formulations used in the literature.

1 Introduction

Time-domain boundary integral equations and boundary element methods (BEM) for evo-
lution problems are well established in the literature, see, for example [12] for an overview.
The common procedure is to either first discretize the temporal part using convolution
quadrature, and then applying a boundary element method for the spatial variables, see,
e.g., [5, 7, 26, 36]; or to use BEM with spatial basis functions and temporal basis func-
tions chosen separately, and then considered together as tensor product. We refer to
[1, 2, 3, 20, 21, 22, 23, 25|, to name a few. Typically, the choice of temporal basis func-
tion is done in order to obtain a marching-on-in-time algorithm, which is an explicit time
stepping scheme [47].



Lately, the interest of discretizing space and time simultaneously has been increasing,
resulting in so called space-time discretization methods. Admittedly, space-time discretiza-
tions lead to larger systems of algebraic equations to be solved. Nevertheless, these methods
offer the advantage of having full control of the discretization in space and time at once,
allowing for space-time adaptivity. In order to see this, it is worth noting that although
space-time discretizations may lead to tensor-product basis functions on structured space-
time meshes, they treat time as if it were another spatial variable, and thus, also permit
unstructured meshes. Moreover, space-time methods allow for preconditioning and par-
allelization in the space-time domain, which gives more flexibility in the construction of
efficient solvers than time stepping methods, see, e.g., [18, 19].

The success of space-time BEM for parabolic problems [14, 15, 32] and the promising
developments for the wave equation when using space-time finite element methods (FEM)
[13, 31, 33, 43, 44|, encourage us to also study space-time BEM for hyperbolic problems.
For this, the first step is to consider the literature on time-domain boundary integral
equations for the wave equation.

The standard approaches for BEM for the wave equation started with the groundbreak-
ing works of Bamberger and Ha-Duong [6], and Aimi et al. [2]. The main difficulty in the
numerical analysis of these formulations is in the so-called norm gap, coming from continu-
ity and coercivity estimates in different space-time Sobolev norms. When using the ener-
getic BEM from [2], a complete stability and error analysis can be done in L?(X), see [28],
where 3 := 9 x (0,7) is the lateral boundary of the space-time domain @ := 2 x (0, 7).
Hence, the energetic BEM is amenable to space-time discretizations. Its disadvantage,
though, is that it requires the Dirichlet data to be sufficiently regular, i.e., in H'(3).

Using a generalized inf-sup stable variational formulation [44] for the wave equation, in
[40] we derived inf-sup stability conditions for all boundary integral operators in related
trace spaces, overcoming norm-gaps and also the need for extra regularity of the Dirichlet
data. However, the standard discretization of the single layer boundary integral operator
V by means of space-time piecewise constant basis functions does not provide an inf-sup
stable pair [24] in one spatial dimension, which we believe will also be the case for d = 2, 3.

As an alternative, we proposed a regularisation via a modified Hilbert transform [43],
the resulting composition with V becomes elliptic in the natural energy space [H,lo/ 2(2)]’ ,
similarly to what is known for boundary integral operators for second-order elliptic par-
tial differential equations [41]. At the time of writing this article, this strategy had two
drawbacks: it introduces further computational costs, and so far it is only applicable to
space-time meshes that admit a tensor product structure. However, these obstacles could
be circumvented applying techniques used in [45].

Another approach is to replace the straightforward variational formulation by a least-
squares/minimal residual equation. For FEM this has been extensively studied for time
independent problems, see Bochev and Gunzberger [9, 10, 11]. Time dependent parabolic
problems have been investigated in the context of first order least squares systems (FOSLS)
in [16] and in the context of minimal residual Petrov—Galerkin methods in [4, 46]. In the
context of BEM for elliptic partial differential equations this has been studied in [39] and,



recently, for FEM for the wave equation in [17, 29]. In this paper we combine these
ideas to also have a least-squares boundary integral formulation that works for hyperbolic
problems. In addition to a stable method, we get an error indicator that can be used for
space-time adaptivity. It is worth pointing out that, although we present the theory for the
wave equation in one spatial dimension, the underlying abstract framework is dimension-
independent and, consequently, we expect the theory to carry over to higher dimensions.

This paper is organized as follows. Section 2 introduces our notation and model prob-
lem. In particular, we remind the reader that in one spatial dimension the single layer
boundary integral operator V is an isomorphism from [H (%) to L*(¥), and we derive
the associated inf-sup constant. Then, we introduce a least-squares variational formulation
for the related boundary integral equation. In Section 3, we present the stable discretiza-
tion of our least squares formulation. For this, we propose a mixed BEM, and show its
unique solvability in Theorems 3.1 and 3.2. Moreover, Lemma 3.3 establishes the con-
vergence of the method, and Lemma 3.4 provides the conditions under which we obtain
a reliable error indicator. In Section 4, we provide numerical experiments to verify our
theory. There, we investigate the performance of the proposed least-squares formulation
for three different first-kind boundary integral equations related to our Dirichlet problem.
With this, we compare how different mapping and stability properties affect the numerical
behaviour of the proposed method. We pay special attention to the requirements to have a
reliable error indicator and the numerical study of the resulting adaptive scheme. Finally,
we give some conclusions and comment on ongoing work.

2 Least-Squares Variational Formulation

As in [2, 41], we consider the Dirichlet boundary value problem for the homogeneous wave
equation in the one-dimensional spatial domain ©Q = (0, L), with zero initial conditions,
and for a given time horizon 7" > 0,

Opu(z,t) — Opgu(z,t) = 0 for (z,t) € @ := (0,L) x (0,7,
u(z,0) = du(z, )= = 0 for z € (0, L),

uw(0,t) = go(t) forte (0,7T),

u(L,t) = gr(t) forte (0,7).

(2.1)

In the one-dimensional case, the fundamental solution of the wave equation is the Heaviside
function

U (1) = 5 H(E ),

and we can represent the solution u of (2.1) by using the single layer potential

» t—|z| t—|z—L|
uw(z,t) .= (Vw)(z,t) = %/0 wo(s)ds + 5/0 wr(s)ds for (z,t) € Q.



To determine the yet unknown density functions (wg, wr,), we consider the boundary inte-
gral equations for x — 0,

(Vow)(t) := %/0 wo(s) ds —I—%/O_ wr(s)ds = go(t) fort e (0,7), (2.2)

and for x — L,

/ wL L(t) fort € (O,T) (23)

DO | —

(Vo w)(t) = %/0_ s)ds +

We write the boundary integral equations (2.2) and (2.3) in compact form, for w = (wy, wy,),

v = () = (v v ) () o= (29) =s0. teon. e

In energetic BEM [2], instead of (2.4), the time derivative of (2.4) is considered,
Or(Vw)(t) = 0g(t) forte (0,T). (2.5)
Recall the ellipticity estimate [2, Theorem 2.1], see also [41, Theorem 2.1},
(w, 0 Vw) 2y > cs(n) HwH%Q(E) for all w = (wo,wy) € L*(X) := L*(0,T) x L*(0,T),

where
2

cs(n) :==sin 1)

and
n::min{mGN:TgmL},

is the number of time slices T; := ((j — 1)L, jL) for j =1,...,n when T' = nL. In the case
T < nL, we define the last time slice as T}, := ((n — 1)L, T'), while all the others remain
unchanged.

Since 9; V : L*(X) — L*(2) is also bounded, unique solvability of the boundary integral
equation (2.5) follows. Let us introduce Hj (¥) := H;(0,T) x Hy (0,T), and note that
z € Hy (0,T) covers the zero initial condition z(0) = 0. Moreover, for u = (ug, ur) € Hj (X)
we have the norm definition

HUHE&(Z) = HatuOH%Z(O,T) + HatULH%%o,T)-

Given that the time derivative d; : Hj (¥) — L*(X) is an isomorphism, e.g., [43, Sect. 2.1],
we also have that V : L?(X) — H; (X) is an isomorphism.

We define H(X) := H(0,T) x Hp(0,T) in a similar way, but with a zero terminal
condition at t = T'. As in [41, eqn. (2.9)] we also have the ellipticity estimate

-1
({0, Vw,w)s = cs(n) ||w||[2H’10(2)}/ for all w € [H}O(E)]',
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where

@ / f(s)ds, te(0,7),

is the inverse of 9 : H})(E) — L*(¥), and [H 3(X)]" denotes the dual space of H (%) with
respect to L*(¥), which is equipped with norm

w,V)s
HwH[Hlo(z)y = sup —< ) )
’ 0AvEH (D) H’UHH}O(E)

where (-, -)x : [H((X)] x Hy(X) = R denotes the duality pairing as extension of the inner
product (-, )2y in L*(X).

Hence we conclude that V : [H(X)]" — L*(¥) is an isomorphism and, in particular,
bounded and satisfying the inf-sup stability condition. Our next aim is to find the inf-sup
constant cg(n) > 0 of

~ <V w, Q>L2(Z)
O

= Vw1
0£qeL2(D) HQHLQ(E) B

With this goal in mind, we first consider two auxiliary lemmas, where we follow the ideas
and notation of [43].

Lemma 2.1 Let {W,(t)}72, := {cos(ayt)}72, with ay, == (5 + kn) 4, andw € [H(0, 7))
Then there exists a unique v € L*(0,T) such that Oy = w and

2 2o
HwH[Hl 0,7)] fzak Wy = HU”LZ (0,7)>
k=0

where Wy, := (w, W) (0,1)-

Proof. First, let us remind the reader that {Wi(¢)}2, forms an orthogonal basis for
L?(0,T) and H{(0,T), while {Vi(t)}22, := {sin(aut)}32 is an orthogonal basis for L*(0,T)
and H; (0,T). Since 9, : L*(0,T) — [H(0,T)]" is an isomorphism, we can write w = 0y
for a unique v € L*(0,T). By representing v by the orthogonal basis {V;}32,, i.e., v =
> re o Uk Vi, With vy, := %(U, Vi) 12(0,1), We obtain

/2
HUHH 0,T) ( Z’Uk|2> )

and further .
w= 0w = Z v Wi (2.6)

k=0



Using, that we can represent any function ¢ € H(0,T) as q(t) = > ,— GuWi(t), with
7 = 2(q, We) 120y, We first compute that

T 1/2
194l 207y = <5Z |ak|2ai> -
k=0

Now, by the definition of || - [[z1 1)y, We have that

(w, Z GWe)om) Z T {w, Wi) 0,1)
k= e
HwH[Hlo(o,T)]/ = sup ao = sup 0 T
’ O#qGH}O(O,T) H tQHLQ(O,T) Oyéqu}O(O,T) T oo , ) 2
B} Z ]
k=0
oo
Zaﬁk@;l@k ) o 1/2
= sup =0 - < —Zwia,f
0#qeHL(0,T) [ 2 3 T
4 2= |2
5 Zak Ty
k=0

By picking
q= Z aEQEka € H}O(O,T),
k=0

we can bound [|wl|{g1 o1y from below by the same estimate, i.e.,

(W, q) o1 (w,q) 0 2 § :— ar "

) (O7 ) ? (07 ) 2 2

HU)HH1 0,1y su = g 1 = . |
Ho(0T)] 0£qeHY(0,T) 19dll 202y — 19¢dll 20,y k=0 k

Thus, we have that

2 (=,
”wH[H}O(o,T)]/ AT (Z Wiy, 2)-
k=0

By (2.6), we get Wy = axvy and compute,

2= 5, T
ol oy = 75 D 00k = 5 D [0kl = [olFacoiry
k=0 k=0
|

Remark 2.1 The results of Lemma 2.1 also hold when considering the lateral boundary
as the domain, instead of (0,T).



Using the compact form (2.4) for w = (wg, wy), we define the operators Vp and Vop as

Vp(t) = (Vgo V(ZL) and  Vop(t) = (V(io VSL). (2.7)

Given Lemma 2.1 and definition (2.7), we can relate || Vpw| z2(s) to [|w]|jgxy as sum-
marised in the following lemma: 7

Lemma 2.2 Let w € [Hy(X)]" and Vp be defined as in (2.7). Then

1
Vb w”%?(z) ~ 1 ||wH[2H}O(2)]/-

Proof. Let w = dyv for some v € L?(X). By definition of Vp we have
1
Vpw =Vpow = 51}(15).

Hence, by Lemma 2.1

1 1
2 2 2
Vb w||L2(E) = Z”UHLQ(E) = ZHU’H[H}O(E)]/-

Now we have all the tools to return to our study of the inf-sup constant ¢g(n) and provide
the main result of this section.

Theorem 2.3 Let w € [Hy(X)) and let n € N denote the number of time-slices. Then
the operator V : [H(X)]" — L*(X) is continuously bounded from below by constant ¢g(n),
1.€.,

2 ~ 2 2 c = si T
Vw72 = ¢s(n) HwH[H}O(z)yv where  ¢g(n) := sin (2(2n + 1)) '

Proof. We have

[Vwllrzsy = ((Vp+Vop)w, (Vp+Vop)w)ra(s)
= [IVpw|[Z2im) + 2(Vpw,Vop w) 2y + || Vop Wl Z2s).- (2.8)

Let ¥;, 7 = 1,...,n, denote the lateral trace, restricted to the j time-slice in time. By
using the definitions (2.7), one can verify the following relation for all w € [H(X)]":

IVowllzas, ) = [[Vop wlies,y, 7=2,...n. (2.9)

Using (2.8) and (2.9), we get

IVwlias 2D IVowlias) =2 Vo wlem Vo wlizm y + Y I Vowlias, ),

=1 1=2 =2



which can be represented in matrix form as

2 -1 | Vpwlr2(s) | Vb w2z
-1 2 -1 | Vo w||z2(s,) | VpwlL2(s,)

||Vw||%2(2) > < IR : ; : >
-1 2 —1[|IVpwlres, |V wl|rzs, )

-1 1 IVpwlras,) IVpwlr2s,)
(2.10)
The matrix in (2.10) corresponds to the one dimensional finite difference matrix with
(zero) initial Dirichlet condition and terminal Neumann condition. The spectral properties
of this matrix are henceforth well understood, and its smallest eigenvalue is given by
Anin = 4sin? (

—2(22 +1)>. Consequently, we obtain the bound

IVwlias = Amin ) I Vowlltes,
i=1

/0

_ N L 2 Lo f T 2
where we applied Lemma 2.2 in the last step. [ ]
As a direct consequence of Theorem 2.3, the inf-sup stability condition is given by

~ <Vw7q>L2 b
o) ooy < sup D)

for all w € H{(Y), (2.11)
ozger2®)  |llzecm) ’

with the constant ¢g(n) as given in Theorem 2.3. In order to find its solution w € [H (X)),
we consider the minimization of the functional

1
Tw) = 51Ve =gt

over all v € [H{(X)], whose minimizer w € [H(X)]" is determined as unique solution of
the gradient equation
V*Vw=V"g, (2.12)

where V* : L*(X) — H{(X) is the adjoint of V : [H(X)] — L*(X). When introducing the
adjoint p := g — Vw, we end up with a mixed variational formulation to find p € L?(X)
and w € [H (X))’ such that

<p> q>L2(E) + <V’LU, Q>L2(E) = <g7 q>L2(E)7 <p7VU>L2(Z) =0 (213)

is satisfied for all ¢ € L*(X), and for all v € [H((X)]". In fact, the gradient equation (2.12)
is the Schur complement system of the mixed formulation (2.13). To establish unique
solvability of (2.12), and therefore of (2.13), we consider the Schur complement operator



S :=V'V:[HX)] — Hy(X). For w € [Hy(X)]' define p, = Vw € L*(¥) as unique
solution of the variational formulation

(puw, @12z = (Vw,q) 12wy for all ¢ € L*(X).

With this we obtain

<Sij>z = (V*Vw,w)z = <pw,Vw>L2(2) = <pw7pw>L2(E) = prH%Z(Ey
and the inf-sup stability condition (2.11) gives

- (V w, CI>L2 3! <Pw, Q>L2 b))
Zs(n) Wy < sup WO gy e @P®) 9 )
’ ozger2®)  |allzeem ozger2®)  qllrz )

Hence, S : [H((X)]' = Hy(X) is elliptic satisfying
(S, ) > () g ey for allw € ()]

From this, we conclude unique solvability of the gradient equation (2.12) and of the mixed
variational formulation (2.13).

3 A Mixed Boundary Element Method

Let
SJ(L)I(E) = SJOLI,O(()? T) X SI(){,L(O? T) = Span{qﬁﬁ}é\;ﬁ;’o X Span{gb@}é\f:HNH,o—i-l

and
N,
Sh(E) = 8po(0,T) x S; (0, T) = span{io},. 2 x span{@i )iy, 41
be two conforming nested boundary element spaces, i.e.,

Sp(¥) € Sp(%) € L*(X) C [Hy(D)],

spanned by piecewise constant basis functions ¢, and ¢, which are defined with respect to
some nested decomposition of ¥ into boundary elements 7/ and 7 with local mesh sizes
Hy and hy, respectively. For 7' C 77 we assume H; = mhy, for some m € N. So we may
define a coarse grid mesh Xy first, and any element 7/7 of ¥ is decomposed into m equal
sized elements 7} of the fine mesh %,.

The Galerkin formulation of (2.13) is to find p, € SY(2) and wy € S%(X) such that

Or, an) 2y + Vwr, u)r2is) = (9, @n) 2y, (On, VUE) L2y = 0 (3.1)

is satisfied for all ¢, € SY(3) and for all vy € S%(X). This is equivalent to a linear system

of algebraic equations,
Dn Vi \ (P Y_ (Y
(o ") ()= (8) 62

9



where for j,k=1,..., N, and for / = 1,..., Ny we have
Dp[j, K] :/SOk(x)SOj(x) dsz,  Valj, {] Z/(V@)(I)%‘@) dsz, gj:/g(l’)%‘(ﬂﬁ) dsg.
b b b

Since the diagonal matrix Dy, is invertible, we can eliminate p = D,:l[g — Vjw] to end up
with the Schur complement system

Spw = V,' Dy "Vaw =V, Dy g, (3.3)

which is nothing more than a Galerkin approximation of the gradient equation (2.12).
By construction, the Schur complement matrix Sj, = V," D, 'V}, is symmetric and at least
positive semi-definite. We will prove that the matrix S, is actually positive definite and
hence that (3.3) and therefore (3.2) admits a unique solution.

Theorem 3.1 Assume T = L, i.e., n = 1. Let Xy be a mesh of ¥, which may be non-
uniform and adaptive. Let Xy, be the fine mesh where each element 71 of X is decomposed
into m equal sized elements 7{. Then the Schur complement matriz SF is positive definite
forallm > 2, i.e.,

1 1\2
(Spw,w) > <§ B E) ||wH||[2H,10(Z)]/ for allw € RN & wy € Sp(%).

Here SE denotes the Schur complement matriz for a single time slice.

Proof. For wy € Sp(X) C [Hy(X)]' the application of the Schur complement operator S
reads Swy = V*Vwy = V* p,,, where p,,,, € L*() is the unique solution of the variational
formulation

(Pus> D12y = Vwi, @) 2wy for all g € L(5).

Now we consider the related Galerkin approximation p,, , € Sp(X) as unique solution of
the variational formulation

(Pugohs W) L2(s) = P @) 12z = Vwa, qu)r2sy  for all g, € S)(%), (3.4)
i.e., we have to solve the linear system
Dh]_? = Vhw .

Instead of Swy = V* p,,, we now define the approximation Swy = V* Pwy,» for which we
derive the matrix representation

L _ v Tp-1
Sh — Vh Dh Vh .
Hence, we can write

(Stw,w) = <§wH>wH>Z: (V* Pwyy b, Wa ) s

<pwH7h’VwH>L2(E) = <pwH7h’p'wH7h>L2(z) = prHﬁH%Q(E)' (35)

10



From the triangle inequality

||pwH||L2(E) = prH — Pwg,h +pwH,hHL2(E) < ||pwH _pwH,hHLQ(E) + prH,hHLQ(Z)
we get, by using (2.14),

||pwH,h||L2(E) > prH||L2 () — ||pwH — Pwy, h||L2(z)
> cs(n) lwa iy — lPwr = Pwgnllize), (3.6)
and it remains to estimate the approximation error of ||pu,, — Puwy.nllz2s)-

In the case T' = L, the application of the wave single layer boundary integral operator
V is decoupled, i.e.,

1 1

¢ ¢
Puyo(t) = 5/0 W o(8)ds,  Ppuy,n(t) = 5/0 wyr(s)ds, te(0,7T).

For the coefficients of the piecewise constant approximation at x = 0,
Np.0
Puon(t) =Y poxpr(t)

we find from (3.4) that

IR
Pok = he J, Py o(s)ds fork=1,..., Nyo.
k

-1

By using standard arguments, see, e.g., [38], and p), ,(t) = Jwm(t), we obtain the error
estimate

tg
[ enol®) = pon(t e < 102 [ a0 =5 [ fwmatoar,
t— t—

lk—1

and summing up this gives

T 1 Nh,O tr
| Buno® = pugonP e < 55 S0 [ (o)t
0 k=1 tr—1
When inserting
Nu,0

wrr o Z We(t)

assembling all fine grid contributions from the elements 7/ C 71, and using H, = mhy,, we
further conclude

Nuo

/0 [pwH,O(t> - pwH,O,h<t)] % mi Z

11



By doing the same computations at x = L, and summing up both contributions, this gives
Ng

1 1
|Pws —PwH,h||%2( =79 m2 ;

We now consider a piecewise quadratic function

£) =) weth(t)

where the bubble function 1, in the boundary element 7/ is defined by its form function

P(s)=s(H—s) forse (0,H).

[ wa=g [ wiorae= g

Ng

1
(Wi, vE) 2(x) = Zwé H€7 and ||v}{||%2(2) — 3 Zw? Hg-

For this we compute

Thus, we have

With this, we finally obtain

L W s o
= > Hjw
12%:1 [at4 1 %(wH>UH>L2(E)
||pwH _pwH,hHLQ(Z) S - l /
Ny, T [0k | 2()
3 2 Hiwg
=1
1 (Wi, v) 2(s 1
< sup T = gy
M ozveH (%) v ||L2(Z) ’
Hence, we can write (3.6) as
- 1
P tllzzsy = (Fsn) = — ) lwallp,wy (3.7)

which is positive for
1 n=1 . L.
E < Cs(n) = sin (m) :1 Sll’lz - 57 1.e., for m > 2.

The assertion now follows from (3.5). n

Theorem 3.1 ensures unique solvability of the linear system (3.3), and therefore of the
mixed variational formulation (3.1) in the particular case 7" = L. But this result can be
generalized as follows.

12



Theorem 3.2 Let T = nL for some n € N that induces time slices ((j — 1)L, jL) for

j=1,...,n. Let Xy be a uniform mesh of 3. Let ¥}, be the fine mesh where each element
7 of Xy is decomposed into m equal sized elements 7. We assume that jL, j =0,...,n,

are nodes of the mesh Xy at x =0 and at x = L, respectively. Then,

n . T 1 1\2
(Shw, w) > 4sin® (m) <§_E> ||wH||[2H}0(E)]’ for allw € RM & wy € Sp(%).

Here, St denotes the Schur complement matriz for n time slices.

Proof. Let Q;, denote the L? projection with respect to the fine mesh ¥, defined as

(Qnru, vp) 2y = (u,vp) 2wy,  for all vy, € Sp(X), (3.8)

when u € L*(X) is given. In case of a uniform refinement, we retain an equality analogous
0 (2.9), i.e
||QhVD w||L2(2j_l) = ||QhVOD w||L2(2j), ] = 2,...,n. (39)

Hence, we get

Vv
(SZLw,w)Z(VhTDhth,w,w):< p  WWm Gz

2
P
0#£¢, €89 (%) HQhHLQ(E)

Given (3.9), and following the lines of the proof of Theorem 2.3, we get
1QnV wi 72y = 4[Cs(n)]* |Qn Vo wir||Zas)- (3.11)

Next, we make the observation that ||Q, Vp wHH%Q(Z) is equivalent to considering the dis-
cretized operator (J;, V on one time-slice, which suggests that we can apply Theorem 3.1.
The result now follows from this observation, (3.10) and (3.11),

[Es(m)]* 1Qn Vo wirlZas,

(Sphuw,w) = [QnV wi3as) > 4
1
) ol s (3.12)

> 4[cs(n <——

Remark 3.1 The relation (3.9) does not need to hold on non-uniform refinements. How-
ever, in absence of rounding errors, adaptively refined meshes should retain the property
(3.9) if one starts with a uniform initial mesh, and, as a consequence, the mized bound-
ary element method remains discrete inf-sup stable. We will see later, in the numerical
experiments, how numerical errors do break this condition and how to remedy it.

Remark 3.2 Note, that in the limit case h — 0, we have m — oo and the bound of
Theorem 3.2 becomes exactly the bound of Theorem 2.3 in the continuous case.
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It remains to provide an a priori error estimate for the unique solution of the mixed
variational formulation (3.1). Although this follows as in the elliptic case for the Laplace
equation [39], here we present the main steps:

Lemma 3.3 Let the assumption of Theorem 3.2 hold. Then, for the unique solutions
w e [Hy(X)] of (24) and wy € Sy(X) of (3.1), there holds

2 \%
o = willysy < (14—~ inf 10 = vl
’ sin (W) (m —2) | vueSa®) :

Proof. When combining (3.10) and (3.12) we immediately obtain the discrete inf-sup
stability condition

~ I 1 (Vow, qn) 2z
2¢s5(n) (— - E) lorlly )y < sup &)

for all vy € SY(2).
2 07, €S2 () ||Qh||L2(E)

Then, for the solution wg of (3.1) and for arbitrary vy € S%(X), we obtain, by using the
triangle inequality,

lw = wrlly sy < lw = vallpy ey + llve — wallpy )
Now, for the second term, we can use the discrete inf-sup stability condition and (3.1) for
g = Vw to estimate

1 1

_ (V(ve —wn), qn)r2s
2¢5(n) (— — E) log — wHH[H}O(E)}' < sup =)

2 0#£qr €S (D) ||Qh||L2(E)
(Vv — (g9 —pn)an)2(x) (V(vi — w) + pr, qn)12(s)
= sup = sup
07£qneSI (D) anllr2cs) 02 €80(%) llgnllz2(s)

< ¢ |log — wlliay )y + [pall2s)-
Thus, it remains to estimate ||py||z2(x). Therefore, we consider (3.1) with g, = pj, to get

th||2L2(E) = <phvph>L2(E) = <9 - vaaPh)LZ(E) = (V(w - wH)7ph>L2(E)
= (V(w - UH)aph>L2(E) + V(v — wH)aph>L2(E)

= (Vw—vm), o)z < & llw—vallpy sy onl ).

Now, combining the estimates and taking the infimum over all vy € S%(X) we obtain

Y
c
w—w Ly < 1+ — 2 inf w— v NN
| il < cs(n) (53— #)) vy €8 (%) | a0
2meY
= (1+—2 inf w—1v /.
( cs(n)(m — 2)) et 1~ vl
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Let 0 < h < H < H be given such that the inclusion Sg(¥) C Sy (X) C §;(X) holds, and
assume that there exists ¢g(n) > 0 such that

~ <V Vg, Qh>L2 by
cs(n) HUEH[H}O(E)]’ < sup — &)

for all vy € SY(X) (3.13)
0#£qr €SP (D) H%HL?(E) B -

is satisfied. Then (3.1) admits a unique solution (p,,wy) € Sp(X) x Sg(X). Note that,
due to the inclusion S} (%) C S (%), we have that

C Vv, gn)r2(s
cs(n) lorllipy )y < sup ()
0#£qr€SY(S) ||CIh||L2(2)

holds true for all vy € S%(X), and thus (3.1) also admits a unique solution (pp,wy) €
SY(X) x 8%(X). Under a saturation assumption, we can now show that p, € SP(X) is an
error estimator.

Lemma 3.4 Let w € [Hy(X)]' be the unique solution of (2.4). Further, let (pn,wp) €
SH(E) x Sy(X) and (ph,wy) € SH(E) x S(X) be the unique solution of (3.1). If the
saturation assumption

lw —wallipy )y < 0llw —wallwy sy, forde(0,1) (3.14)
holds, then

v Ipellze < | I <9 _ 1 pn |
-~ w—w 5 T .
0\2’ PrilL2(z) > HI[H, (D) = Cs(mP2 1—0 PrilL2(z)

Proof. First, using (3.1) and Vw = ¢ and the boundedness of V, we compute
HPhH%?(z) = (ph,ph>L2(z) =(9— VwHaph>L2(E)
= (V(w —wn),pr)res) < o [|[w— |z ) 1wl L2,

from which we conclude the first bound. To bound the error by ||pa| ;2(x), let us first
estimate

lw —wa sy < llw —wallipy ey + lwe — wallip, )

With the saturation (3.14), we conclude

lo=wiliy ey < 7=75 lvn = walmy ey

Thus, it is sufficient to bound the discrete error. We note that wy — wy € SOE(Z) and we
can use the discrete inf-sup stability (3.13), and together with (3.1) we get

(V(wg —wp), Qh>L2(E)

ES(n> ||wH - U)HH[Hl ) < sup
a ? 0£4,€S)(S) lgnllz2(s)
(Ph — Dny Gh) 12() _
- Sup = [lpn — ph“L?(z)-
otqnes?d(®)  |anllrz)
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We can further bound this term by using again (3.1) as follows

th - ﬁh”%%E) = <ph - ]_)huph - I_?h>L2(E) = <V(U)E — wH),ph — ﬁh>L2(E)
= (V(wg — wm,p)r2es) < ¢ [lwa — wHH[H,lo(E)]’||ph||L2(E)~

Altogether, we now obtain that

v
Co
o~ wallg o < s Il
which concludes the proof. ]

Remark 3.3 The solution (p),,wy) € Sp(X) x SY(X) is only needed for the proof of the
error estimator and does not need to be computed. In general, the idea is to have a stable
method and then refine the mesh of the dual variable once more to get an error estimator.
In particular, if the method is stable for the choices H = H/2 then the choice h = H/4
gives an error estimator (or merely H = H is stable then h = H/2 gives an estimator).
This is in some sense a generalization of the h— h/2 error estimator for elliptic equations.
The behavior is also resembled by our numerical examples, as the choice m = 2 gives a
method that is stable in the primal variable, thus we have (3.13), but only when choosing
m = 3 the dual variable provides an error estimator. Also note, that we chose S% (%) just
for ease of presentation. It is sufficient to have a discrete space S%(X) C Xy C SP(D)
that fulfills the discrete inf-sup stability (3.13) for all vy € Xy and for which the solution
(D, wr) € SY(X) X Xy fulfills the saturation assumption (3.14).

4 Numerical Experiments

4.1 Set up

We revisit two experiments, introduced in [41], and consider an additional experiment, all
of which are posed on the same spatial domain (0, 3), i.e., L = 3 and on the time interval
(0,6), i.e., T'= 6. We consider the following three different Dirichlet data

Tt —2)3(—t)*  for0<t<2andz=0,
gi(w,t) =3t —=5)*B3—1)® for L<t<L+2andz=0L,
0 otherwise,
£|sin(—nt)| for 0 <tand x =0,
go(x,t) == { &|sin(m(L —t))| for L<tand z =1L,
0 otherwise,
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and

/4 for 0 <t and x =0,
g3(z,t) =< (t—L)Y* for L<tandz =1L, (4.1)
0 otherwise.

We will be looking for solutions of the variational formulation for the mixed boundary
element method as described in (3.1). For comparison, we will also consider two other
variational formulations: the energetic BEM formulation, as described in [2, 41]; and the
modified Hilbert transform (MHT) formulation from [41]. For clarity, let us restate the
mixed boundary element methods for the specific numerical experiments, ¢ = 1,2, 3.

o standard least squares formulation: find p, € SY(X) C L*(X) and wy € SY(X) C
[H (X)) such that

(Pr, an) 2y + Vwr, ) 2z) = (9is @) 2x),  (Pr, VUE) 12(3) = 0, (4.2)
is satisfied for all ¢, € S(2) and for all vy € S% ().
e energetic BEM: find p, € Sp(X) C L*(X) and 2z € S%(X) C L*(X) such that

(Pr, an)2s) + (O NV 2, an) 12(s) = (O09is an) 22y, (Pr, OV vm) 2y =0, (4.3)
is satisfied for all ¢, € S(2) and for all vy € S% ().

e modified Hilbert transform formulation: Let Hr be the modified Hilbert transform
defined in [43, eqn. (2.8)], we want to solve: find p, € SP(X) C L*(X) and wy €
St (¥) C [Hy(2)]) such that

Oh, an) 2y + (He Vww, ar) 2y = (Hrgi, an) 2y, 0n HrVom) ey =0, (4.4)
is satisfied for all ¢, € S(2) and for all vy € S% ().

Throughout this section, the numerical experiments are implemented in Python. For the
solution of all linear systems built-in direct symmetric solvers are used!.

4.2 Computation of the dual norm

In order to compute the error [|w — wg||ix 1 (s> We require the exact solution w, and a
proper representation of the dual norm |Jw — U)HH[H}O )y~ In general, solutions to the
indirect approach as considered in this paper do not yield densities that can be interpreted
physically. However, in our specific setting, we are able to derive the exact density w by
noting that for all functions g; we have ¢;(0,t — L) = ¢;(L,t) for t > 0. We aim to find the
exact solution w;, satisfying Vw; = ¢;. Let us define

() = 20, 9:(0,t) for x =0,
0 forx = L.

1ScIPY.LINALG.SOLVE
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Then, one can verify that

~ :(0,t f =0,
Vi) (a,0) = 400
9:(0,t — L) =g;(L,t) forxz=1L,
i.e., w; = ﬂ?z
In order to compute the dual norm || - [|z1 sy, note, that by the Riesz representation
theorem, for w € [H(0,T)]’ there exists exactly one ¢,, € H(0,T) such that

T
(Pw, U)H}O(OVT) = / Oy () Opu(t) dt = (w,v) o) for all v € H(0,T), (4.5)
0

and that
2 2 2
HqstH}O(o,T) = ”at(waLQ(O,T) = (W, uw)(0,1) = HwH[H}O(o,T)}" (4.6)

Note that (4.5) is the variational formulation of the boundary value problem
—O0uw(t) = w(t) for t € (0,7), 0ipw(0) =0, ¢,(T) =0,
for which the solution is given, using Greens function, as

4.3 Numerical results

We start by checking numerically if the theoretical results in Theorems 3.1 and 3.2, and
Lemma 3.3 are sharp in excluding m = 2 (namely, when each element of ¥ is decomposed
into two equally sized elements to obtain the fine mesh Y). Fig. 1 shows the results for
the standard formulation (4.2), given m = 2, while those of energetic BEM and MHT are
displayed in Fig. 2 and 3, respectively. In all cases, the method converges. However, we
see that they behave differently when considering adaptive refinements.

It is clear from Fig. 1 that ||pp[;2(5) does not provide a reliable error estimator for the
standard formulation (4.2) when m = 2. This fits the theory presented in Lemma 3.4, which
states that, in order to show |[pp|2(s is an error estimator, the saturation assumption
(3.14) must hold. This only happens when m > 2 for the standard formulation (4.2), while
it is already true for m = 2 for energetic BEM and MHT, since these formulations are
discrete inf-sup stable for the case h = H.

In order to verify that [|ps|| 2y becomes an error estimator for the standard formulation
(4.2) when m > 2, Fig. 4 depicts the results for the standard formulation (4.2) when we
consider a fine mesh ¥ such that each element of ¥y is decomposed into three (m = 3)
equally sized elements. Interestingly, in the uniform case the exact error [|w — wgll; HY(®)
does not change significantly, but the convergence rate of ||ps||2(s) seems to correspond to
the convergence rate of the exact error in this case. As shown in Fig. 5, further increasing
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the value of m does not seem to affect the convergence rate of the the error indicator
lpnl|£2(sy and the error ||w—wpg w1, for uniform refinements of the standard formulation
(4.2). Moreover, the difference in the error ||w — 7~UH||[H}0(E)}/ seems to be negligible for
different choices of m.

0 [
. we-eoC = 2 10 -==coc = 1.5
1077 e, = || pp|| p2(m)-uni e <= {|pp || 2 (z)-uni
= ||w — wir | yp-uni ‘n... = ||w — w1,y -uni
4 || pall2(e)-ad ., . 4| pallz2(s)-ad
== Jlw = wallpyg)-ad 10-1F == |lw = wallyysy-ad

5 gl
g 5107
6 3|
1075} u 10 ‘
, .
1077 ¢ ) 1,
L L L L L —4 L L L L L
32 64 128 256 512 1024 2048 10 32 64 128 256 512 1024 2048
Ny N
(a) g1 (b) 92

Figure 1: Comparison of errors and error indicators for uniform and adaptive refinement
using the standard formulation (4.2), m = 2, and different Dirichlet data.

100k ---eoc =1 === eoc = 0.5
.~ = pnllpay-und | T a8 || pp | £2(x)-uni
o —wplpemui || A T, = ||w — wp||2(x)-uni
ellpallaead ) N e, b || pp| p2(s)-ad
== |lw—wpgllzm-ad || TR R SN Tt == [lw — wg || 2(x)-ad
100} e g T
1071 TN T,
g g
3 3
1072 ¢
1071 =
a,
a
32 64 128 256 512 1024 2048 32 64 128 256 512 1024 2048
Nu Ny
(a) g1 (b) g2

Figure 2: Comparison of errors and error indicators for uniform and adaptive refinement
using the energetic formulation (4.3), m = 2, and different Dirichlet data.

Up until this point, we have not yet considered results related to gs. For notational
convenience, let us define w as the exact solution to the BIE for either the standard,
energetic or MHT formulation. Then, given Dirichlet data g; as defined in (4.1), the
density w will not be in L*(X). Hence, solutions of this kind do not fit our current
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Figure 3: Comparison of errors and error indicators for uniform and adaptive refinement
using the MHT formulation (4.4), m = 2, and different Dirichlet data.
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Figure 4: Comparison of errors and error indicators for uniform and adaptive refinement
using the standard formulation (4.2), m = 3, and different Dirichlet data.

framework for the energetic formulation (4.3). With that being said, we still adhere to the
same energetic formulation and discretization as already considered for g, and g,. When
it comes to energetic formulations with g3, only the norm in which the error is measured
is changed into [H(X)]" as opposed to the usual L?(¥) norm. The results related to gs,
for different formulations, are presented in Fig. 6. There we see that the three different
formulations converge with rate 0.75 on uniform meshes. For energetic BEM, ||/ 25, no
longer serves as an error estimator for the error in the [H (X)) norm. This explains why
convergence of the adaptive routine for energetic BEM halts after some refinements.

The next point in our 'numerical agenda’ is to study the need for uniform meshes in
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Figure 5: The error indicator and the error of the solution when using the standard for-
mulation (4.2), uniform meshes, Dirichlet datum g,, and different choices of m.

Theorem 3.2. We remind the reader that discrete inf-sup stability of V relies on the assump-
tion that (3.9) is satisfied. As stated in Remark 3.1, the adaptive procedure should uphold
the constraint on the mesh given by (3.9) when the initial mesh is uniform. In practice,
however, it seems that at some point during the refinement routine the constraint on the
mesh is no longer satisfied, resulting in a loss of discrete inf-sup stability. This explains the
inability of the adaptively refined formulation to converge after a certain number of refine-
ments, as visualised in Fig. 4. To circumvent this issue, we consider a constrained adaptive
algorithm with the mesh condition (3.9) hard-coded into the implementation. Ensuring
that the mesh on the boundary restricted to a time-slice corresponds to the mesh on the
opposite boundary of the subsequent time-slice, provides a sufficient condition to satisfy
(3.9). An example of a mesh satisfying this condition is given in Fig. 7. The constrained
adaptive refinement routine is realised by enforcing this condition at each iteration. A
comparison of the non-constrained and constrained adaptive refinement routines is given
in Fig. 8. During the early stages of the refinement procedure, non-constrained adaptive
refinement may result in a higher convergence rate compared to the constrained algorithm.
This can be explained by the fact the constrained refinement scheme may unnecessarily
refine parts where the Galerkin solution is zero. After several refinements, the constrained
algorithm overcomes the issue encountered by its unconstrained counterpart.
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Figure 6: Comparison of errors and error indicators for uniform and adaptive refinement
schemes given Dirichlet datum gs.

t=2L

27 time-slice
t=1L

1% time-slice
t=20

z=0 r=1L

Figure 7: Example mesh satisfying (3.9). On each time-slice, the degrees of freedom (DoF's)
of each boundary agree with the DoF's on the opposite boundary shifted in time by L.
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Figure 8: Error convergence comparison between non-constrained (NC) and constrained(C)
adaptive refinement algorithms for (4.2), given m = 3 and different Dirichlet data.

Finally, we compare the performance of the proposed adaptive algorithm from formu-
lation (4.3), which we will dub LSBEM, with an adaptive BEM routine introduced in [37]
and applied to the wave equation in [42], here referred to as SteZan. Performance is mea-
sured by considering the error with respect to the amount of degrees of freedom. For the

numerical experiments a Galerkin approximation of the direct energetic BIE is considered:
For i € {1,2}, find zy € S (X) C L*(X) such that

1
(O VY wm, qu)s = 5(@91', gm)s + (0 K gi,qm)s, Vam € Sy(X) C LA (D), (4.7)

where K denotes the double layer operator, which is given for g = 0 outside of 3 by [42]:
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Figure 9: L?(X)-error convergence comparison for proposed adaptive algorithm (LSBEM)
and method from the literature (SteZan).

A comparison of both methods is presented in Fig. 9 using Dirichlet data g; and gs.
Both methods perform similarly when it comes to error convergence. However, in order to
obtain a valid error estimator, the LSBEM approach requires solving for a mixed boundary
element method with m = 2, increasing the computational complexity at each refinement.
On the other hand, the SteZan method has limited applicability: it is restricted to direct
formulations and requires an implementation or approximation of the adjoint double layer
and hypersingular operators.

4.4 Stability Constant

Finally, we compare the theoretical stability constant, as proposed in Theorem 3.2, with
the actual discrete inf-sup constant, computed using the method introduced in, e.g., [27,
Rem. 3.159]. For notational convenience let us denote the theoretical stability constant by

e ]

The computation of the discrete inf-sup constant requires the usage of a mass matrix with
respect to the [H(3)]-inner product, the implementation of this matrix is based on the
theory presented in Section 4.2. The results for the stable (m = 3) standard formulation
(4.2) and the energetic BEM formulation (4.3) without nesting (m = 1) are given in Fig. 10.
There we see that the proposed stability constant has the same asymptotic behaviour as
the actual discrete inf-sup constant. In the case of energetic BEM, which is stable for
m = 1, we observe that the stability constant coincides with ég(n), as defined in Theorem
2.3. On each time-slice the coarse mesh consists of 32 uniform elements.
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error

Figure 10: Comparison between +,, and ¢g(n), and the discrete inf-sup constant for formu-
lations (4.2) with m = 3 and (4.3) with m = 1, on different amount of time-slices.

5 Conclusions

In this paper we have formulated and analyzed a least squares approach for first kind
boundary integral equations for the Dirichlet problem for the wave equation. We have
established stability of a related boundary element method, from which we can derive a
priori error estimates. Moreover, the approximation of the adjoint variable can be used as
an error indicator to drive an adaptive algorithm. Numerical results, also for less regular
Dirichlet data, confirm the theoretical findings.

It is more or less obvious that this approach can be applied as well to problems with
different boundary conditions, and to other boundary integral equations also including the
double layer operator and its adjoint, and the hypersingular boundary integral operator
for the wave equation. A possible extension to systems such as in elastodynamics will also
follow the lines as given for the scalar wave equation. More challenging is the construction
of efficient solution methods for the resulting linear systems of algebraic equations, and the
construction of appropriate preconditioners. The implementation of the proposed approach
to solve problems in higher space dimensions is ongoing work, but the numerical analysis
can not be done in such an explicit way as it is possible in one dimension.
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