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A new approach to space-time boundary integral equations
for the wave equation

Olaf Steinbach* Carolina Urzida-Torres’

Abstract

We present a new approach for boundary integral equations for the wave equation with zero ini-
tial conditions. Unlike previous attempts, our mathematical formulation allows us to prove that the
associated boundary integral operators are continuous and satisfy inf-sup conditions in trace spaces of
the same regularity, which are closely related to standard energy spaces with the expected regularity
in space and time. This feature is crucial from a numerical perspective, as it provides the foundations
to derive sharper error estimates and paves the way to devise efficient adaptive space-time boundary
element methods, which will be tackled in future work. On the other hand, the proposed approach is
compatible with current time dependent boundary element method’s implementations and we predict
that it explains many of the behaviours observed in practice but that were not understood with the
existing theory.

1 Introduction

Different strategies have been used to derive variational methods for time domain boundary integral
equations for the wave equation. The more established and successful ones include weak formula-
tions derived via the Laplace transform, and also space-time energetic variational formulations, often
referred as energetic BEM in the literature. These approaches started with the groundbreaking works
of Bamberger and Ha Duong [4], and Aimi et al. [3], respectively. In spite of their extensive use
[1, 2, 5, 12, 13, 14, 15, 16, 17, 18, 23, 24, 25] at the time of writing this article, the numerical anal-
ysis corresponding to these formulations was still incomplete and presents difficulties that are hard to
overcome, if possible at all.

One of these difficulties is the fact that current approaches provide continuity and coercivity estimates
which are not in the same space-time (Sobolev) norms. Indeed, there is a so-called norm gap arising
from a loss of regularity in time of the related boundary integral operators. Yet, recent work by Joly and
Rodriguez shows that these norm gaps are not present in 1D [18]. Moreover, to the best of the authors’
knowledge, there is no proof nor numerical evidence that such loss of time regularity should hold for
higher dimensions either. These two observations encouraged us to believe that one may be able to prove
sharper results using different mathematical tools. Another disadvantage of current strategies is that they
do not provide the foundations for space-time boundary element methods, which are basically boundary
element discretizations where the time variable is treated simply as another space variable, in contrast to
techniques such as time-stepping methods and convolution quadrature methods [25].

Space-time discretization methods offer an increasingly popular alternative, since they allow the treat-
ment of moving boundaries, adaptivity in space and time simultaneously, and space-time parallelization
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[11, 26, 27, 29]. However, in order to exploit these advantages, one needs to have a complete numerical
analysis of the corresponding Galerkin methods.

We construct a new approach to boundary integral equations for the wave equation by working di-
rectly in the time domain. Furthermore, we develop a mathematical framework that not only overcomes
the aforementioned difficulties, but also paves the way to stable space-time FEM/BEM coupling. We
present these new results following the standard pieces and arguments from classical boundary integral
equations. We hope this highlights some mathematical intuitions behind the obtained results and makes
the article easier to read for those familiarized with the boundary integral equation literature. In addition
to a new boundary integral equation formulation, we provide novel existence and uniqueness results for
the Dirichlet and Neumann wave equation initial boundary value problems, when initial conditions are
ZEero.

The structure of this article is as follows. Section 2 introduces notation and summarizes results from
the literature that will be needed later in the paper. We begin by using some key ideas of recent work on
the wave equation in H'(Q) [30, 34]. Then, in Section 3, we introduce trace spaces, trace operators and
their corresponding properties for three different families of spaces. With this we aim, on the one hand,
to emphasize the link between the existing space-time (volumetric) variational formulations and our new
results. On the other hand, we prove that the related trace spaces are indeed connected, which provides a
new and deeper understanding of the different existing boundary integral formulations and their relation.
Section 4 presents some required results on initial boundary value problems for the wave equation, while
all the remaining building blocks of the new boundary integral equation formulation are presented in
Section 5. This final section concludes with the existence and uniqueness results for solutions of related
boundary integral equations.

2 Preliminaries

2.1 Model problem

Let Q c R", n = 1,2,3, with boundary I := 9Q). We assume € to be an interval for n = 1, or a bounded
Lipschitz domain for n = 2,3. Let 0 < T < oo. For a finite time interval (0, T'), we define the space-time
cylinder Q := Q x (0,T) c R™!, and its lateral boundary X := I' x [0, T']. We also introduce the initial
boundary % := Q x {0}, and the final boundary Zr := Q X {T'}. We denote the D’ Alembert operator by
O := 04 — Ay, and write the interior Dirichlet initial boundary value problem for the wave equation as

Ou(x,t) = f(x,0) for (x,1) € Q,
u(x,t) = g(x,1) for (x,1) € Z, 2.1
u(x,0) = du(x,t)y0 = 0 for x € Q.

2.2 Notation and mathematical framework

Let O C R™, m € N. We stick to the usual notation for the space C*(Q) of functions which are bounded
and infinitely often continuously differentiable; the subspace C;j’(O) of compactly supported smooth func-
tions; the spaces L”(0) of Lebesgue integrable functions; and the Sobolev spaces H*(0). Moreover, inner
products of Hilbert spaces X are denoted by standard brackets (-, -)x, while angular brackets (-, -), are
used for the duality pairing induced by the extension of the inner product (-, -);2(0). For a Hilbert space X
we denote by X’ its dual with the norm

Ifille = sup 2220l

owvex  VIIx

for f e X'.



In particular, we will use

HI(O) = C°°(O_)H‘HH1(0), Hé(()) . W”'”Hl(m’

where "

“¢”H'(O) = (“¢”L2(O) + Z ”ax'¢”L2(0)
In the specific case O = Q = Q x (0, T) c R""! we identify H'(Q) with the Sobolev space
H"(Q) := L*(0,T; H'(Q)) N H'(0, T; L*(Q))

using Bochner spaces, see, e.g., [20, Sect. 1.3, Chapt. 1] and [21, Sect. 2, Chapt. 4]. Furthermore, let

H} (0,T; LA(Q) {veL*(Q): 6y € L*(Q), v(x,0)=0 forxeQ),

H(0,T; L*(Q))

{veLXQ): 9y eX(Q). v(x.T)=0 forxeQ}
With this we introduce

H3' Q) = LX0.T:H'(Q) N Hy(0,T; LX),

H!}(Q) L*(0, T3 H' () N Hy(0, T; LA(Q)),

with norms

2
”u”H“(Q) \/”atu” 2(0) + “V)CM”LZ(Q) >

Mt ) = IO g + IV

Note that the space H;'O’(Q) corresponds to oH'(Q) as used in [16, 20, 21]. In the case of zero Dirichlet
boundary data along the lateral boundary £ we define the subspaces

Hyo (Q)
Hy o(Q)

L*(0,T; Hy(Q) N Hy (0, T; L*(Q)),
L*(0, T; Hy(Q)) N H{y(0, T; L*(Q).

We remark that H'; 1(Q) and H é(Q) prescribe zero initial values at t = 0, while H,lbl(Q) and H(l),’lo(Q)
have zero final values atr=T. ) ’

In this paper we will consider, as in [31], a generalized variational formulation to describe solutions
of the wave equation (2.1) also for f € [H(l);”lo(Q)]’, instead of f € L*(Q), as usually considered, e.g., [19].
Therefore we introduce the extended space-time cylinder Q_ := Q x (=T, T). For u € L*(Q), we define
% € L*(Q_) as zero extension,

_ { u(x,f)  for (x,1) € Q,
u(x,t) =
0 for (x,7) € O_\O.

The application of the wave operator O to u# € L*(Q_) is defined as a distribution on Q_, i.e., for all test
functions ¢ € C;(Q-), we define

T T
(Qu, pyg_ = fTLﬁ(x, 1) Op(x, t)dxdt:j; Lu(x,t) Op(x, t)dxdt .



This motivates to consider the Sobolev space H(‘)(Q_) with the norm

9lli0) = I ) + IVl For ¢ € HY(Q),

the dual space [Hé(Q_)]’, and the duality pairing (-,-)o_ as extension of the inner product in LX(Q.).
We also introduce the restriction operator R : Hé(Q_) - Hé;”IO(Q), ie., Rp = ¢p, and its adjoint
R [H(;;”]O(Q)]’ - [Hé(Q_)]’. Moreover, let & : H(l);”lo(Q) - Hé(Q_) be any continuous and injective
extension operator with norm

||8V||H(‘J(Q,)

hisomer= b Tl
#veH ((Q) Hy (D)

and its adjoint &' : [H(l)(Q,)]’ - [Hé;’!lo(Q)]’, satisfying RE@ = ¢ for all ¢ € H(I)Z’IO(Q).
As in [31] we introduce the Banach space

H(Q) := {u =T : W € LX(Q-), Tax-10) = 0, T € [Hy(Q)]I'},

: ._ 2 2
with the norm [|ull4g) := \/||M||L2(Q) + IIDTATI[Hé(Q_)], , Where
Kou, Ev)o_|
||DM|[H6(Q,)]/ = sup Y

0#veHY [ (Q) ”V”H(;}O(Q)
By completion, we finally define the Hilbert spaces

Al H(

—l ——— Il
Hyo(Q) = HYL Q) € Ho(Q):=HE(Q)  cHQ),

e.g.,
Ho(Q) = {u € H(Q) : Aun)uers € Hig'(Q) with lim [lu = uylz¢0) = O}-

Note that Hé;’é’(Q) C Ho0.(Q) and H}O’}(Q) c Hy (Q), see [31, Lemma 3.5] for the first inclusion.

2.3 Transformation operator

For u € L*(0, T) we consider the Fourier series

u(t) = iuk sin((g +k7r) %) g = %fOT u(t) sin((%r + kn)%) dt.

k=0

As in [30] we introduce the transformation operator Hr as

Hru(t) := i Uy COS ((g + k]T) %),

k=0
and it’s inverse, i.e., for v € L*(0,T),
= t 2 (T t
Hy'v(@) = kZ:;Vk sin ((g + kﬂ) ;), V= T fo v(t) cos ((g + k;r) f) dt.

By construction we have Hr : H(l)’(O, T) — H}O(O, T),and H;' : H’IO(O, T) — H(l)’(O, 7). In the following,
we summarize some additional properties fulfilled by the operators H7 and H!, see [30, 34].



Proposition 2.1.

1. Foranyu,v e L*0,7)
(Hru, vz =, Hy Vo
2. Forallu e H&(O, T)

C’)tq‘{]‘u = _7_{;1(9;”.

3. Hr and 7-[;1 are norm preserving, i.e.,

- 2
[ Hrwllzzo.r) = Wy,  IH: wlier = IWlezern Yw e L90,T).

4. Forallw e L*(Q)

w, Hrw) 20,1y 2 0.

We conclude this subsection by extending the modified Hilbert transformation H7 to our functional
spaces. For u € L?(Q) we first have the decomposition

where ¢; are the Neumann eigenfunctions of the Laplacian, i.e.,
“Api = 4igiinQ, Op0i=0 onl, |lgillaq =1, 0=2<4 VieN

They are an orthonormal basis in L>(Q) and an orthogonal basis in H'(Q), e.g., [19, Chapt. 2]. With this
we define

Hru(x,t) := i U; . COS ((g + k]T) %)goi(x), (x,1) € Q,

k=0 i=0
with Hr : H}d’l(Q) - H;{bl(Q). Analogously, ‘H;' : H;{bl(Q) — H;lo‘,l(Q).
Remark 2.2. The time-reversal map kr, defined as [8, Eq. (2.36)]
krw(x,t) :=wx, T —t) for(x,t) € Q,we€ HI(Q), 2.2)

is often used instead of the transformation operator Hr : H_lo’l Q) - H_lbl (0).

2.4 Fundamental solution and retarded potentials

Let us briefly present the boundary layer potentials for the wave equation, often called retarded potentials.
‘We refer the reader to [9] and [16] for further details. First, we introduce the fundamental solution of the



wave equation,

1
3 H( — |xI), n=1,
LHe-b)
G(x,t) =321 m’ n=2 2.3)
1 6(t—|x])
- s = 39
i | "

with § the Dirac distribution, and H the Heaviside step function. Let . be the single layer potential and
2 the double layer potential, i.e., for (x,t) € Q and regular enough densities w and z, respectively,

!
(Lw)(x,t) := f fG(x -y t=)w(y,1)ds,dr, 2.4)
o Jr
!
(92)(x,1) = f f@nvG(x -yt-1)z(y,7)dsydr. (2.5)
o Jr
Concretely, for n = 3, these are
(Fw)(x, 1) = 1 fwdsy’ (2.6)
4r Jr lx =yl
1 = x— On, |x =yl
(22)(x,1) .= — f[a"" % =D _ I Y 0iz(y, t — |x =y | dsy. 2.7
dr Jr| " lx =yl lx =yl

The fact that the time argument is the retarded time 7 = ¢ — |x — y| motivates that .’ and & are usually
called retarded potentials.

3 Green’s Formula, Trace Spaces and Trace Operators
We introduce the lateral interior trace operator 7§ : u — wyz as continuous extension of the trace map

defined in the pointwise sense for smooth functions. As in [22, Lemma 4.1] we can write a space-time
Green'’s formula for ¢ € C%(Q) and y € C'(Q) as

T T
o= [ [oevaxars [ [anprvasa- [ fogu] i
0 Ja o Jr Q i

T T
DO(p, ) :=—f(; La,tpﬁtlﬁdxdt+jo‘ fQthp-Vxlﬁdxdt. 3.1)

In particular, for ¢ € C2(Q) with 8,¢(x, t)=o = 0 for x € Q and for ¥ € C'(Q) with y(x, T) = 0 for x € Q,
this gives Green’s first formula

T T
D(p,¥) = f f ey dxdt + f f O, Yyt dsy dt. (3.2)
0 Q 0 r

3.1 Traces on H'(Q), H'; (Q), and H, (Q)

where

Following [21, Theorem 2.1, Chapt. 4 and p. 19] we get that the interior trace map yg is continuous and
surjective from H'(Q) to H'/2(Z). In addition, let & : H'*(£) — H'(Q) be a continuous right inverse.



Let us introduce the spaces

Hy*(2) := LX(0, T: H'*(1)) N Hy*(0, T; L*(I)),
H{*(2) := L*(0, T: H'*(T)) N H{*(0, T; L*(I)),

with Hy/*(0, T; L*(I')) and H*(0, T; L*(I')) defined by interpolation as
Hy?(0,T; LA(I)) := [Hy (0, T L*(), L*(0, T: L*(D]y 2.
H{*(0,T; LA(T)) := [Hy(0, T; L*(T'), L*(0, T; L*(D)]y 2.

Then, we have the following result, which is stated in [16] without a proof. Here we provide one for
completeness.

Lemma 3.1. The interior trace map yé is continuous and surjective from H.l(;l(Q) to Hé/ 2(E).

Proof. We adapt the proof of [21, Theorem 2.1, Chapt. 4] to H}O"I(Q) (instead of H'(Q)). Recall that
ue Hg'(Q) = L*(0,T; H'(Q)) N Hy (0, T; LX(Q).

Without loss of generality, we can take Q = {x e R" : x, > 0}and " = {x e R" : x, = 0}. Then, by using
the notation x = {x’, x,,}, with x’ = {x, ..., x,_1}, we can write:

ueHy(Q) @ uel’ Ry, L0, T; H' RS NL*O0,T; PRE),
U € LP(Ryy,; L0, T; PR 0 HY (0, T; LA(RE)).
Then, we can apply Theorem 4.2 from [20, Chapt. 1] with
X =L*0,T;H'®RY ")) NHy (0, T; L*RE 1Y), Y = L0, T; LA(R) ™)),
to get that u(x’,0,1) € [X, Y]12. Now, let us point out that Theorem 13.1 in [20, Chapt. 1] gives
[X. Y12 = [LO, T; H' (R ™)) N Hy (0, T; LPRE), Y1
= [LX0,T: H'(R)), Y112 0 [Hy (0, T (R ), Y1y o
Consequently, by interpolation we get
[X, Y12 = L2, T HP @) 0 Hy 20, 75 PR,

which corresponds to H&/ 2(]Rﬁ," x [0,T]). Hence, we conclude that ygu € H&/ 2(Z). Surjectivity also
follows from Theorem 4.2 in [20, Chapt. 1]. O
By similar arguments, one can also prove:

Lemma 3.2. The interior trace map yg is continuous and surjective from H;{E)l(Q) to H’lo/ 2(Z).
Finally, we define the lateral trace space

Ho(Z) = {v =94V forall V € Ho(Q)}
with the norm

[Vl 2y 2= inf IVli#o) -
L (0)



Remark 3.3. By the definition of Hy (X) and using the linearity of y{z, we have that for any v € Hy (X)
there exists a sequence (V,)nen C H(l)!/ 2(Z) such that lim [|[v = vyllgg, 5) = 0.

Remark 3.4. The trace spaces investigated in this paper are closely related to the spaces used in the
classical time dependent BEM approach for the wave equation, introduced by Bamberger and Ha—Duong
[4]. Indeed, as pointed out in [16, Remark 2], H&/ 2(Z) agrees with

HIP = {u e LT(o, H'A(D)); ity 2 dew < o0}

ol .
R+io

when o = 0. Additionally, (H(;/ 2(2))/ corresponds to

H 22 {u € LT(o, H'2()); f |1 3.1 dw < oo}

o
R+io

when o = 0. Remarkably, o is taken to be zero for practical computations and numerical experiments,
yet the classical time dependent BEM does not cover this case. We refer to [16] for the detailed definitions
and a more comprehensive discussion.

4 Initial boundary value problems

4.1 Homogeneous Dirichlet data

Instead of (2.1), let us first consider the Dirichlet initial boundary value problem with zero boundary
conditions,

Ou(x,t) = f(x,0) for (x,1) € Q,
u(x, 1) 0 for (x,1) € X, 4.1
u(x, 0) = 0u(x, t)y=o 0 for x € Q.

A possible variational formulation of (4.1) is to find u € Hé;’éy(Q) such that

T T T
—f f oudyvdxdt + f f V- Vovdxdt = f f fvdxdt 4.2)
0o Ja 0 Ja 0 Jo

is satisfied for all v € Hé;"lO(Q). When assuming f € L?(Q) we are able to construct a unique solution

ue Hé,’(l) (Q) of the variational formulation (4.1), satisfying the stability estimate [30, Theorem 5.1], see

also [19, Chapt. IV, Theorem 3.1],

< 2
”u”H('J;(])'(Q) = \/5 T ||f||L~(Q)'

While the variational formulation (4.2) is well posed also for f € [Hé;’le(Q)]’, it is not possible to prove

a related inf-sup condition to ensure the existence of a unique solution u € Hé,’é (Q), see [34, Theorem
4.2.24]. However, by definition we have the inf-sup condition

KO, Ev)o_|
ISl ooy = sup  ——i——o= forall u € Hoo(Q), (43)
omergyie Mt
and therefore we conclude unique solvability of the variational formulation to find u € Hy.0 (Q) such that

(Ou,Ev)g_ = (f.v)o 4.4)



is satisfied for all v € H(l)fo(Q), see [31, Theorem 3.9]. Moreover, for the solution « it holds

KoOu, Ev)o_| 1</, v)ol
||DM|[H6(Q,)]' = sup — o = o 7

< L1 ,.
11 [Vl 1 11 (V] 11 ”f”[HO:,O(Q)]
0+veH) ,(Q) Hy o(Q) 0xveHy () WIHE ()

In fact, (4.4) is the variational formulation of the operator equation &'0u = f in [H(');’,'O(Q)]’, ie.,

fuv) == (&0, v)o = (D, Ev)g for v e Hy(Q) C H!} (Q)
is a continuous linear functional with norm

| fu() Ko, Evyo_
”fM“[H;]_bl(Q)]’ = sup —_— = su Al o}

= = 15l 30,5y -
omverho) M) omeritor Mo '

Recall that for u € Hyyy (Q) € Hoo (Q) we have

Fuv) = (0, Evyg_ = —(Byu, 8v)12g) + (Vart, Vev)pg)  forall v € Hy((Q).

Using the Hahn-Banach theorem, e.g., [33, Chapt. IV., Sect. 5], [6, Theorem 5.9-1], there exists a linear
continuous functional f; : H,lbl’(Q) — R satisfying

fuv) = fu(v) forall ve Hy\(Q), (4.5)
”fu”[H;l,b](Q)]/ = ”fu”[[-]lb‘(Q)]/ = ”Dﬁ”[H[‘)(Q,)]“
Indeed, for u € Hé;’(l)’(Q), we have the explicit representation
Fu) 1=, EvYg. = (i, Y2y + (Vat, Vavdi2g) Y v E H!}(Q). (4.6)

In the following we assume f € [H_lbl(Q)]’, and we consider the variational formulation to find A; €
[H{*(2)]’ such that

(o) vy = (i Yevds = fuh) = (fiv)g forallv e H''(Q). (4.7)
For v € Hy'\((Q) € H'(Q), it holds

Fu) = (fs o = ful0) = (fs Vo = (O, Evg_ — (f, V)0 = 0,

i.e., _ A
fu— 1 € (kery)" = (Hy (@) = {g € [H (Q) : (g, v)g =0 ¥ v e Hy(Q)}.

By the closed range theorem, we obtain

fu - f € Im[[-]y‘o/z(z)]r(’}/z) s
which ensures existence of a solution A; € [H 10/ 2(Z))]’ of the variational formulation (4.7). Since the norm
in [H’lo/ 2(2)]’ is defined by duality, this immediately implies the inf-sup condition

Ayl
Il = sup KA, yovial forall A € [H* (X)),

0#veH';(0) ”v”H:{b'(Q)



and therefore uniqueness of 4; € [Hvlo/ 2(ZJ)]’. Moreover, this also gives

i, y=v)sl
”/li”[H]O/Z(Z)ll = —” ”
| oxvery (@) MlH! Q)
L) = (£ 9ol
= sup 2SS <2l o
0#veH' (Q) VilE'l ) :
where we used
G -
sup — = Hf"‘”[HAlb'(Q)]’

0#veH' (Q) [Iv] |H;{6‘ ©
= “ﬁ‘”[H;l,bl(Qﬂ’ = ”DF"‘{“[Hé(Q,)]’ < “f”[H;l,h](Q)]“
‘We now rewrite the variational formulation (4.7) as
i i 1,1
Ju) = {fiv)o + (A, ysv)s, v EHH(O).
In particular, for u € H(l);’é’(Q), and using (4.6), this gives

~(Butt, V) 20y + (Vatt, V) 2y = (s o + (i Vevds, v € HI(Q).

ie.,
Ou,v) = (f, o + (A, YiV)s.

When comparing this with Green’s first formula (3.2) for suitable chosen functions, we observe that
A; corresponds to the spatial normal derivative of u. Hence, also in the general case we shall write
Yyt := Oy .u = A; and call this distribution the interior spatial normal derivative of u € Ho0.(0), i.e.,

Y : Hoo(Q) = [H (D).

In a similar way, we also define '
Y : Ho.o(Q) = [H* (@)

For a related approach in the case of an elliptic equation, see also [22, pp. 116-117].

4.2 Inhomogeneous Dirichlet data

Next we consider the Dirichlet boundary value problem (2.1). For g € Hj (X) there exists, by definition,
an extension u, = Exg € H, (Q), and the zero extension u, € L*(Q-). Thus, it remains to find ug :=
u — ug € Hoy,(Q) satisfying

(Do, Ev)o_ = (f,V)o — (D, Ev)o_  forall v € Hy((Q).
Note that u, € H.o(Q) C H(Q) involves Ou, € [H(l)(Q_)]’. For the solution u we obtain

KBuo, Evio | _ K/, v)o — (Dutg, Ev)g |

0#veH) [ (Q) ”v”H;'yg,‘ (2) 0#veH '} (0) ”v”Hlbl (2)

150l 0y

A

= ”f”[H(l];,lO(Q)]r + ||8||H(1);'10(Q),H(;(Q7)||g||740,(2),

10



where we have used

15l < Ml g, + IR, ) = gl = glh -

As before, we can determine A; € [H 10/ 2(2)]’ as unique solution of the variational formulation (4.7), and
where iju := J; is again the spatial normal derivative of the solution u of the Dirichlet boundary value
problem (2.1), satisfying

”Ai”[[.].lo/z(z)]/ <2 ”f”[H(g;,lo(Q)]/ + ||8||H(1):~110(Q),H(1)(Q_)||g||'H0_(2) . (48)
Specially, for f = 0, this describes the interior Dirichlet to Neumann map g — 4; = yj\,u, where u is the
solution of the homogeneous wave equation with zero initial data. This can be written as A; = S; g, where
S, Ho.®) —» [H 10/ 2(Z‘.)]’ is the so-called Steklov-Poincaré operator, and from (4.8) we immediately
conclude

1S llztey < 65" Igll e for all g € Ho (%), (4.9)

: Sio_
with ¢’ := ”8||H(‘);‘0(Q),H[;(Q,)~
As before, we can write the variational formulation (4.7) as

Fu) = (fivdo + (i viev)s,  ve HL(Q).
Now, for u € H. (Q) there exists a sequence {1, }nen C H;],bl (Q) with
nll_)HC}o llu — upllgcg) = 0.
Hence we can write
Ffuv) = lim £, () = lim [ = (@1, 0,9)12(0) + (Vs Va¥)i20) -

In particular, for v € H;l’b' (Q) N H*(Q), we can apply integration by parts to obtain

fuv) = lim Q) i20) + it Vig)s = (a1, (D) 20|

(u, OV 20y + (et Yayv)s — (T, 0(T)) 12 -

With this we finally obtain Green’s second formula for the solution u € Hy (Q) of (2.1) andv € H ,lg)l o)n

H*(Q), o o
(u, Ov) 2y + (st YyWys — (u(T), 0v(T)) 12y = {f, V)0 + (¥, Y5 V)s. (4.10)

4.3 The Neumann boundary value problem
We now consider (as in (4.7)) the variational problem to find u € H.o (Q) such that

Fu@) = (fv)g + (A yiv)s  forall v e HY(Q), (4.11)
when A € [H 10/ @) is given. This is the generalized variational formulation of the Neumann boundary

value problem A
Ou=f inQ, yyu=21 onk, u=0u=0 onZ. (4.12)
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Lemma 4.1. For all u € H. (Q) there holds the inf-sup stability condition

1)
Mo < sup 2L

V2
V2 + T2 O#’EH;I,E]I(Q) ||V||H:1.61(Q)

Proof. Using (4.5) and the norm definition by duality, we first have

- 1A
198hgyig oy = Williigioy = sup e
’ oxver’y (@) WH!) 0

(4.13)

Now, for 0 # u € H (Q), there exists a non-trivial sequence (i, )nen C H}O’}(Q), u, # 0, with
Jim [l = unllgeco) = 0.
For each u, € H;IO"I(Q) we can write, as in (4.6),
f,;”(v) = ~(Osttn, 0V)12(0) + (Valtn, V. V) 120y Torall v e H;I!’OI(Q),
and we define w,, € Hibl(Q) as the unique solution of the variational formulation

=0V, 0wWn)20) + (Vxv, Viwnd o) = (U, VY12o) forallv e H;IO’,I(Q).

This variational formulation corresponds to a Neumann boundary value problem for the wave equation
with a volume source u, € L*(Q), and zero conditions at the terminal time ¢t = 7. As for the related
Dirichlet problem we conclude the bound

1
< — .
”Wn”HlOl(Q) > \/E T ”l/ln”LZ(Q)
In particular, for the test function v = u,,, the variational formulation gives
2
=0t Orwi )20y + (Valtns Viwn) 20y = ||14n||Lz(Q).
With this, we now conclude

O W O

OivEH;]bl(Q) ”V”H;l,hl(Q) B ”Wn”H;l,bl(Q)

”fu,, ”[H:l_(v)‘ )V =

2
_ 1= @t w20 + (Vattn, Vool _ Mnlliag)

V2
= el
Il o) nlly o = T

Completion for n — oo now gives

ﬂ

= 2
||f”||[H:{h](Q)]' > T ||u||L2(Q) .
Hence, we can write, for some a € (0, 1),

2
Il

712 12
+(1-
Wil gy + = DIl 0,

NI

I\

2 2 2

— 2 2 _ 1 _= 2
(=@l g, + 15 1) = (1 =@ [l g,

12



when

is satisfied, i.e.,
72 2
i - .
2+ T2 2+ T2
This concludes the proof. O

a =

Lemma 4.2. Forall0 #v € H;{bl(Q), there exists a function u, € H.o (Q) such that

fu(v) > 0. (4.14)

Proof. ForO £v e H_lbl(Q), there exists a unique solution u, € H;IO’}(Q) C H.(Q), satisfying

~(Byty, Orwhp2(g) + (Vatty, Vw2 gy = (v, Whpag)  forall w e H!(Q),
and, for w = v, we obtain

Fu ) = =i, 0} 120) + (V. Vo) 20 = Mg, > .
O

The inf-sup condition (4.13) and the surjectivity condition (4.14) ensure unique solvability of the varia-
tional formulation (4.11), i.e., for the unique solution u € H.y (Q) we obtain

2 L)
— lullyg < sup LR
V2 + T2 0#veH' (Q) ||V||H;{61(Q)

[(f,v)o + (A, vemsl
= sup < ”f”[H_lbl(Q)]r + ”/1”[1.110/2(2)]/’
omerio Mo : ‘

and when taking the lateral trace this gives
A 1
st e < o) < —= V2 + T2 [0z + Mty | 4.15)

In particular, for f = 0, this defines the interior Neumann to Dirichlet map A — ygu which can be written
as ygu = S;I A when using the inverse of the Steklov—Poincaré operator S;. From (4.15) we then conclude

_ 51 s 1
187 Alre < &' My, forall A€ [HPADY, &' = 5 V2+ T2, (4.16)
Now, using (4.9) and duality this gives
: L _ KyLu, s
”/l”[HYIO/Z(Z)J’ =|IS; 712“”[1{"0/2(2”/ < Cgl ||)"z“||(Ho,(z) = Ci’ sup e

oxuetro 1 Wl @y

i.e., the inf-sup stability condition

1 [S7' A, sl 12
— Al 125y < su —L = forallAe[H/°D). 4.17)
ci’ [H™@) oqeye['/{g(z)]/ iz, )1 0
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Furthermore, using (4.16) for g; := ygu and duality we obtain

Igillao ) = IVaullee s = 117" Alay )
{4, V)l

S! st
< C2 ”/l“[H]O/Z(Z)]/ = CZ b ||\}|| 0 s
0%veH (*(S) H*(®)

i.e., the inf-sup condition

1 i 8is
— gl < sup KSigiviel oo g € Ho (). (4.18)

' 0#veH2(®) ”V”H,‘O’ '®

4.4 Adjoint problems

Related to the variational problem (4.11) we now consider the adjoint problem to find w € Hibl(Q) such
that

Fuw) = (fr g + (g, Yeu)s (4.19)

is satisfied for all u € H:p (Q). Forw € H;l’(’)l (Q), let u,, € Hy (Q) be the unique solution of the variational
problem _
qu(V) = <atW, 6,v>L2(Q) + <VXW, va>L2(Q) forall v € HI,EJI(Q)
For v = w, this gives
r _ 2
Fan09) = 4111

Moreover, using the inf-sup stability condition (4.13), we obtain

V2 fu, 0
T lmlne < s T
V2+T oxveri' ) WlH! (0)

0w, 0:v) 120y + (Vaw, Viv) 20

sup

< ||W||H1.1
0 Q)
0#veH' () vl |H;{bl © 0

and thus it follows that

= V2
Su ) =W 2 ——= lluwllzco) Wl g1 -
HY Q= \Hi72 1)

In other words, we have

Y2 i < sup MO
V2+12 QT et o Iullrco)
Since the inf-sup condition (4.13) also implies surjectivity, unique solvability of the variational formu-

lation (4.19) follows. In fact, for f € [H,(Q)]’ and g € [Ho(X)]’ we have w € H;l’bl(Q) as the weak
solution of the adjoint Neumann problem for the wave equation

forall w e H;l’bl(Q).

ow=f inQ, yyw=g onX, w=dw=0 onZXs. (4.20)

14



5 Boundary Integral Equations

5.1 Representation formula

Let u € H (Q) be a solution of the generalized wave equation &'0u = f in [H;l’bl(Q)]’ . For (x,1) € Q
and v(y,7) = kG(x — y,7), with G(:,-) being the fundamental solution introduced in (2.3) and «; the
time-reversal map from (2.2), formula (4.10) becomes the representation formula

!
u(x, 1) = f f fO,DG(x -yt —1)dydr + <y}vu , 7’2\/)2 - <y’zu , 75\/\/)2 .
0 Ja
In particular, for f = 0, we conclude the following representation formula

u(x, 1) = (Lyyw ) = (Dygw(x0, (6,0 €Q, (5.1
with the single and double layer potentials . and &, defined as in (2.4) and (2.5), respectively.

5.2 Single layer potential

We first recall the definition (2.4) of the single layer potential

uy(x, 1) = (Lw)(x, 1) = f fG(x -yt—=wy,r)ds,dr, (x,1)€ Q.
o Jr

Proposition 5.1. For the single layer potential we have
S HJP @) - Ho(Q).

Proof. For u,, = .w and a suitable , we can write the duality pairing as extension of the inner product

in L2(Q) as
T
<Mw,l,0>Q = f fuw(x,t)tlr(x,t)dxdt
0o Ja
T i
= ffffG(x—y,t—T)w(y,r)dsydrw(x,t)dxdt
0o JaJo Jr
T T
= ffw(yﬂ')f G(x—y,t —1)yY(x,t)dxdtds, dt
0 r T
T
= ffw(y,7)go¢(y,r)dsyd7
o Jr
= (" Yeep)ss
where

T
()Dlﬁ(y9T):f G(X—y,f—T)l/’(xJ)dth, (y,T)EQ,

is a solution of the adjoint problem (4.20). Hence, for ¢ € [H.0 (Q)]’, we obtain ¢, € H;{bl(Q), and
therefore y{zfpw € H’lo/ 2(Zl). From this, we conclude that u,, € H.,y (Q) when w € [H!lo/ 2(22)]’ is given. O
As a corollary of the previous result, we can define the single layer boundary integral operator

V= [HE)] - Ho (D), (5.2)
and the normal derivative of the single layer potential,

YW HPE) - [H(©)] (5.3)

15



5.3 Double layer potential

We first recall the definition (2.5) of the double layer potential

u(x, 1) = (22)(x, 1) = f fanyG(x -yt—-1)z(,7)dsydr, (x,1)€ Q.
0 Jr

Proposition 5.2. For the double layer potential we have
7 Ho(Z) = Ho (D).

Proof. For u, = 9z and a suitable y we can write the duality pairing as extension of the inner product in

L*(Q) as
T
(u,¥)g = ffuz(x,t)zﬁ(x,t)dxdt
0 Q

T ,
f f f fan_vG(X -y, t =12y, 1) dsydr(x, 1) dx dt
0o Jado Jr

T T
f fz(y, T) 6,1)‘ Gx—y,t—1)¢y(x,0)dxdtds,dr
0 T T

T
f fz(y, T) Bnygow(y, T)ds,dt
0o Jr

(2 Yiveu)s,

where

T
ey, 7) = f fG(x -y t—1)Y(x,t)dxdt, (y,7)eQ,
T Tr

is a solution of the adjoint problem (4.20). Hence, for € [H, (Q)]’ we obtain ¢y € Hibl(Q), and
y§v<p¢ € [Ho.(X)]'. From this we conclude u, € H.y (Q) when z € Hp (Z) is given. O
With the previous result we are in a position to consider the lateral trace of the double layer potential

Ve Ho () — Ho,(2), (5.4)
and the so-called hypersingular boundary integral operator as normal derivative of the double layer po-
tential, ‘

W= -\ 7 : Hy (Z) — [H}O/Z(z)]'. (5.5)
5.4 Boundary integral operators and Calderon identities
Without loss of generality, let us consider the complementary domains
Q° :=Bg\Q and Q°:=Q° x(0,7),

with Bg := {x € R" : [x| < R} is a sufficiently large ball containing I". With this, we define the exterior
traces yy, and y;, following the same ideas from Subsection 3.1, but using Q¢ instead of Q.

Remark 5.3. Clearly, the mappings
Ye 1 HG(0%) — HYA (D), v tH(0) — HA (),
Ys t Ho(QF) = Ho, (D), ¥s t H.0(Q°) = HoD),
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are continuous and surjective, while
Ya P Hg (Q) = [HP®)T, Ya P Hy(Q) = [H* (@),
Yot Ho (Q9) = [H ), Yot Ho(QY) = [H)* @),

are continuous. Moreover, Green’s formulae and other properties of the interior trace operators yg and
vy also apply to these exterior traces in their corresponding spaces. Indeed, following Propositions 5.1
and 5.2, we have the continuity of the mappings

L HPE) - Ho(Q), Z:H (D) - HolQ)
We define the jumps across X by
[ysul := veu—ysu,  [ynul = yyu - yyu,
which clearly do not depend on the choice of Bg. Now we can state the following result:
Proposition 5.4. The following jump relations hold for all w € [H’lo/ 22 and z € Hy. (D),
[y=w] =0, [ynSwl = -w, rsZz21 =z, [ywZ2]=0.

Proof. The jump relations are known to hold when w and z are smooth, e.g., [10, Sect. 2.2.1], and
[25, Sect. 1.3]. We extend them to (w,z) € [H 10/ 2(Z‘.)]’ X Hp.(Z) by using that the combined trace map

(ys,¥n) : u = (yzu, yyu) maps CP(R" x R+)|§ onto a dense subspace of [HVIO/Z(Z)]’ X H(l)’/z():) (cf. [7,
Lemma 3.5]), and that Héfz(Z) is dense in Hy (T). O
We can now define the boundary integral operators as follows:

Definition 5.5.
Vw:

VoS W = e T w,

1 i e

3 (7292 + 7291) ,

K o= % (s + W),
Wz = -y Pz = —v4Pz.

Kz:

From this definition and (5.2), (5.3), (5.4), (5.5), we obtain:

Theorem 5.6. The boundary integral operators introduced in Definition 5.5 are continuous in the follow-
ing spaces:

ViHPZE) - Ho®),
K: 7{0,(2) d 7{0,(2),
K [HPE®) - [HE),
W: Ho (D — [H )

Next, we take traces on the representation formula (5.1) and get
. 1 . .
Yeu = (5 | =K)yysu + Vyyu,

yyu = Wysu + (5 [+ K )yyu.
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As usual, we can rewrite this as

M )
Vit w (3 1+K) Yt

=:Cp

with the interior Calderon projection CiQ.
Using standard arguments (see for example [25, Sect. 1.4]), we can now prove

w w

Z : Z ’
[ ] = le[ ] Yw € [H 22, z € Ho (2).
Furthermore, this gives (C"Q)2 = CiQ, from which we get

1 1 1 1
VW= I-KIGG1+K), WV =(G1-K)(; 1+K), VK =KV, KW=WK.

5.5 Coercivity of boundary integral operators

In this subsection, we are going to prove coercivity properties of boundary integral operators, i.e., of
the single layer boundary integral operator V and the hypersingular boundary integral operator W, which
ensure unique solvability of related boundary integral equations.

Theorem 5.7. The single layer boundary integral operator V| : [H 10/ 2(E)]’ — Ho.(X) satisfies the inf-sup
stability condition

KV w, sl

s forallw e [H*(S) . (5.7)
ety 1 Ml @)y ’

|4
e Wil <

Proof. For w € [H 10/ 2(£)]’ we consider the single layer potential u = “w which defines a solution
u € Hy (Q) of the homogeneous wave equation. When taking the lateral trace of u this gives g = ygu =
Vw e Hy (2). In fact, u is the unique solution of the Dirichlet boundary value problem

Ou=0 in Q, yéu:g onXx, u=0u=0 onZX.

When using the interior Steklov—Poincaré operator S; we can determine the related interior Neumann
trace
j 1/2
Ai=yyu=S8ige[HS @)

Since the Steklov—Poincaré operator S; is invertible, this gives g = S,-‘1 A, le., g = ygu is the lateral trace
of the solution of the Neumann boundary value problem

ou=0 inQ, yﬁvuz/li onX, u=0u=0 onX.

From the inf-sup stability condition (4.17) of the inverse interior Steklov-Poincaré operator Si_1 we now
conclude .
1 KS;" i, sl IV w, sl
= Millgrrgy < su —_— = = -
o' o orpeiHo @1 @Y oruerHo 1 IMllir, @Y

For the exterior problem we can derive a related estimate, i.e.,

KV w, sl
= Ml < sup e
c5 ‘ ozuelHo 1 iz @y
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where A, is the exterior Neumann trace of the single layer potential u = .#’w. Now, and using the jump
relation of the adjoint double layer potential, this gives

“W”[H})/Z(Z)]’ = |4 - /]-e”[H{‘O/Z(z)]r
. KV w, s
< ”/li”[[-]l/z(z)]r + ”/le”[[-]l/z():)]r < (C§‘ + Ci") sup —/J »
0 0 0#ue[Ho, ()] el lp4, =y
which implies the desired inf-sup condition. O

While the inf-sup stability condition (5.7) ensures uniqueness of a solution of a related boundary integral
equation, the following result will provide solvability.

Lemma 5.8. Forany 0 # u € [Hy (2)] there exists a w, € [Hglo/ 2(Z)]' such that
<V W/J’ /’[>Z > O
is satisfied.

Proof. For given 0 # p € [H (X)]” we define the adjoint single layer potential u, € Hibl(Q) by

T
u,(y,7) = f fG(x -y, t—1)u(x,t)ds,dt for (y,7) € Q.
T r

For the lateral trace yguﬂ eH 10/ 2(Z‘.) and arbitrary w € [H 10/ 2(E)]’ we then have

T T
(w,ygumz = f fw(y,‘r)f fG(x—y,t—‘r)y(x,t)dsxdtdsyd‘r
0 r T r

T !
f ff fG(x =y t=0)wy, ) dsydru(x, ) ds.dt = Nw,uw)s .
o JrJo Jr

U,(x,1) := j(; u,(x,s)ds for (x,1) € O,

Moreover, we compute

with the lateral trace g, := yg U, e H(l)/ 2(Z)) C Ho,(Z). Hence, there exists a unique solution v, € H.o (Q)
of the Dirichlet problem for the wave equation,

ov,=0 inQ, v,=g, onZX, v,=0v,=0 onZ

‘We then conclude

!
4]
»L ﬁ [)nx V#(x’ S) 8&‘};1(35, S) dsx ds

!
= f f [auvﬂ(x, 8) Osvu(x, 8) + Vevu(x, s) - V,0,v,u(x, s)] dxds
0 Ja

1 (Md
- EL %L[[asvﬂ(x’ S)]2+[vaﬂ(.x, S)]z]dxds

1 1
=3 18,7, (D7) + 3 IV (Dll}2q, 2 0 forall € (0,T].

In the case ! |
5 1002 + 5 V0Ol = 0 forall £.€ (0, 7],
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and together with the zero initial conditions, we would conclude v, = 0 in Q, which then implies g, = 0
on X, and thus u, = 0. But this contradicts u # 0. Therefore we have

T
0 1 1
fo fr A5 D 0,51 s dt = 5 10T gy + 5 IV (T gy >

and with
oU,=u, inQ, 0Ov,=08g, onk g,= ygUﬂ, Wy = yf\,vﬂ € [H’IO/Z(Z)]’

we finally conclude

T
: 0
Vwy, s = Wy, vsity)s = f(; fr—an vu(x, 1) 0y, (x, 1) ds,dt > 0.

The solution of the Dirichlet boundary value problem
Ou=0 inQ, u=g onX, u=0u=0 onk
is given by the representation formula
u(x, 1) = (Lyyu)(x, 1) — (2g)(x, 1) for (x,1) € O,

where we can determine the yet unknown Neumann datum w = iju €[H 10/ 2(2)]’ as the unique solution
of the first kind boundary integral equation

Vw= (% I+K)g onZ, (5.8)

i.e., of the variational formulation
Vs = (G 1+K)g. s forall g € [, (5.9)
Solvability of the variational formulation (5.9) follows from Lemma 5.8, while uniqueness of the solution
is a consequence of Theorem 5.7. Instead of the variational formulation (5.9), we may use the modified

Hilbert transformation Hr as defined in subsection 2.3 to end up with an equivalent variational problem
to find w € [H{/*(£)]’ such that

1
(HrVw, p)s = <7'{T(§ I+K)g. sz forall p € [HoZ)]" (5.10)

Due to the inclusion Hj*(Z) € H(X), we obviously have [H()]’ c [H{/*(£)]" which will allow for a
Galerkin—Bubnov space-time boundary element discretization of (5.10).

Remark 5.9. For a solution u of the homogeneous wave equation with zero initial data but inhomoge-
neous Dirichlet boundary conditions and a suitable test function v we can write Green’s first formula

as
T T
f fanx”‘)dxa’tz f f [anMV+qu-va]dxdt.
0 Q 0 Q
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In particular, for v = 0,u, this results in the energy representation

T
Ew): = f f [6,,14 ou+ V- Vxﬁtu] dxdt
0 Q
— 1 (9 2 l V 2 0
- 5 ” tu(T)”LZ(Q) + 5 “ XM(T)“L2(Q) > V.

Note that this representation is the basis of the energetic BEM, see, e.g., [3]. Instead, when using the
particular test function v = Hru and Proposition 2.1 this gives

T T
f fiu‘Hru ds.dt = f f [‘Hrﬁ,u o+ Vu- WTqu] dxdt>0.
o Jron, 0o Jo

Specifically, for the single layer potential u = .#w in R™'\X we then conclude
T
(w, Hr Vw)s = f f | Hr e+ V- Hy V| dxdt 2 0.
0 Jao

In fact, when considering the spatially one-dimensional case n = 1 we can prove the following ellipticity
estimate [28, 32]

w, Hr Vw)s > ¢/ ”Wniﬁ_‘f oy Jorallwe (HE).

Since the single layer boundary integral operator V : [H 10/ ‘@) - Hy (Z) is invertible, we can write the
solution of the boundary integral equation (5.8) as

; 1
w=yyu= V_](E I+K)g=S;g,
representing the Dirichlet to Neumann map with the interior Steklov—Poincaré operator
S =V 14K Ho®) - HPE)Y
i = (§+)- 0.2) = [Hy (D]

Hence we find that 1
VS, = 5 1+ K : Hy () - Ho (D)

is invertible. As we can formulate a related boundary integral equation also for the exterior Dirichlet
boundary value problem,

1
Vyqu = (—5 I+K)g onZX,

this gives that the exterior Steklov—Poincaré operator
1
S, =— V’I(E 1= K) : Ho(2) - [H @)

is invertible, and so is
1
3 [-K=-VS, : Hy(X) » Hy(Z).

Consequently
VW = (% - K)(% 1+ K): Ho.(Z) - Ho. (D),

and thus { |
W = v-l(z |- K)(z 1+ K) : Ho(Z) — [H’IO/Z(Z)]’ )
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This finally implies that the hypersingular boundary integral operator W : H; (£) — [HYIO/ 2(2)]’ satisfies
the inf-sup stability condition

w
Nl < sup KWyl o all v € Ho (5). (5.11)

oxnericy Mgtz
The solution of the Neumann boundary value problem
ou=0 inQ, Jdyu=4 onX, u=0u=0 onZ
is given by the representation formula
u(x,t) = (LD(x, 1) — (Z2z)(x, 1) for (x,1) € Q,

where we can determine the yet unknown Dirichlet datum z = 7&:” € Hy (X) as the unique solution of the
first kind boundary integral equation

1
Wz:(EI—K)/l on X.

Unique solvability follows as described above.

6 Conclusions

In this paper, we presented a new framework to describe the mapping properties of boundary integral
operators for the wave equation. The results are similar as known for the boundary integral operators for
elliptic partial differential equations, i.e., providing ellipticity and boundedness with respect to function
spaces of the same Sobolev spaces. This will be the starting point to derive quasi-optimal error estimates
for related boundary element methods which are not available so far, and which will be reported in
forthcoming work. Other topics of interest include efficient implementations of the proposed scheme
using the modified Hilbert transformation, a posteriori error estimates and adaptivity, an efficient solution
of the resulting linear systems of algebraic equations, and the coupling with space-time finite element
methods.
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