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Abstract

In this note, we discuss the ellipticity of the single layer boundary integral operator
for the wave equation in one space dimension. This result not only generalizes the
well-known ellipticity of the energetic boundary integral formulation in L2, but it
also turns out to be a particular case of a recent result on the inf-sup stability of
boundary integral operators for the wave equation. Instead of the time derivative
in the energetic formulation, we use a modified Hilbert transformation, which allows
us to stay in Sobolev spaces of the same order. This results in the applicability
of standard boundary element error estimates, which are confirmed by numerical
results.

1 Introduction

Time-domain boundary integral equations and boundary element methods for the wave
equation are well established in the literature; we mention the groundbraking works of
Bamberger and Ha Duong [2], Aimi et al. [1], and the review article [4] by Costabel and
Sayas. Other works include [5, 7, 8, 9, 10, 11], to mention a few.

The main difficulties in the numerical analysis of these formulations are in the so-called
norm gap, coming from continuity and coercivity estimates in different space-time Sobolev



norms. When using the energetic boundary element method, a complete stability and error
analysis can be done in L*(X), see [8], where ¥ is the lateral boundary of the space-time
domain @ :=Q x (0,7).

Using a generalized inf-sup stable variational formulation [17] for the wave equation, in
[13] we derived inf-sup stability conditions for all boundary integral operators in related
trace spaces. In fact, this work was motivated by our previous result [18] on the spatially
one-dimensional case. When replacing the time derivative in the energetic boundary inte-
gral formulation by a modified Hilbert transformation [15], the resulting composition with
the single layer boundary integral operator becomes elliptic in the natural energy space
[H,lo/ ?(2)]', similarly to what is known for boundary integral operators for second-order
elliptic partial differential equations. Note that H,lo/ 2(2) == [H(D), L*(Z)]1o is defined
by interpolation, with H(X) = {v € H'(X) : v(T) = 0}. Analogously, H; () covers zero
initial conditions, i.e., v(0) = 0.

In this paper, we present a detailed derivation of this new approach, and we discuss the
corresponding numerical analysis of a related new boundary element method. In Section 2,
we recall the energetic space-time boundary integral formulation [1, 8], and we provide a
simplified proof of the ellipticity result in L?(X). In particular, we obtain that the single
layer boundary integral operator V' : L*(¥) — Hj (%) is an isomorphism. Using duality
arguments, we obtain that V : [H(X)]" — L?(X) is also an isomorphism. Finally, by an
interpolation argument, we conclude that V' : [H’lo/ D) — H(i/ ?(%) is an isomorphism
as well. While this implies an inf-sup stability estimate, as also discussed in [13], in
Section 3 we introduce a modified Hilbert transformation Hp : H&/ (2) = H}O/ (), see

[15], to establish ellipticity of HrV in [H 710/ *(2)]) in Section 4. Although the main result, as
given in Lemma 4.1, still involves some unknown constant, Proposition 4.2 gives numerical
evidence on the behavior of the ellipticity constant, which agrees with the constant known
from the energetic formulation. In Section 5, we present some numerical results which
confirm the a priori error estimates, as given in Section 4. In Section 6, we finally draw
some conclusions for future work.

2 Energetic space-time boundary integral equation

As in [1], we consider the Dirichlet boundary value problem for the homogeneous wave
equation in the one-dimensional spatial domain 2 = (0, L) with zero initial conditions,
and for a given time horizon 7" > 0,

Opu(x,t) — Oppu(z,t) = 0 for (z,t) € @ :=(0,L) x (0,7),
u(z,0) = Qu(x, )= = 0 for x € (0, L),

u(0,t) = go(t) forte (0,7,

w(L,t) = gp(t) forte (0,7).



In the one-dimensional case, the fundamental solution of the wave equation is the Heaviside
function

U (1) = 5 H(t ~ Ja]),

and we can represent the solution u of (2.1) by using the single layer potential

» 1 t—|x| t—|x—L|
u(z,t) = (Vw)(z,t) = 5/ wo(s) ds + 5/ wr(s)ds for (z,t) € Q
0 0
with the density functions w = (wg, wy). Note that for any function z: (0,7) — R, we set
z(t) =0 for t <0 or t > T in the remainder of this work. To determine the yet unknown
density functions (wg,wy ), we consider the boundary integral equations for z — 0,

(Vow)(t) == %/0 wo(s) ds + % /0 i wr(s)ds = go(t) fort e (0,7), (2.2)
and for v — L,
(Vi) (t) = %/0 wo(s)ds + %/0 wi(s)ds = gu(t) forte (0,T).  (2.3)

We write the boundary integral equations (2.2) and (2.3) in compact form, for w = (wyg, wy,),
as

vao = ({r0) = (3 () o= (29) =0 ren. e

In the energetic boundary element method [1], instead of (2.4), the time derivative of (2.4)

is considered,
O(Vw)(t) = dig(t) fort e (0,7T). (2.5)

We introduce the related energetic bilinear form

a(w,v) = (v,0Vw)rx)

1 T d t 1 T d t—L
= 5/0 Uo(t)%/o wg(s)dsdt+§/0 UO(t)%/O wr(s)dsdt
1 T d t—L 1 T d t
+§/0 UL(t)%/o wo(s)dsdt+§/0 UL(t)%/O wr(s)dsdt

1 T 1 T
- §/0 vo(t)wo(t)dt+§/0 vo(t) wr(t — L) dt
%/0 vL(t)wo(t—L)dt+%/0 vr(t) wr(t) dt.



When using both the Cauchy—Schwarz and Holder inequality, we conclude

1 1
la(w,v)] < = ||UO||L2(0T)||w0||L2(0T) +3 ||710||L2 0,7) ||wL||L2(0T L)

1 1
+§ HUL||L2(0,T)”w()HLQ(O,TfL) + 5 HULHL2(O,T)||wLHL2(0,T)

< 2 lollzom [lollzom + lwellzzon]

+% |vLllz20,m) |:Hw0||L2(O,T) + ||wLHL2(O,T)]
= & [Ikollzzom + Toelom] [leollzzom + ezl
<

¢||vo\|L2(OT 0z 22q0,myy Tl 22 0.2 + 02 301

= lollemlwlee

for all v = (vo,vr), w = (wo,wr) € L*(X) := L*(0,T) x L*(0,T), where

1/2
lolleem = (lollZzom + Neellzor)  for = = (20,20) € LA(D).

Moreover, the energetic bilinear form af(-,-) is also L?(X)-elliptic, see [1, Theorem 2.1]. For
later reference, we will give a simplified proof of this result. For this, we introduce

n:= min{mEN:TﬁmL}, (2.6)

which is the number of time slices 7 := ((j — 1)L, jL) for j =1,...,n in the case T' = nL.
In the case T' < nL, we define the last time slice as T}, := ((n— 1)L, T'), while all the others
remain unchanged.

Theorem 2.1 [1, Theorem 2.1] For all w € L*(X), there holds the ellipticity estimate

a(w,w) = (w, {Vw)as) > sin’ (2.7)

T 2
m ||w||L2(E)
where the number n € N of time slices is defined in (2.6).

Proof. For w = (wy,wr) € L*(X), we write
2 a(w,w)

T T T T
0 0 0 0
= Z [”onLQ(T / wg( )U)L t— dt —|—/T wL wo t— L) dt + HwL”%Q(Tj)] .

J



For t € Ty, we have t — L < 0, and therefore wo(t — L) = w(t — L) = 0 follows. For
j=2,...,n—1, we have, using the Cauchy—Schwarz inequality,

/ byt~ D < ( / | [wo(tﬂth> N ( |

J

1/2 1/2
< (/T[wo(t)]zdt> (/T [w,(£)) dt) = [lwoll 2y lwell 2, ) -

1/2
wi,(t — L)]? dt)

J

Correspondingly, for j =n and T,, = ((j — 1)L, T), T < nL, we have

/ S </ Lot ]th)m (/<:_1>L[wL(t - L)Pdt) )

-(/ (0] i) " ( /() os(o) ) "
< ([ wowra) ([ wora) =l ol ..
/. /.

Hence, we conclude
2a(w,w) 2 Y vl + lwela)
j=1

- Z [HwOHH(Tj)HwLHm(ijl) + llwell 2 lwoll L2, )

Jj=2

Lo-b lwoll 2z, Jwoll 2z
- lorllze ry) lwrllzecr,)
-3 11 -5 ) ||w0||L2(T3) ||w0||L2(T3)
— -3 1 3 lwrllpe(zy) : lwrllp2(zy)
—% 11 —% lwoll2(r, ) llwoll2(r, )
3 1 ||"UL||L2(T”) ||wL||L2(T,L)

11 _% ) ||wL||L2(T1) HwL||L2(T1)

-5 11 -3 ) [lwo |L2(T2) f|lwol L2(Ty)

-5 11 -3 ) ||wL||L2(T3) HwL||L2(T3)

+ -5 1 -3 llwoll 2 (1, , lwoll L2 (z,)

—% 11 —% lwellz(r, 1) lwellzz(z, 1)

-3 1 ”wO”L?(Tn) HwOIILz(Tn)



and further,

i HwOHL?(Tl) ||w0HL2(T1) ||wL||L2(T1) HwL||L2(T1) T
HwLHL2(T2) ||wLHL2(T2) ||w0||L2(T2) Hw0||L2(T2)
A lwoll L2 (1) llwoll L2 () lwellz2 (ry) lwellz2 (ry)
a(w’w) > r;m HwLH'LQ(Tél) , ”wLH%2(T4) + ||w0||[.42(T4) ’ Hw0||[-,2(T4)
lwoll2(t, 1) lwoll L2z, 1) lwellez(z, .,y lwellz(z, 1)
HwLHLQ(Tn) ”wLHL?(Tn) ”wOHL?(Tn) Hw0||L2(Tn)
)\min [
_ 2 2
=~ Hw0||L2(0,T) + ||wLHL2(o,T) )
where -
Amin = 2 sin? ——
min 2(n + 1)
is the minimal eigenvalue of the involved matrix, which is related to the finite difference
g )
approximation of the Laplacian in one dimension. |

From the above properties, we conclude that

oV L*(X) — L*(%)
defines an isomorphism. Since the time derivative

O+ Hy (%) = L*(%)
is also an isomorphism, e.g., [15, Sect. 2.1], so is

Vi L*(S) = Hy(%). (2.8)
Note that, for u = (ug,uy) € Hy (3) := Hy (0,T) x Hj (0,T), we have

HUH?{&@) = HatuOH%%o,T) + HﬁtuLH%Z(O,T)'

For 0, : Hj (0,T) — L*(0,T), the inverse is given by

UWZ&Fﬁ®=Af®%,t€@ﬂ,

with f € L*(0,T), u € Hg(0,T). Analogously, for 9, : Hy(0,T) — L*(0,T), we find the
inverse as

uwzﬁfﬂwz—[f@Matemfy

For w,v € L*(X) and u = Vw = (ug, ur) € Hy (X), we therefore obtain

(0, vaLaz) //uo ) ds vy(t) dt—//uL )dswvr(t)dt.

6



For % € {0, L} we compute

//u* ) ds vt //u* ds@t/v*()dsdt

:_/t u*(s)ds/o U*(s)dsoT—}-/O at/tTu*(s)ds/otv*(s)dsdt
=~ [Cwtt [ty as

—1 _
<8t Vw, U>L2(Z) = —(Vw, 8t 1U>L2(E) .

On the other hand, for zy = 9; 'wy we have wy = 0,29, and hence

/Ot wo(s) ds = /Ot sz0(s) ds = z(t) = 0, /Ot 2ols) ds.

With this, we conclude

ie.,

0, Vw,v) i) = —(VO0; w, 07 0) 2y = —(0,V 0 w, 8! = —a(07 'w, 97 W),
t () t t ( = = t t
and, in particular for v = w, Theorem 2.1 gives
s
<6 Vw w>L2(2 (@V@ w, 8 w>L2(E) > Sln (n I 1) ||(9t_1w||%2(2)

For « € {0, L}, we define

to compute

T T T
Hat_lw*H%2(07T) = HZ*H%Q(O,T) / Z*(t) Z*(t) dt = _/ 0,5/ (3) ds Z*(t) dt
t

:—/tT (5)ds 2 (t // §) ds D= (t) dt

-/ Do) 1),

where

T
v.(t) = / z(s)ds fort e (0,T), Ow.=—z, v.€ Hy0,T).
t
From this, we conclude

H@t_lw*HLz(O,T) = M S sup M — H

*“ HL(0,1)]) "
10wsll20r) ™~ orsernom) 1010l L20.m) Ho(OT)]

7



Indeed, we have

107 will z2(0,) = 1wl o,y
and therefore,
—<5;1Vw,w>L2(z) > sin?

T 2
At 1) [l sy (2.9)

In fact, by the density of L*(X) in [H{(X)]’, the operator
=0,V [HY®) = Hi(%)
defines an isomorphism, and so does
Vi Hy(®)] — L*(D). (2.10)

For the single layer boundary integral operator V', we have obtained the mapping properties
(2.8) and (2.10), respectively. When applying an interpolation argument, this gives that

Vi HPE)) - HA(E)

is an isomorphism as well, where the Sobolev space H&/?(E) = Hé,/2(O,T) X Hé’/2(0,T) is
endowed with the Hilbertian norm

1/2
1/2
oty = (Wl + Vel ) for 2= (o) € H(2)

and analogously, the Sobolev space H 710/ 2(E) is introduced. Hence, we conclude the inf-sup

stability condition

[(Vw, v)s

s [wllyroy < sup : for all w € [Hy* (%)) (2.11)

0Ave[H 2 ()] “UH[HO,/Q(E)]’

with a constant cg > 0. In fact, (2.11) corresponds to the inf-sup condition in [13, Theorem
5.7], where the test space is slightly larger than used in (2.11). But we will show that V' :

[H}O/Q(Z)]/ — H&N(E) in combination with a modified Hilbert transformation [15, 16, 19]
even satisfies an ellipticity estimate similar as in (2.7).

3 A modified Hilbert transformation

For w € L*(0,T'), we consider the Fourier series

u(t):g%uk sin((%—l—lm) %) uk:%/oTu(t) sin <<g+k7r> %) dt,



u(®) zgak cos((gmw) %) ﬂk:%/oTu(t) cos((%—i—lmr) %) dt.

From [15, Lemma 2.1], we have
2 _ 7 (T L o
Feliry 0y = 7 kz_o (5 +hr) .

As in [15], we introduce the transformation operator Hry : L?(0,T) — L*(0,T) as

Hru(t) = i g, €O <(g + /m) %) , te(0,7), (3.1)

which is norm preserving and bijective. By construction, we have that the transformation
operator Hr : H&/ 2(O, T) — Hi)/ 2(07 T) is also an isometric isomorphism, and

2
(Oyu, Hru)or) = ||u||i1017/2 o forallue Hy?(0,T).
Note that H&/z(O,T) = [H(0,T),L*(0,T)]1)2 is constructed by interpolation, where
Hy (0,T) == {v € H'(0,T) : v(0) = 0}. In the same way, we define H,IO/Q(O,T) but
with zero condition at the final time ¢t = T'. It is easy to see that

1/2
@, He2)om)| < Nl yorzgo 121 iz gy For allu, = € Hy*(0,T). (3.2)

The transformation operator Hr, as defined in (3.1), allows a closed representation, see [15,
Lemma 2.8], which generalizes the well-known Hilbert transformation, e.g., [3]. Moreover,
following [16, Eqn. (2.5)] we conclude the following representation for u, z € H&(O, T),

I r (s +1) |t — s|
<8tu,HTz)(0,T):—;/O 8tu(t)/0 In [tan 1T tan T 0sz(s) dsdt .

This representation also allows for an efficient evaluation of the bilinear form (d,u, Hr2) o1)
by using hierarchical matrices, see [16] for a more detailed discussion.
4 A space-time approach in energy spaces

Instead of the boundary integral equation (2.5), we may replace the application of the
time derivative by the modified Hilbert transformation Hy : H&/ ‘)= H 710/ ’(2), ie., we
consider the boundary integral equation to find w € [H i)/ *(2)] such that

HoVw =Heg in [Hy (D)),



where g € H&/ 2(2) is a given Dirichlet datum. The related bilinear form is given as
ay, (w,v) = (v, HrVw)s, for allv,w e [H710/2(E)]'.
Recall that for u = (ug,ur) € Hé’/Q(Z), we have
dru = (Byug, dyur) = (vo,vr) = v € [H*(2)]',
satisfying

‘|u|’H01/2(2) = ||,U||[HY10/2(E)]’ .

For v = Qu, w = Oyz with u, z € H(},(E), we can write

o) = 5 | " wlt) Ha (/ wn(o)ds+ (s) is)

+% /OT v (t) Hr </OtL wo(s) ds + /Ot w(s) ds) dt

— % [(@uo,/HT(Zo +20(- = L)) o) + (Orur, Hr(zo(- — L) + ZL)>(0,T)] _
When using (3.2), we obtain
| a3z (w, )]
< % [!\UO\!H3/2(O,T)\|20 +zr( = D)l oy + luell gz llzol- = L) + ZLHHée(QT)]

1
=3 [H“O”Hé{%om * H“L”Hé,“(om} [HZOHHS,/Q(QT) * ”ZL“H&/%O,T)]

Y [ Y B

= ||u||Hé’/2(E)||Z||Hé’/2(Z)

”””[H}o/ 2wy ”“’“[H}J 2wy

for all v,w € L*(X), i.e., the density of L*(X) in [H}O/Q(E)}’ yields the boundedness of the
bilinear form ay.(+, ).

Lemma 4.1 Forw € [H}O/Q(Z)]’, there holds

1 1
ey (0,0) = (Vs > 5 (1 5 50 M€ ) ol (0
meN ,0
where Amax(Cyn) is the mazimal eigenvalue of a symmetric matriz C, € RMm+Dx(m+1) =1y

the case of T < L, the matriz C,, is the zero matriz, i.e., Apax(Cp,) = 0. However, in the
case T' > L, the matriz C,, is defined by the entries

(o @]
Coi = E brebr;  forl,i=0,...,m,
k=0

10



L s L
brr, = 2 (1 — T) cos ((5 +l€7r> T) for k € Ny,

4 2k + 120+ 1 L\ . 7w L
bre = S cos <<k+£+1)§f) sin ((Z—k’)§f)

fork,t e Ny, k—0=2j#0, 5 €Z, and by = 0 else.

Proof. For w = (wp,wy) € L*(X), we consider the Fourier series

= t 2 [T T t
wo(t) = @,cos(ﬁ—i-km —), w,:—/w(t)cos(—+k7r —)dt,
0 kz% 0.k (2 )T A (2 >T

- t 2 [T m t
wr(t) = @7cos(z+k7r —), Evz—/w(t)cos(—+kw —)dt.
L ; Lk (2 )T bE=rp ), F (2 )T

In the case T' < L, we explicitly compute

T2 i @g,k + EQL,I@ 1 <|
— (2k+ L7 2

</7L[TVU), U))LZ(E) = 7 =
k

|w0H[2H,10/2(0,T)]’ + HwLH[ZH}O/z(O,T)]’)’

since there are no coupling terms.
In the case T' > L, we have the representation

<HTV’UJ, w>L2(E)

T2 w3, + e, T? S 2 L T L
- o __ IR TE] - 1__ <_ k )_
> kZ:O 2kt Dr | 2 kzzowo’kwL’k(Qk+1)7r< T) COS( g T T)

r 4 1 w L T L
2 Wo WLk k+{0+1)== | si Y/ A
NP DRI e ey (( i )2T) o (( >2T)
k—0=2570
T2 &) N R T2 [e%¢} R R L - L
=5 Z [wg,k + w%k:| + o5 Z 2Wo kWL, <1 — T) cos ((5 + lm) ?)
k=0 pr
’ A V2k+1V20+1 . 1
2 p k4 0+1)==)sin( ((—k)==
" k—0=2j#0 wO,EwL,kW (k+04+1)(k—12) cos <( T )2 T) Sin (( )2 T

where . .
—~ Wo,k —~ W, k

Wop = —————, W _—
T ekt r T Rkt D

When using the coefficients by, we write the above result as

o0

T2 RN R o o R R
(HrVw, w)2(z) = 5 (Z [w%x + w%k] + Z Z bkzwo,ewL,k> .

k=0 k=0 (=0

11



Following [6, Chapter VIII|, we consider the forms

o0 o0
B(wy,wr) = beWo W,
k=0 (=0

By, (W, wy,)
k=0 £=0

and for the latter we estimate

m m [ m 112 [ m m
A~ ~ /\2

’B o, Wy, ‘ g E breWo y W k| < E Lk E E breWo ¢
k=0 ¢=0 L k=0 | k=0 £=0
[ ' m 12 [ oo m

~92 ~

< E Wy, E E breWo ¢

L k=0 | k=0 \ /=0

Hence, it remains to consider

5 (She)

k=0

k=0 =0
~ 12 1 o 1/2
< sup v/ Amax(Crm) Z @ik] Z @g,é]
meN k=0 =0
1
S 5 Tsnlép max (Z Lk+zw0€)
for all m € N, and therefore
PN 1
60,0 < o VAo (St + 3 )

12

m m
E E breWo ¢ W ;

1/2

q1/2



follows. With this, we finally obtain

T2 1 N .
(HTVw,w>L2(E) > 5 (1 ~3 sup v/ Amax( ) Z [wak + w%k]

meN —

-7 (o Amax“mﬂi%

= (15 g @) 5 e

= 5 (1= 5 500 @) (ol + 10 )

as stated. In both cases T' < L or T > L, the density of L*(Z) in [H,lo/ (3)]" yields the
assertion. |

Proposition 4.2 Numerical results indicate that
SUP v/ Amax(Crn) = 2 — 4sin” S
mel:l\)l max m 2(n + 1) Y

where n is given in (2.6). Indeed, for L =1, T € [1,20] and m = 20000, the related results
are given in Figure 1. Then, the ellipticity estimate (4.1) becomes

. (s
(0, w) = (HrVw, w)y > sin’ (m) ||w||[2H}0/2(2)]' Jor allw € [Hl/Q(Z)]/7 (4.2)

where the ellipticity constant is the same as in (2.7), and in (2.9), respectively. Hence, we
can think of (4.2) being an interpolation of the ellipticity estimates (2.7) and (2.9).

With the above results, we conclude unique solvability of the variational formulation
to find w € [H1/2(E)] such that

(v, HrVw)s = (v, Hrg)s for allv € [H*(2)], (4.3)

where g € HS’/ *(X) is a given Dirichlet datum. Let W), C [H,lo/ *(2)] be some boundary
element space, e.g., of piecewise constant basis functions, which are defined with respect to
some decomposition of the lateral boundaries {0} x (0,7") and {L} x (0,7, respectively.
The space-time Galerkin boundary element formulation of (4.3) is: Find w, € W), such
that

(vp, HrVwp)s = (v, Hrg)s for all v, € W,

When assuming w € H*(X) for some s € [0,1] and using standard arguments, e.g., [12],
we derive an a priori error estimate in the energy norm,

1
[ — wnl < D2 flwl[ s s

H*®)
Moreover, using an inverse inequality, we also obtain an error estimate in L?(X),

lw — whl| 2y < eh® ]| sy (4.4)

13



[ I I I
2 - |
1.5 |- N
1| oo :
0.5 N
° \/ Amax(c’m)
+ i 2
ols 2 — 4sin (2(n11)> |
L | | | | | | | | |
1 2 4 6 8 10 12 14 16 18 20

Figure 1: Numerical evaluation of \/Amax(Cr,) for L = 1, T € [1,20], m = 20000.

5 Numerical results

Instead of the boundary integral equation (2.4) of the indirect approach, we consider, as
in [14], the boundary integral equation of the direct approach

1
Vw = (51 + K)g onX, (5.1)
including the double layer boundary integral operator K on the right hand side. In this
case, the unknown w is the spatial normal derivative 0,,u of the solution u of (2.1).
For a boundary element approximation, consider a decomposition of the lateral bound-

ary
No+Np,

x= |J 7
=1

into Ng + Ny, boundary elements 7; with maximal mesh size h = max; |7;|. Here, Ny is
the number of boundary elements for the boundary {0} x (0,7") and Ny, is the number
of boundary elements for the boundary {L} x (0,7"). The conforming ansatz space of
piecewise constant functions

SU(Z) = S9.(0,T) x Sp(0,T) € [H{*(2))

is used to define an approximate solution wy, € Sp(X). Then, the Galerkin discretization
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of (5.1) to find wy, € SP(X) such that

1
<’Uh, Hvah>L2(2) = <Uh,HT(§I + K)th)LQ(Z) for all Vp, € S}?(E) (52)
is equivalent to the global linear system
Viw =g (5.3)

with the related system matrix Vj, € RWotNe)x(No+No) - the right-hand side g € RNz
and the vector of unknown coefficients w € RN of w;, € SP(X). Here, for an easier
implementation, we approximate the right-hand side g € H&/ 2(E) by Qrg, where @, is the
L? projection on the space of piecewise linear, continuous functions fulfilling homogeneous
initial conditions for ¢ = 0. The assembling of the matrix 1}, € RWotNo)x(No+Nw) apq
the right-hand side g € RNz je. the realization of Hr, is done as proposed in [19,
Subsection 2.2]. The integrals for computing the projection Qg are calculated by using
high-order quadrature rules. The global linear system (5.3) is solved by a direct solver.
In the numerical examples, we consider the spatial domain Q = (0, 3), i.e., L = 3, and
the time interval (0,6), i.e., 7' = 6. The lateral boundaries {0} x (0,7") and {L} x (0,7)
are discretized uniformly into Ny = N;, = 2! boundary elements each, ¢ = 3,4,5,...,12.
In the first example, we consider the smooth solution
Lt—a-2P3a—-t)3 forx<t<2+um,

uy(z, 1) :{ 2

0 otherwise.

Due to wy; = 0,,u; € H'(X) and using the error estimate (4.4), we expect a linear order
of convergence, as confirmed by the numerical results given in Table 1.

¢ No+ Ny |lwy —wiplles) eoc

3 32 4.48 —1
4 64 2.11 -1 1.09
) 128 1.04 -1 1.02
6 256 0.18 -2 1.01
7 512 2.59 2 1.00
8 1024 1.29 -2 1.00
9 2048 6.47 -3 1.00
10 4096 3.23 -3 1.00
11 8192 1.62 -3 1.00
12 16384 8.09 4 1.00

Table 1: Numerical results for the boundary element method (5.2) in the case w; € H'(Z).

As a second example, we consider the singular solution

1 .
uy(z,t) =< 2 |sin(m(x —t))| fora <t,
0 otherwise,
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where we have wy € H*(X) for s < % Hence, using (4.4), we expect the reduced order %
of convergence when considering the error in L?(X). This is confirmed by the numerical
results as given in Table 2.

¢ No+ Ny |lwa—wapll2z) eoc
3 32 2.59 40 0.34
4 64 1.75 +0 0.56
5 128 1.21 40 0.53
6 256 8.45 -1 0.52
7 012 5.93 -1 0.51
8 1024 4.18 -1 0.51
9 2048 2.95 -1 0.50
10 4096 2.08 -1 0.50
11 8192 1.47 -1 0.50
12 16384 1.04 -1 0.50

Table 2: Numerical results for the boundary element method (5.2) in the case wy € H*(X),
s < 3.

6 Conclusions

In this note, we have shown that the single layer boundary integral operator of the wave
equation in one space dimension is elliptic in the energy space [H })/ 2(2)]’ , when composed
with some modified Hilbert transformation. This result corresponds to the well-known
ellipticity results for boundary integral operators related to second-order elliptic partial
differential equations. While this particular result is at this time restricted to the spatially
one-dimensional case, in the general case we were already able to establish a related inf-sup
stability condition [13] instead. Although this is already sufficient to do a numerical analysis
of related boundary element methods, it remains open whether we can prove ellipticity
also in the multi-dimensional case. It is obvious that we can extend this approach also to
the hypersingular boundary integral operator, and to the double layer boundary integral
operator. Ellipticity of boundary integral operators is an important ingredient in the a
priori and a posteriori error analysis of boundary element methods, in the construction
of appropriate preconditioners, and in the coupling with finite element methods. It goes
without saying that this proposed new approach requires more work in the numerical
analysis, and in the implementation of the proposed scheme, including the composition of
the single layer boundary integral operator and the modified Hilbert transformation, which
are both non-local. Nevertheless, this work may give some more insight into the numerical
analysis of existing boundary element methods for the wave equation, and it presents an
alternative approach for a reliable and efficient numerical solution of the wave equation.
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