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Preliminaries

Let Ω ⊆ Rd , d ≥ 2 be an open set.

Li := −
d∑

j,k=1

∂jajk,i∂k + ai ,

ajk,i : Ω→ C, ai : Ω→ R, such that Li is uniformly elliptic, i = 1, 2.

Aiu := Liu, domAi ⊆ L2(Ω), i = 1, 2

self-adjoint operators in L2(Ω) (for suitably chosen coe�cient functions and

domains)
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Question

λ1(Ai ) ≤ λ2(Ai ) ≤ ... < M discrete eigenvalues of Ai , counted with multiplicities,

below some upper bound M ∈ R ∪ {∞}

Question:

Under what conditions does it hold

λn(A2) ≤ λn+k(A1) or even λn(A2) < λn+k(A1)

for some k ∈ N and all n ∈ N?
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History

Results for Li = −∆ on bounded domain Ω subject to Dirichlet or Neumann

boundary conditions:

G. Polya (1952), G. Szeg® (1954): λN
2
< λD

1

L. Payne (1955): λN
2
≤ λD

1
for Ω ⊆ R2 convex

H. Levine & H. Weinberger (1986): λNn+d < λDn for Ω ⊆ Rd convex with

C∞-boundary

L. Friedlander (1991): λNn+1
≤ λDn for Ω ⊆ Rd with C 1-boundary

N. Filonov (2005): λNn+1
< λDn e.g. for Ω ⊆ Rd Lipschitz domain
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Assumptions

Ω ⊆ Rd , d ≥ 2, unbounded domain with compact Lipschitz boundary (i.e.

the complement of Ω is a bounded Lipschitz domain)

L1 = L2 = −∆ + V , with V ∈ L∞(Ω) real valued
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Schrödinger operator with Dirichlet boundary condition

De�nition

ADu = (−∆ + V )u

dom(AD) =
{
u ∈ H1(Ω)

∣∣ ∆u ∈ L2(Ω) and u|∂Ω = 0
}
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Schrödinger operator with Robin/mixed boundary condition

De�nition

ARu = (−∆ + V )u

dom(AR) =

{
u ∈ H1(Ω)

∣∣∣∣∣ ∆u ∈ L2(Ω), u|ω′ = 0

and αu|ω +
∂u

∂ν

∣∣∣
ω

= 0

}

where α ∈ R, ∅ 6= ω ⊆ ∂Ω open and ω′ = ∂Ω \ ω.

Special case: Neumann b.c. (α = 0 and ω = ∂Ω)
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The spectra of AD and AR

Operators selfadjoint in L2(Ω).

The essential spectra of AD and AR coincide.

For V ∈ L2(Ω) their essential spectrum is equal to [0,∞).

For M := inf σess(AD) = inf σess(AR) denote by

λ1(AD) ≤ λ2(AD) ≤ · · · < M the discrete eigenvalues of AD in (−∞,M)

counted with multiplicity

λ1(AR) ≤ λ2(AR) ≤ · · · < M the discrete eigenvalues of AR in (−∞,M)

counted with multiplicity
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Characterization of the discrete eigenvalues

Bilinear form corresponding to AD

aD(u, v) = (∇u,∇v)(L2(Ω))d + (Vu, v)L2(Ω)

dom(aD) = H1

0 (Ω)

Bilinear form corresponding to AR

aR(u, v) = (∇u,∇v)(L2(Ω))d + (Vu, v)L2(Ω) + α(u|∂Ω, v |∂Ω)

dom(aD) =
{
u ∈ H1(Ω)

∣∣ u|ω′ = 0
}

Theorem (min-max principle)

λn(Ai ) = min
L subspace of dom(ai )

dim L=n

{
max

u∈L\{0}

ai (u, u)

(u, u)

}
, i ∈ {D,R}
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An inequality for eigenvalue counting functions

For an interval I ⊆ R de�ne the eigenvalue counting functions

ND(I) := dim ranED(I),

NR(I) := dim ranER(I),

ED, ER spectral measures of AD and AR respectively.

Theorem

Let M = inf σess(AD) = inf σess(AR). Then for each µ < M the inequality

NR
(
(−∞, µ)

)
≥ ND

(
(−∞, µ]

)
holds.
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Idea of the proof 1
Let µ < M. Then we have

ND
(
(−∞, µ]

)
= max

{
dim L : L ⊂ dom(aD) subspace,

aD(u, u) ≤ µ||u||2L2(Ω), u ∈ L
}
.

Let F ⊆ dom(aD) be such that dimF = ND
(
(−∞, µ]

)
and aD(u, u) ≤ µ||u||2L2(Ω),

for all u ∈ F .

It holds for u ∈ F and v ∈ ker(AR − µ):

aR(u + v) ≤ µ||u + v ||2L2(Ω).

The sum F + ker(AR − µ) is direct and hence

NR
(
(−∞, µ]

)
≥ dim(F ) + dim ker (AR − µ)

= ND
(
(−∞, µ]

)
+ dim ker (AR − µ) .
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Idea of the proof 2

NR
(
(−∞, µ]

)
≥ dim(F ) + dim ker (AR − µ)

= ND
(
(−∞, µ]

)
+ dim ker (AR − µ)

NR
(
(−∞, µ]

)
− dim ker (AR − µ) ≥ ND

(
(−∞, µ]

)

NR
(
(−∞, µ)

)
≥ ND

(
(−∞, µ]

)
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The corresponding eigenvalue inequality

Inserting µ = λk(AD) one obtains the following result

Theorem

If there exist m eigenvalues of AD in (−∞,M) then there exist at least m

eigenvalues of AR in (−∞,M) and the strict inequality

λk(AR) < λk(AD)

holds for all k ∈ {1, . . . ,m}.
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Assumptions

Ω ⊆ Rd , d ≥ 2, open, nonempty and (for simplicity) connected

Li := −
d∑

j,k=1

∂jajk,i∂k + ai ,

I ajk,i : Ω → C bounded Lipschitz functions such that ajk,i (x) = akj,i (x) for all

x ∈ Ω

I ai : Ω → R bounded and measurable

such that Li is uniformly elliptic, i = 1, 2.

Simon Stadler Eigenvalue inequalities for PDOs 27.04.2017 17 / 24



Associated linear operators and bilinear forms

De�nition

Aiu = −
d∑

j,k=1

∂jajk,i∂ku + aiu

dom(Ai ) =
{
u ∈ H1

0 (Ω)
∣∣ Liu ∈ L2(Ω)

}

Bilinear form corresponding to Ai

ai (u, v) =
d∑

j,k=1

∫
Ω

ajk,i∂ku∂jv dx +

∫
Ω

aiuv dx

dom(ai) = H1

0 (Ω)
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Additional assumptions

The essential spectra of A1 and A2 coincide

d∑
j,k=1

ajk,1(x)ξjξk ≤
d∑

j,k=1

ajk,2(x)ξjξk ,

for any x ∈ Ω and ξ ∈ Rd

(i.e. (ajk,2(x)− ajk,1(x))dj,k=1
≥ 0,∀x ∈ Ω)

a1(x) ≤ a2(x) for all x ∈ Ω

(in particular a1(u, u) ≤ a2(u, u) for any u ∈ H1
0

(Ω))
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The spectra of A1 and A2

A1 and A2 are selfadjoint in L2(Ω).

De�ne:

M := inf σess(A1) = inf σess(A2)

λ1(Ai ) ≤ λ2(Ai ) ≤ · · · < M discrete eigenvalues of Ai

in (−∞,M) counted with multiplicity

Ni (I) := dim ranEi (I), I ⊆ R interval,

where Ei is the spectral measure of Ai .
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Eigenvalue inequality for di�erent coe�cients

Theorem

Assume there exists an open ball O ⊆ Ω such that at least one of the following

conditions is satis�ed:

a1(x) < a2(x) for all x ∈ O,

the matrix (ajk,2(x)− ajk,1(x))j,k is invertible for all x ∈ O.

Then for all µ < M the inequality

N1((−∞, µ)) ≥ N2((−∞, µ])

holds. In particular, if there exist l eigenvalues of A2 in (−∞,M) then

λk(A1) < λk(A2)

holds for all k ∈ {1, . . . , l}.
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Idea of the proof

Let µ < M. Then we have

N2

(
(−∞, µ]

)
= max

{
dim L : L ⊂ dom(a2) subspace,

a2(u, u) ≤ µ||u||2L2(Ω), u ∈ L
}
.

Let F ⊆ dom(a2) be such that dimF = N2

(
(−∞, µ]

)
and a2(u, u) ≤ µ||u||2L2(Ω),

∀u ∈ F .

It holds for u ∈ F and v ∈ ker(A1 − µ):

a1(u + v) ≤ µ||u + v ||2L2(Ω).

The sum F + ker(A1 − µ) is direct and hence

N1

(
(−∞, µ]

)
≥ dim(F ) + dim ker (A1 − µ)

= N2

(
(−∞, µ]

)
+ dim ker (A1 − µ) .
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Idea of the proof
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Thank you for your attention.
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