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Space-Time Methods

Let
Y := L*(0,T; HY (), X := {u €Y :0wmeY' u0)=0in Q},
and
b(u,v) = (O, v)q@ + (Vau, Vav) 2(q) forue X,veY.
Define
B(’U,,p, q, U) = <vxpa vxv>L2(Q) + b<u7 ’U) + b(Qap) for u,q € Xapv v E Yva
and

1w, Py =/ llullk + lIplI5-

6. Prove the boundedness

|B(u, p; . 0)| < ¢ [|(u,p)llxxv[I(@:0) | xxv

with a suitable positive constant c&.
7. Prove the inf-sup stability condition

B .
ot [[(u, )l xxy < sup M for all (u,p) € X x Y.

0,0)£(goexxy (@)l xxy

Hints: For v € X define w € Y such that [|Osu|lyr = ||w|]y. For p € Y and for a suitable chosen
a€Ry definev:=u+w+apeY and g:= —au € X. Use

1 1
ab< —a’+-yb%, >0
27y 2

and define v and « appropriately.
Instead of the heat equation we now consider the diffusion—convection equation
—Au(z) + b(z) - Vu(z) = f(z) forz e, wu(x)=0 forzel =00,
where b is a given bounded velocity field satisfying divb = 0. Define
Y = H Q), X:= {ueY:b-VueY’}.

8. Derive a variational formulation to determine a solution u € X and prove a related inf-sup stability
condition.

9. Derive a related least—squares formulation and prove ellipticity of the associated Schur complement
operator which is of the form S = B’A™'B.

10. Introduce conforming finite element spaces Xy C X and Y, C Y of piecewise linear basis functions,
and define an appropriate approximation Su = B'py, by an approximate solution of the operator
equation Ap = Bu. Prove discrete ellipticity of S when considering an appropriate choice of the mesh
sizes h and H.

Hint: Recall the regularity of piecewise linear finite element functions.



