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Motivation for the Fourier – BEM 
(theorem of Parseval)
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Motivation for the Fourier – BEM 

J.-P. Fourier
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problem : fundamental solution U

known only for simple cases

Fourier transform w.r.t. all coordinates
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Fourier fundamental solution is known for all
linear and homogeneous media
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Motivation for the Fourier – BEM

Transform of the trial and test functions 
instead of a numerical inverse 
transformation of the Fourier 
fundamental solution.

real part

imaginary part
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Paradigmatic example: heat conduction

Poisson‘s equation :
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Traditional Galerkin – BIE :

∇⋅= ii ν
t

Amit

Paradigmatic example: heat conduction
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Derivative of the Galerkin – BIE :

∇⋅= ii ν
t

Amit

Paradigmatic example: heat conduction



Duddeck
page 9

Workshop Söllerhaus, October 2003

���

���

−+=

−+=

i

iji

i

ijij

i

iji

i

iji

i

ijij

i

iji

GHFK

GHFK

utt

utu

tttt

uuuu

Algebraic system 
of equations :
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Paradigmatic example: heat conduction



Duddeck
page 10

Workshop Söllerhaus, October 2003

�
�

�
�

�

Ω∉

Ω∂∈

Ω∈

=→

x

x

x

xxuxxu

�

�

�

0

1

:)();()()( κχχ

Extension from

Paradigmatic example: heat conduction
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Multi-dimensional Heaviside – distribution : ))(()( xx ψχ H=
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Introduction of a cut-off distribution
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Definition of a reference element :

Paradigmatic example: heat conduction
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Trial and test functions for the reference element :

Paradigmatic example: heat conduction
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Trial and test functions for an arbitrary element :
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Paradigmatic example: heat conduction

scalar product :

Galerkin – BIE for the        :
nℜ

convolution :
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Fourier transform is now possible !!
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Paradigmatic example: heat conduction

Parseval‘s equality :

Convolution theorem :

UUH
ij

n

ijij ˆˆ.),(ˆ
)2(

1
,

ttttu
φφ

π
φφ −=∗=

The double integration over two boundary panels is 
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Sample entry of the
BEM – matrices :
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Paradigmatic example: heat conduction

Galerkin BIE for the Fourier – BEM :
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Derivation of the Galerkin BIE for the Fourier – BEM :
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Galerkin – BIE :

Some remarks on singular integrals
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free term strong singularity
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Fourier equivalent of the Galerkin – BIE :

free term strong singularity
singularities cancel one another
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Hypersingular Galerkin – BIE :

Some remarks on singular integrals

�

�

∗−

−∗−∗−=−

u

t

ttuu

ttututu

u

t

N

i

ijiji

N

i

jijijjjj

U

UUfu

AA

AAA

φφ

φφφφ χχ

,

,,,

χχχχ
jjjj uuuu

tttt
AAAA +== }{

two free terms
due to

strong singularity

hyper singularity

singularities cancel one another

�

�

−−

−−−−−=−−

u

t

ttuu

ttututu

u

t

N

i

ijiji

N

i

jijijjjj

U

UUfu

ˆˆˆˆ.),(ˆ

ˆˆˆ.),(ˆˆˆˆ.),(ˆˆˆ.),(ˆ

AA

AAA

φφ

φφφφ χχ

singularities cancel one another

Fourier equivalent of the hypersingular Galerkin – BIE :
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Some remarks on singular integrals
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Fourier equivalent of the hypersingular Galerkin – BIE :
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trial / test function heat sources

difference to series solutiontemperature

+0.003

-0.003
0.06

0.00

Isotropic heat conduction

Some applications
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trial / test function heat sources

temperature principle directions

Anisotropic heat conduction

Some applications
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Isotropic elasticity

displacement u1
displacement u2

2 elements
per side

8 elements
per side

G. Lamé

Some applications
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Anisotropic elasticity

x2

x1 x2

x1

singular

displacement u1 displacement u2

Some applications
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Extended example: Kirchhoff plate
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moment :

shear force :

rigidity :
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Extended example: Kirchhoff plate
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Extended example: Kirchhoff plate

ww ˆˆˆ
ϕϕ ϕϕ AA  =→←= F

slope :

moment : wmwm mm
ˆˆˆ AA  =→←= F

shear force : wqwq qq
ˆˆˆ AA  =→←= F

corner terms : wfwf cccc
ˆˆˆ AA  =→←= F
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for the moment :
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Extended example: Kirchhoff plate

for the shear force :

for the corner terms :
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Kirchhoff plate

displacement slope

moment shear force

Kirchhoff

Extended example: Kirchhoff plate


