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Coercive Variational Problems




Coercivity

V = C-Banach space with dual space V", duality pairing (-, -).

Definition:

Linear operator A : V — V' coercive, if it satisfies a Garding-type inequality

Je > 0: | (Av, o) + (Ku,0) | > c|v]|& YveV.

for some compact operator K : V +— V',

— Coercivity of bilinear forms V x V +— C
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Coercivity

V = C-Banach space with dual space V", duality pairing (-, -).

Definition:

Linear operator A : V — V' coercive, if it satisfies a Garding-type inequality

Je > 0: | (Av, o) + (Ku,0) | > c|v]|& YveV.

for some compact operator K : V +— V',

— Coercivity of bilinear forms V x V +— C

Theorem:
A continuous coercive operator is Fredholm with index zero.

A coercive = (A injective = A surjective)

Coercivity



Coercivity and Galerkin Discretization

Vn, n € N, sequence of closed subspaces of V' (e.g., FEM/BEM spaces)

Assumption on V;,: Existence of linear projectors P, : V — V,, such that

VueV: lim |lu— Pully = 0.

n—~oo
Given: Continuous, coercive and injective bilinear forma : V x V — C, that
is a(u,v) = 0 forallv € V implies u = O.

> Voe V' FqueV: alu,v) ={p,v) YveEV.

For any fixed ¢ € V'’ there is an N € N such that the variational problems

un € Vo alun,vn) = (p,vn) Yop € Vi,

have unique solutions u, for all n > N. Those are asymptotically quasi-
optimal in the sense that there is a constant C' > O independent of ¢ such that

|lu —unl|ly, <C inf |lu—wvn|lyy, Yn>N.
vn €V

Coercivity and Galerkin Discretization



Acoustic Scattering




Boundary Value Problem

Bounded Lipschitz domain/polyhedron 2 ¢ R3 (scatterer), complement Q/ :=
R3 \ € (air region), connected boundary " := 9, exterior unit normal vector
field n € L°°(IM) points from €2 into €2'.

Exterior Dirichlet problem for Helmholtz equation

1
AU+ k’U=0 inQ , U=gec H2(I) onrl,

oU .
8—(X) —ikU(x) = o(r~1) uniformly as r := x| — o0 .
7/3

x > 0 = wave number, g given Dirichlet boundary value (from incident wave)

A distribution U is called a (radiating) Helmholtz solution, if it satisfies
AU + k2U = 0 in Q U Q' and the Sommerfeld radiation conditions.

Boundary Value Problem 3




Boundary Value Problem

Bounded Lipschitz domain/polyhedron 2 ¢ R3 (scatterer), complement Q/ :=
R3 \ € (air region), connected boundary " := 9, exterior unit normal vector
field n € L°°(IM) points from €2 into €2'.

Exterior Dirichlet problem for Helmholtz equation

1
AU+ k’U=0 inQ , U=gec H2(I) onrl,

oU .
8—(X) —ikU(x) = o(r~1) uniformly as r := x| — o0 .
7/3

x > 0 = wave number, g given Dirichlet boundary value (from incident wave)

A distribution U is called a (radiating) Helmholtz solution, if it satisfies
AU + k2U = 0 in Q U Q' and the Sommerfeld radiation conditions.

Existence and uniqueness of solutions

Boundary Value Problem 3




Potentials

exp(ik|x — y|)

Helmholtz kernel: dPi(x,y) =
4m|x —y|

Transmission representation formula for Helmholtz solution U’

U= -Vg ([vaUlr) + VpL([vpUlr)

~p = Dirichlet trace, vy := a% Neumann trace, [-] =jump across [
single layer potential: Wg (A\)(x) = /I_Cb,{(x, y)A(y) dS(y) ,

9Pel%Y) vy ds(y) .

double layer potential: Al -
yerp oL () (x) - on(y)

Potentials



Potentials

exp(ik|x — y|)

Helmholtz kernel: dPi(x,y) =
4m|x —y|

Transmission representation formula for Helmholtz solution U’

U= -Vg ([vaUlr) + VpL([vpUlr)

~p = Dirichlet trace, vy := a% Neumann trace, [-] =jump across [
single layer potential: Wg (A\)(x) = /I_Cb,{(x, y)A(y) dS(y) ,

0Pk (x,y)
- on(y) u(y) dS(y) -

double layer potential: W5, (u)(x) =

1 1
Continuity: W& : H 2(IN) — HLY (R3), WA, : H2() — Hioc(A, QU Q)

gl_ and \IJ’B,_ are radiating Helmholtz solutions

Potentials



Boundary Integral Operators

Continuous boundary integral operators:

{7} :=2(v" - +~-) average)

Vi HS(M) o HFH(), —1<s<0 ,  Vei={1pWg | _,

K. : H5(T) v HS(I), 0<s<1 |, K, 1= {’yD ’BL}r ,

Dyt H(I) — H™X(M), 0<s<1 ,  Dui={wW},
Jump relations = fngng =V, |, fyg'\ll’sl_ = K. + %Id

Boundary Integral Operators



Boundary Integral Operators

Continuous boundary integral operators:
Vi: HS(MN) — HSTL(M), —1<s<0
Ke : H5(IM) — H3(IM), 0<s<1
D : HS(IN) — H1(M), 0<s<1

{v}r :==2(yv" - +~-) average)

: K 1=
: Dx := {WN\U’BL}F 0 <s<

,  Vgi= {W’DWEL}F ;
{

Jump relations = fngng =V, |, fyg BL = Kk + %Id
1 1
Compactness: Vi — Vo : H 2(IN) — H2(I) is compact.

Boundary Integral Operators



Boundary Integral Operators

Continuous boundary integral operators:  ({y-}r := 2(v* -+~ ) average)

Vi: HS(M) = HFL(M), —1<s<0 , Vo= {ypw]} .
Ki: HS(D) = HY(D),  0<s<1 ,  Kei={yp BL}r ,
Jump relations = fngng =V, |, "' BL = Kk + %Id
Compactness: Vi — Vg : H_i(l‘) — H2(I‘) IS compact.
_1
Symmetry: <¢7VI€90>F — <90,V,{¢>r VSOﬂP cH 2(|_)

Boundary Integral Operators



Boundary Integral Operators

Continuous boundary integral operators:  ({y-}r := 2(v* -+~ ) average)

Vi : H(D) = HFI(D), —1<s<0 . Vei={pWg ],
Ki: HS(M) > H(M),  0<s<1 ,  Koi={ypWp |,
D : HS(MN) — HSN), 0<s<1 |, Dy 1= {VNW'BL}r 0<s<
Jump relations = ngng =V, |, ﬁgng = K. + %Id
1 1
Compactness: [ Vi — Vo : H 2(IN) — H2(I) is compact. j
_1
Symmetry: ( (0, Vep)r = (0, Veth)r  Vo,vp € H 2(I). }
L _ _1
Ellipticity: (@ Voe)r > evllell® 1 Vee H2(I).
H ™ 2(N)

Boundary Integral Operators



Indirect CFIE




Spurious Resonances

Derivation of indirect boundary integral equations (BIE):

e Use potentials as trial expression for solution of exterior Helmholtz BVP.

e Apply jump relations + boundary values

1
Trial expression U=Wwg (¢), peH 2(N)
1
[N g=Vxp InH2(IN)

If k2 is Dirichlet eigenvalue of —A in 2, then Ker (V) # {0}

Trial expression U=Vg5 (v), ué€ H%(I‘)
1
= g= (GId+Ke)u inH2(T)

If <2 is Neumann eigenvalue of —A in Q, then Ker(%]d + Kx) #= {0}

Spurious Resonances



Classical Indirect CFIE

Indirect approach based on trial expression

U=WV5 (u)+in¥g (u), neR\{0}.

Classical Indirect CFIE



Classical Indirect CFIE

Indirect approach based on trial expression

U=WV5 (u)+in¥g (u), neR\{0}.

> Boundary integral equation for unknown density v € L2(I):

g = (%[d + Ke)u + inVeu
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Classical Indirect CFIE

Indirect approach based on trial expression

U=WV5 (u)+in¥g (u), neR\{0}.

> Boundary integral equation for unknown density v € L2(I):

g = (%[d + Ke)u + inVeu

The classical CFIE has at most one solution

Classical Indirect CFIE



Classical Indirect CFIE

Indirect approach based on trial expression

U=WV5 (u)+in¥g (u), neR\{0}.

> Boundary integral equation for unknown density v € L2(I):

g = (%[d + Ke)u + inVeu

The classical CFIE has at most one solution

Lemma: If © C2-smooth then K, : L2(I") — H(I") continuous

[ L2(I")-coercivity of bilinear form associated with classical CFIE
on smooth surfaces.

Problems: - Variational formulation lifted out of natural trace spaces
- No coercivity on non-smooth boundaries

Classical Indirect CFIE



Trial expression:

Double Layer Regularization

Devise CFIE set in natural trace spaces!
1 1
Tool: Compact reqularizing operator M : H™2(I") — H?2(IN)
1
Requirement: Re{(p,M@)r} >0 Veoe H 2([N)\ {0}

_1
U=WVp (Mp) +inWg (v), e H 2(IN)

Double Layer Regularization



Trial expression:

New CFIE:

Double Layer Regularization

Devise CFIE set in natural trace spaces!
1 1
Tool: Compact reqularizing operator M : H™2(I") — H?2(IN)
1
Requirement: Re{(p,M@)r} >0 Veoe H 2([N)\ {0}

_1
U= Wp (Mp) +inWg (v), wecH 2()
v

g = ((3Id+ Kx) o M)(¢) + inVuy

Double Layer Regularization



Double Layer Regularization

Devise CFIE set in natural trace spaces!
1 1
Tool: Compact reqularizing operator M : H™2(I") — H?2(IN)
1
Requirement: Re{(p,M@)r} >0 Veoe H 2([N)\ {0}

1
Trial expression: U=WVp (Mp) +inVg (v), ¢ H 2(IN)
—~——
New CFIE: g = ((BId + Kg) o M)() + inVeep
Lemma: Unigueness of solutions of new CFIE

1
Lemma: | The operator associated with the new CFIE is H ™ 2(I")-coercive.

- Unique solvability of new CFIE for all x, g

Double Layer Regularization



Regularizing Operator

ldea: M= (—Ar+ Id)1
= DefineM : H-1(I") — HI(I) by

(grad M, gradr o) + (Mg, v)r = (g, ) Vo € HY(T) .

= M: H () — H(I) isomorphism and

(o, M@) [ = IIMSOH%ﬁ > CHSOH%{—l - Yo e H ().
() ()

= M H_%(I‘) — H%(I‘) compact by Rellich’'s embedding theorem.

Remark. For piecewise smooth smooth [ it is possible to choose product of

AE)ilr on faces as M (cf. Maxwell case).

Regularizing Operator



Mixed Variational Problem

Avoid operator products by introducing new unknown u := My € H1(IN)

—~———

Saddle point problem: seek ¢ € H_%(I‘), u € Hl(r),

in (Ve O +  (GId+Ke)u,g) = (g9.6)r Vee H ()

I‘
—(p,v)r + (gradru,gradrv)r + (u,v)r 0 VYo e HI(IM) .

Mixed Variational Problem 10



Mixed Variational Problem

Avoid operator products by introducing new unknown u := My € H1(IN)

—~———

Saddle point problem: seek ¢ € H_%(I‘), u € Hl(r),

_1
in (Vap, &)+ ((BId+ Ki)u, &) = (9,61 Vée H 2(I)
—(p,v)r + (gradru,gradrv)r+ (u,v)p = O VYo e HI(IM) .
- N
Off-diagonal terms in the variational problem are compact!
\ J

1
= [ 3(I) x H(M)-coercivity follows from coercivity of diagonal terms

—~—g——

Asymptotically optimal convergence of conforming Galerkin-BEM

Mixed Variational Problem 10




Reqgularity

By jump relations: if U = W§, (My) + inWg (¢), then

[vyoUlr =My, [yWU]Fr = —ine .

B> Elimination of unknown ¢
YpU = in "M(vgU) 4 (g — in "M D)) -

Assume: g — z'n_lM(w]V"U) ceH (M), r> % :
M: H 1M — BH5TH(M), v0<s<s* forsomes™>0.
B> “Bootstrap argument”: first we see
v5U € HY(IM), % <t< min{g,s* +1,7}.

Next, use regularity of —A in €2 to gain more smoothness of v, U.

B> Extra smoothness of ¢ from [yyU]r = —inyp

Regularity

11



Direct CFIE




Classical CFIE

Exterior Helmholtz Calderdn projector:
VHU = (K + 3T (vET) = Vu(7F 1) (1)
YNU = —Du(yHU) = (Ki = SID) (7N U) - 2)
Burton & Miller 1971: in-(1)4(2) B> CFIE:

(in(Kr — 31d) = D) (VHU) — (inVi + 51d + KD (75 U) = 0.

> Asscoiated boudary integral operator: Ve + %I d+ K
—_
Unigueness of solutions of CFIE

Coercivity in L2(") on smooth I
Lack of coercivity in natural trace spaces

Classical CFIE 12



Regularization

Problem: Equations of the Calderon projector set in different trace spaces

Lift equation (2) set in H_%(I') Into H%(I') by applying regular-
izing operator M before adding it to in-(1), n € R\ {0}.

B> Regularized direct CFIE:

Sk(p) ;= (Mo (K + %Id) + inVe)p = (in(Kk — %Id) — Mo Dg)g

Lemma: Unigueness of solutions of new CFIE

1
Lemma: @ The operator associated with the new CFIE is H ™ 2(I")-coercive.

> Unigue solvability of new CFIE for all x, g

Regularization

13




Mixed Variational Formulation

Concrete choice: M= (—Ar +Id)~1!

1
Introduce new “unknown” w:=M((3I1d + K)¢ + Drg) € H2(I).

Note: u = O (dummy variable), because from second equation of Calderon
projector v U = —Du(yHU) — (K — 21d) (7 U).
—~——

1
Saddle point problem: seek o € H 2(N), w € H(I),

in (€ Vep)r  + Eur = (& Ke—5Id)g)
—<(%fd+K2)so,’v>r + (gradru,gradrv)r + (u,v)r = (Drg,v)r .

——

1
H™2(IN) x HY(M)-coercivity & asymptotically optimal convergence of con-
forming Galerkin-BEM

Mixed Variational Formulation 14



Summary and References

New direct/indirect CFIE for acoustic scattering have been obtrained that pos-
sess coercive mixed variational formulations.

B> Dummy multiplier & potential of FEM-BEM coupling makes direct CFIE
particularly attractive.

References:

A. BUFFA AND R. HIPTMAIR, A coercive combined field integral equation for electromagnetic scattering, Preprint
NIO3003-CPD, Isaac Newton Institute for Mathematical Sciences, Cambridge, UK, 2003. Submitted.

R. HIPTMAIR, Coercive combined field integral equations, J. Numer. Math., 11 (2003), pp. 115-134.

R. HIPTMAIR AND A. BUFFA, Coercive combined field integral equations, Report 2003-06, SAM, ETH Zirich, Zirich,
Switzerland, 2003. Submitted.
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Electromagnetic Scattering




Scattering at PEC Obstacle

Q/ g. Exterior Dirichlet problem for electric wave
1

equation (excited by incident wave)
n curlcurlE — k2E = 0 in 7,
- 1wk = g:=yE; onl,
2 [ + Silver-Muller radiation conditions

Wave number k = w,/egug > O fixed

Existence and uniqueness of solution for all E;

A distribution U is called a radiating Maxwell solution, if it satisfies

Infinity.

curl curl U — k2U = 0 in Q U’ and the Silver-Mller radiation conditions at

Scattering at PEC Obstacle

16




Cauchy Data

Transmission conditions for electromagnetic fields:
[vtE]r=0 , [Hxn]r=0.
> Ensure continuity of Poynting-flux E - (H x n)

—~———

Cauchy data for electric wave equation curl curl E — x2E = 0:

“Electric trace” (Dirichlet data): vypE(x) :=n(x) x (E(x) x n(x))

“Magnetic trace” (Neumann data): ~vyyE(x) := curl E(x) x n(x)

P —-—

Integration by parts formula for curl-operator

Cauchy Data 17



Traces

“E-space”: H \c(curl; Q) = {u € L|OC(Q) curlu € L|OC(Q)}

Ty ={veH 2(I_) curlFv e H™ 2(|‘)} - duality
Tmag = {C € H|| 2(I’) divr¢ € H™ 2(r)} =)y

[Surface differential operators: div- := grad, curlr := (n x grad)*]

Spaces:

Trace theorem (Buffa, Ciarlet, 1999; Buffa, Costabel, Sheen, 2000):

vp - Hgc(curl; Q) — T, are continuous,
vt ‘= vp X n: H|gc(curl; Q) — Tmag surjective.

Magnetic traces (H x n = curlE x n) : vpyu = curlu x n, weakly defined

T /Q curlu - curlv — curlcurlu - vdx = (yyu,vpv), Vv € H(curl; 2)

v : Hoc(curlcurl, ) — T'mag continuous, surjective

Traces

18



Potentials

Stratton-Chu representation formula for radiating solution E of
electric wave equation in 2’

E=-9% (v{E) + U5 (HE) in<
Helmholtz kernel: Pr(x,y) 1= engf"jf;ﬁ’l)
Single layer potential W (@) (x) = #cp,{(xj v)o(y) dS(y)

Vectorial single layer potential : ¥’k (A)(x) := [ Px(x,y)A(y) dS(y)
r
Maxwell double layer potential : W (u)(x) := curlx ¥} (n x u)(x)

Maxwell single layer potential : ¥&, (A) := ¥ (A) + grad Wi, (diviA)

Both W, and wg, provide radiating Maxwell solutions

Potentials 19



Boundary Integral Operators

Traces + potentials =- continuous boundary integral operators:

SKJ = ’yD\IfgL . Tmag — Te| ,
Cr = %('yil)_ F+)¥EL - T =Ty .
Jump relations: ( oY (MN]r=0 , [yp¥3 (v =u
Compactness:
[ Sk — So : T'mag — T'¢] cOmpact
BUT So is not T'mag-elliptic

Boundary Integral Operators

20



Generalized Coercivity

There is an isomorphism X : T'mag — T'mag and a compact operator
K : Tmag — Te| such that

Je > 00 (S, XY + (Ko ) | > cllpllF,, Vi € Tmag -

== S is Fredholm with index zero

Construction of X based on stable Hodge-type decomposition

Tmag =X®N , NcC Ker(divp) , XcvwHY(Q).

— Associated continuous projectors Px, PN:  Px + Py = Id
= X = Px — PN
Note: X — L2(I") compact

Generalized Coercivity
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Regularized CFIE

Combined field trial expression U = W{, (M) + inP< (¢), ¢ € Tmag -
(with regularizing operator M : T'mag — T'¢))

B> Regularized CFIE: g = ((31d+ Cx) o M)(C) + inSk¢

If n = 0and M : T'mag — T satisfies (Mu, ). > 0 Vu € T'mag \ {0},
then the above regularized combined field integral equation has at most one
solution for any x > 0.

If n &2 0and M : T'mag — T'g IS compact, then the operator mapping
Tmag — T associated with the above regularized combined field integral
equation is Fredholm with index zero.

[ Existence and uniqueness of solutions for any g,

Regularized CFIE 22



Regularizing Operator

Assume that €2 is polyhedron with flat (smooth) faces ', ..., [, p € N. Write >
for the union of all edges of €2.

Hs (curlp, M) :={u€ H(curl,IN),4yu=0o0nx}

Lemma:

Hs (curlp, M) isdense in Ty
with compact embedding H s (curl, ") — T'mag

Define M : Tmag —> Hz(CUI‘lr, I_) by
(curlFMp, curlpv) - + (Mp, v) . = (u,v). Vv € Hy(curlp, M) .

B My=0 = wpu=0 |, (Mp, o) - = {M“’}curlr,r >0if p # 0.

Remark. Split regularizing operator enjoys better lifting properties — ¢ more regular

Regularizing Operator 23



Mixed Variational Formulation

Get rid of operator products by introducing new unknown u := M(,
u € Hs(curl, M), and incorporate variational definition of M:

Seek ¢ € T'mag, u € Hs (curlf, M) such that

in (SkC, 1)+ + <(%Id+Cm)u,u>T = (8 M),

(curlFu, curlpv) + (u,v), — (m,v) -
forall p € Tmag, v € Hs (curl,IM).

|
o

(1)

Lemma: The off-diagonal forms in (1) are compact

—~———

The bilinear form associated with (1) is coercive in the generalized sense.

Mixed Variational Formulation
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Natural Boundary Elements

E, H require curl-conforming elements (e.g. edge element space V)
B> Discretize ypE, ywE = vvH in vp V3, 1 V5, (on [-restricted mesh)
Example: Lowest order elements on simplicial triangulations of €2 (I"):

Discrete surface
currents € T'y, .,

=,

D.o.f = edge fluxes

Discrete Dirichlet

traces € Ty, s
Edge elements B u,

(Whitney 1-forms) D.o.f = edge voltages
Space: V),

(Setto zeroon %)
[ [Conforming spaces] = Galerkin discretization

Natural Boundary Elements
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A Priori Error Estimates

Challenge: Mismatch of continuous and discrete Hodge-type decompositions

TmaQIX@N — Th,m:XhEBNh: Xh¢X
Special properties of BEM-space T'mag ensure “X;, — X" as h — O:

There is s > 0 such that

: S
.uflbgih 1€ = ppll Ty < CR° €., VEE€X,

where C' > 0 only depends on s and the shape regularity of the surface mesh.
—~———

Generalized coercivity B asymptotic inf-sup condition for discrete problem
—

Asymptotic quasi-optimality of discrete Galerkin solutions.

A Priori Error Estimates 26



Summary and References

Now a rigorous theoretical foundation for Galerkin-BEM for the CFIEs of direct
acoustic and electromagnetic scattering has become available.
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