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What is this talk about?

The valuative capacity is an important invariant for rings of integer
valued polynomials that was first introduced by Chabert in the
Arabian Journal for Science and Engineering, it also relates to
many other areas of mathematics such as:

e Polya-Szego theorem (Fares and Petite)
e Integer polynomial approximation (Ferguson)

o Algebraic geometry, Néron height pairing (Rumeley)
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Outline

This talk will go through the following:

e The definition of valuative capacity and, some known and new
formulas to calculate it.

e Number theoretical properties of the sets of sums of d-th
powers.

e How we can connect the two previous to calculate the
valuative capacity of the the sets of sums of d-th powers.
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Preliminary Definitions

For any subset E, the ring of integer valued polynomials on E is
defined to be

Int(E, D) = {f(x) € K[x] | f(E) C D}.

Definition

The sequence of characteristic ideals of E is (I, | n=0,1,2,...)
where |, is the fractional ideal of K formed by 0 and the leading
coefficients of the elements of Int(E, D) of degree no more than n.
The characteristic sequence of E with respect to a fixed prime p is
the sequence of negatives of the p-adic valuations of these ideals,
denoted by o p(n).
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The valuative capacity

For E a subset of D and p a fixed prime, the valuative capacity of
E with respect to the prime p is the following limit:

. agp(n
Le,= lim aep(n)
n—o00 n
The positive integers in increasing order are a p-ordering of Z and

we have that az ,(n) = vp(n!). By Legendre's formula

vp(n!) = ":E:l”", we can compute
n 1
Lz, = lim zp(n) _
n—o00 n P — 1
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Tricks for Calculating

Let p be a fixed prime and A be a subset of Z.

1 [BCoo] Laz,, = La,,. since 0z, = QAp.

2 [Joh09b] If A has characteristic sequence aa p(n) then for any
c € Z the characteristic sequence of A+ c is also s p(n) and
the characteristic sequence of p*A is ca ,(n) + kn.

3 [Joh09b] If B is another subset of Z, with the property that
for any a € A and b € B it is the case that vp(a — b) =0,
then the characteristic sequence of AU B is the disjoint union
of the sequences aa p(n) and ag p(n) sorted into

nondecreasing order.
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Tricks for Calculating - Continued

Proposition (continued)

4 [Joh09a] If aua p(n) and g p(n) are the characteristic
sequences of A and B respectively, for a prime p, and A, B
satisfying (3), with valuative capacity Lap and Lg
respectively, then

1 _ 1

1
Lavgp  Lap ' Lgp:
5 [Joh15] Given a prime p, if A and B are disjoint subsets with
the property that there is a nonnegative integer k such that
vp(a—b) = k for any a€ A and b € B, then

1 1 1

Tasp K~ Tapk T Ig, K
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Continued Fractions

We use the concise notation, where [a; ag, a1, . . . , ax] denotes

1

a-—+
aop +

SR

S

ak

When a contined fraction is periodic it evaluates to the root of a
quadratic polynomial.
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What we will need

(a) [BL] If A is a union of cosets modulo p™ for some m, then the
valuative capacity of A is rational and recursively computable.
(b) [BL] If Ao, A1, ..., Am are disjoint subsets of 7 such that,
whenever 0 < k < h<m, a € Ax, and b € Ay, one has
vp(a — b) = k, then, the p-valuative capacity of
A= ApU---UAp, has the following continued fraction
expansion:

La= [0; 40,491, - - -, d2(m—1)» a2m—1]

where azk:ﬁ for0 < k<m-—1, appy1 =1 for
k
0<k<m-—1,and ag;—1="La, — (m—1).
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What we will need - Continued

Proposition (continued)

(c) [BL] If E=E"Up™E, where E' is a union of nonzero cosets
(mod p™), then Lg is the root of a quadratic polynomial in
Q[x], whose coefficients are recursively computable.
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Example

Example (a): We illustrate this with p = 3, and
A={0,1,2,3,10,11,12,19,20,21} + 33Z. We decompose A:

Ao = {1,2,10,11,19,20} + 33Z
A = {3,12,21} + 3%Z
A, = {0} +3°Z

We can rewrite Ap:

Ao = (1+{0,9,18} +33Z) U (2 + {0,9,18} + 3%Z).

L1 1109,18}+33z = Lot {0,0,18)433z = L{0,9,18)+33z

= Lojorzye3z) =2+ Lz =2+1 =3
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Example - Continued

Now we can find La, = 2, La, = 3 and La, = 5. We are ready to
compute the valuative capacity of A:

Ly = — _ 4B
AT 1 1 204

+ 5 +
Loy =1 Lpy,—1 51

-1
(b): Now we look into the valuative capacity of the set
E = E' U3°E, where E’ is Ag U Ay from part (a).

Then we have that Lg = [0; ap, a1, a2, La, — 1], where

— LG = —_1 _2 — _
ao—LAO —5,31—1 aQ—LA1_1—3,and LA2—L36E—6—|—LE.

Hence Lg = [0; & =L 3, La, — 1]. Solving the continued fractions
gives that Lg is a solution to the following quadratic equation:

30L2 £+152L—140 = 0 which has for positive root Lg = ¥ 21294—%.
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The important sets

Definition

For a fixed d € Z with d > 0, we define D to be the set of d-th
powers of integers, thus D = {x? | x € Z} and we let

/D =D+ -.-+ D, for ¢ terms in the sum.

Definition
Let Dpe denote the set of d-th powers modulo p¢, for e > 1 and
£Dpe the sets of sums of { elements to the power of D modulo p®.

We will also make use of D = lim Dpm, the p-adic closure of D in
meN

Zp, and similarly we will consider ¢D.
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Main Result

Theorem

Suppose p is a prime and d = p/d’ a positive integer not equal to
4, where ptd’ and let e = 2j + 1.

Then, Lyp p is an algebraic number of degree at most 2.

When 0 can be written non-trivially as a sum of { elements to the
power of d (mod p®), Lyp p is a rational number.

Corollary

For a fixed ¢, if d is odd and p is a prime, then Lyp , € Q.
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Main Result - Outline of the proof

We start by looking at

¢
E = {[c] € £Dpe | [c] = Z[x,-]d, where at least one of the
i=1
x; is not divisible by p}

Suppose that ¢ € Zp is such that [c] € E, and that {x;}¢_, C Zp
are such that ¢ = 32%_, x? (mod pe).

We show that ¢ € £D in this case. Thus, if E = ¢Dpe, then ¢D is a
union of cosets of the form (c + p*Z;), and Lyp = L5 € Q.
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Main Result - Outline of the proof (continued)

Proof.
If E # (Dpe then we claim that ¢Dpe\E = {[0]}. If [c] € £Dpe\E,

¢
Zx,-d and so p? | ¢, hence [c] = [0].
¢
Let ; = p-X; and let ¢ = Z)"(,-d. We then have ¢ = p9¢ with

& e (D. Conversely if & € (D, then ¢ = p?¢ € /D and ¢ =0
(mod p¢).

then p?

Thus (D = (U(c + peZp)) U p9¢D, where the union is over

cosets for which [c] € E. Thus Lyp , = L;p is the root of a
quadratic polynomial over Q[x]. O
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For a fixed ¢, if ptd and d =23, with  odd, ifp=1
(mod 2%+1) then

Let p be odd and d an even integer such that d = 23, with 3
odd. If p# 1 (mod 2%™1) and p{ d, then Lyp, is the positive
root of the quadratic equation with coefficients in Q:

L35, + dLep,, — St = 0.
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Possible Formulas

If p>(d—1)* and d > 2 then
Q Fordodd, Lipp = ﬁ.
@ For d even, with d = 2% and 8 odd:
(a) Ifp=1 (mod 2*1), then Lyp , = ﬁ.
(b) Ifp#1 (mod 2%*1), then, since p1d,

(i) if€ =2, then Lap p is the root of the quadratic equation
Bp,p + dlap,, — B2 =0,

(i) if£>3, then Lipp = b (1+ )
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Possible Formulas - Continued

For p a prime, with pt d, and d > 2, ifgcd(d,p — 1) =1, then

Dpe = 7/(p®) fore > 1, and for £ > 1, Lip p = p+1'
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The case p =2

Proposition

If d =2%3, where o > 1 and 3 is an odd integer > 1, then we can
write D in the following way:

D = {0}U(14-2%F225)U29 (1429427, U229 (14292 7,) U234 (1429727, .. ..

Proposition

For ¢ =2 and any d = 2“3, where a > 1 and (3 is an odd integer
> 1, Lpyp is the positive root of the following polynomial
depending on d:

(2a+6)L° + (2ad — 20+ 6d — 7)L+ (e +3 — ad?® —6ad —9d) = 0.
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The case p = 2 Legendre's Theorem

For¢=3andd =2,3Dy = {0} UlJ®,2%({1,2,3,4,5,6} +8Z>).

We have shown previously that Dy = {0} U, 2/(1 + 8Z»).
Adding the cosets triple-wise gives

3D, = {0} U | J2%({1,2,3,4,5,6} + 8Z»).
i=0

The only elements not in 3D, are those of the form
221(7 + 8Zsy). O
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The case p = 2 - Continued

Proposition
Ifd=2,¢>4andn>1, we have that {Dyn = 7./(2") and
Lp, = 1.

Here is a table of various other valuative capacities (L) for 3Dpe,
for both odd and even p:

pld| L pld| L
22 & 3/6 |52
243 3112 822
216 2 3|18 3%
28| 1 327|128

Marie-Andrée B.Langlois Dalhousie University

The valuative capacity of the set of sums of d-th powers 22/ 23



Our Results
000000000e

Thank you

Thank you for listening to this presentation.

@ Chabert, J.-L. Generalized factorial ideals. The Arabian
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@ Fares, Y., Johnson, K. The Valuative Capacities of the Sets of
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Number Theory 129, pages 2933-2942, 2009.

Marie-Andrée B.Langlois Dalhousie University

The valuative capacity of the set of sums of d-th powers 23/ 23



	Valuative Capacity
	 

	Sum of d-th powers
	Our Results
	 


