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An unsolved important question in the theory of finite
rings is the stucture of the unit group of a finite com-
mutative ring of characteristic a prime p, p > 0. In this
talk we discuss some questions relating to a conjecture
by N Eggert ( Pacific Journal of Maths 1971) which
attempted to provide an answer to this question.



Paul M Cohn 2004 Basic Algebra Groups Rings and
Fields:

A ring with identity is completely primary if each of
its elements is either invertible or nilpotent. It is is
given as an exercise in this book to prove that every
commutative Artinian ring with identity can be written
as a finite direct product of ( commutative) completely
primary rings. In particular if R is a finite commutative
ring with identity of prime characteristic p,p > 0 then

R=Ri X Ry X ...Rp

with each R; cummutative and completely primary. This
IS proved by B MacDonald in Finite Rings with Identity

Also when R is finite and commutative with identity
having characteristic p



U(R) = U(Ry) X U(R2) X ..... x U(Rn)

Furthermore the unit group of a finite commutative
completely primary ring is simply a direct product of a
p group its unique Sylow p group, with a cyclic group
of order a power of the prime p -1. So

U(R;) £ SylowpU(R;) x CP"—1

some m > 1



This raises the question what is the stucture of these
Sylow p groups. Effectively to solve the unit group
question in case the ring is finite with identity and com-
muative having characteristic a prime p, p > 0 we need
to classifiy these abelian groups i.e find out what they
are.



Which abelian p - groups can arise as the unique Sylow
p subgroups of the unit groups of a completely primary
ring.

Another characterisation of a finite completely primary
ring is a ring with identity in which the zero divisors
form an ideal that is the sum of two zero divisors forms
another zero divisor. If M is the set of zero divisors
then M is the unigue maximal ideal of R and is therefore
nilpotent because it being unique is the intersection of
all the left maximal ideals and is therefore the Jacobson
Radical and it is a well known result that the Jacobson
Radical is nilpotent

Indeed



1+ M = Sylowp(U(R))

if we consider the circle operation o, xroy =z 4+ y — xy
then (M,o) forms an abelian group and (1 + M, x) =
(M, o).

This circle group is also known as the adjoint or quasi-
regular group of a nilpotent ring.

So we could ask which finite abelian p groups arise as
the adjoint or quasi- regular or circle groups of fintie
commutative algebras ( or rings with prime character-
istic)



This was Eggert’'s question.
An algebra M is nilpotent if M™ = 0 some n > 1.

M) =<< T1T0.00Tjyoennn z; € M,>> is the subalgebra
generated by monomials of length 5 or greater in the
elements of M.

If M is nilpotent then for some n > 1,
x1xo....tn, = 0

" = 0.



if M™—1 £ 0 then the index of nilpotency is defined as
n. SO the index of nilpotency if n is n is the first power
for which

M" =0

In particular if M is finite dimensional then

MDODM2DM3...OM™1oMr=0

and M*/M™ 1 is a non trivial vector space if i +1 <n

d; = dimp(Mt/Mt1) Consider dy,ds.....d,,_1 How are
these related? What is the vector space structure of
M/ MHL?



Clearly dimM = Y"1 d;.

Eggert showed in 1971 that is had the following result
then we would be able to classify these adjoint groups
but didn't spefify them exactly.

Eggert’'s conjecture.

If M is a finite dimensional commutative nilpotent al-
gebra over a field of characteristic a prime p, p > 0 then
if

are linearly indepdendent in M then

dimM > pn



so for example
if 2P %= 0 then dimM > p
it {zP,yP} is linearly independent then dimM > 2p and

it {zP,yP, 2P} is linearly independent then dimM > 3p
and so on.

This is known as Eggert’'s conjecture for finite dimen-
sional commutative nilpotent algebras.



The Sylow p - groups arise as adjoint groups of cyclic
nilpotent or power algebras and their direct products.
These abelian p -g roups arise for instance as the circle
groups of

<<£E>>,:U2 =0,dim=1

<< a?,xz >>,:sz3 = 0,dim = 2

2.3

<<z, x°x 73 >>,x4=0,dim=3



2 .3

<<z 22,23, 2% >> 2% = 0,dim = 4

What Eggert’'s conjecture is saying is that the only
abelian p groups which can arise as quasi regular or
adjoint groups of of any finite commutative algebra are
the adjoint groups of power or cyclic algebras or their
direct products. What are these groups.

Consider the case p = 2 and the one dimensional case
<<z >>al =

then (M,o) £ Ch since zox=z+z—22=2x=0



If we look at the two dimensional case M =<< z,z2 >>
,:c3=0 then zox =z 4+ — 22 =2z — 22 = 22

20$:x2+af;—af;3 and

and xroxox ==z

xoazoazoxzw—l—xQ—l—x—xQ—az?’:O

there is no element of order 23 = 8 and so (M,0) =
04 X 02.

A similar exercise shows that in the four dimensional
case (M,o) = (Cg x C>.



There are a very restrictive class of abelian p groups.
Why?7? Beccause of the commutativity together with
the vector space structure?

Eggert 1971 establised the equivalence between a con-
jecture for the structure of the adjoint groups of finite
commutative nilpotent algebras and the dimension of
nilpotent algebras. This was a key result in this paper.
Quasi Regular Groups of Finite Commutative nilpotent
algebras. N H Eggert Pac J of Maths 1971



Eggert 1971.

If M is a finite commutative nilpotent algebra over a
perfect field of characteristic p p > 0 then if {«P, yP} is
linearly independent then dimM > 2p.

Frobenius 1912 proved that

if 2" % 0 in any nilpotent algebra then {z,z2,...2"} is
linearly independent.

The proof is elementary but important



Proof

Suppose ™ = 0 and 2" = 0 but g1 # 0 and suppose

AT+ Aoz 4+ Az =0
Multiply by 2™~ 2 we get

Az 4 Aoz™ 4 AT 2 =0

thus

>\1£Em_1 =0

and thus A1 = 0.



Moz2 + ...+ Az =0

continuing in this manner... multiplying by ™3 we
obtain

A1 = A = ...
independent.

Ap = 0 so {z,z~..... z"} are linearly

In particular if P = 0 then dimM > p.
Anything Frobenius observed must be important!

We could say then that Eggert’'s conjecture extends
Frobenius’'s 1912 result.
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Frobenius also looked at power or cyclic algebra and
proved that they are unique up to isomorphism and are
precisely those given earlier.

Exercise work out the adjoint group of a five dimen-
sional singly generated power algebra that is one in
which z° # 0 but 2° = 0.



Some notation

Let M be a finite dimensional nilpotent p algebra then

NP =< P, e M >

is the subspace generated by P,z € M and
MP =<< 2P, x e M >>
is the subalgebra of M generated by P,z € M.

Stack 1996 gave an algebraic proof of Eggert's 1971
theorem.

If M is a finite dimensonal nilpotent algebra over a
field of characteristic p, p > 0 and if dimM®) < 2 then
dimM < 2p
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Proof.

The main part of the prooof is ths nice structure the-

Theorem 1.

If M is a finite nilpotent algebra and over a field F
of characteristic p, p > 0 and if MP # 0 then if d; =
dimM?'/M'T1 forsome 1 <i<p—1then M =Y + A
where Y =<< y >>, some y € M is singly generated of
maximal lengh in M and A = Annil; (yP~1).
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Proof.

Suppose d; = 1 so dimM*/M‘tTl=1and i+1<p

SO there exists a mononial xzxo...x; such that

M' = Kzxoxs....x; + MiTtL

Choose 57 maximal such that

Mt = K:I:ij...mi_j 4+ Ml

we claim that j = 4. ( this is a key step here) so that

Mt = Kz 4+ M1 2 e M.
13



To see this observe that

Mt = MM = Kzao..x;M 4+ M2
C oM+ M2 C g tipri—i— 4 M2
Thus

Mt c gitlppi-i o ppit2,

Since M*T1 # 0 there exists z/Tlzp..2;_; € MITL —
M t2 so

xI ooz i1 € M'— M1 and so



since d; =1
Mi+1 = Kxj+1x2...$i_j_1 —|— Mi+1

T his contracdicts the maximality of y and so there exists
y such that M? = Kyt 4+ Mit1,

It is easy to show that this implies that

Mt =<yt y? ...n" 1> if M» =0 and M™ 1 £0..



In particular if d; = 1 , we see that d; = 1 and that
MI/MITL = Kyl + MIT1L

Let Y =<< y >> and consider the map f: M — MP~1
fiox— g1
f is a morphism of algebras. Kerf = A = Annily,(yP~ 1

also f(Y) = MP~1 =< yP=1 4Py 1 > so f maps YV
onto M this gives Y + A = M.
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Corollary

ifd,=11<i<p—1andif NP) =< zP € M > then
N®)=<yPi>1>

Proof By previous theorem
M=Y+Asom=y-+a and so

mP = yP 4+ > ( monomials in the elements of Y and A
of length p with at least one element from A.

Consider such a monomial eg y1y2....4;—1aY;4+1---Yp

If y; € A then this monomial € ANP~1 = 0. so assume
Y1 1Y SO y1 e<<y >>.

Now since MP~1 =< yP~1 ¢P=2 > Y centralises MP—1
15



SO Y1Y2---Y;—1aY;41---Yp

=Y. Yi—1---YpY1-

ay;—1..-Y;—1 € AMP~1 =0

spmP=yP yeyY

thus N(®) c Y(P) =< yP 2P 43P ... > as claimed.



Corollary Eggert’'s theorem. ( This version does not
require the ring to be commutative or the field to be
perfect).

Theorem 2.
If M(P) = 2 then dimM > pdimM®P) = 2p.
Proof.

Assume the theorem if false and let M be a counterex-
ample of least dimension. Then dimM < 2p and so
M?2P = 0 so mPnP = 0 and so MP =< 2P,z € M >=
N(®) By the previous corollary N(p) =< yP'i>1> so
since dimM < 2p M?P =0 and so

MP) = KyP and so diimM ) = 1 this is a contradiction
which completes the proof.

16



References.

Cora Stack Dimensions of nilpotent algebra over fields
of prime characteristic Pac J of Maths 1996

Cora Stack Some results onf the structure of finite
nilpotent algebra over fields of prime characistics J Comin
Math and Comb Compu 1998

B Amberg and L Kazarin On the dimension of a nilpo-
tent algebra Maths Notes 2001

17



B A-mberg and L Kazarin Commutative nilpotent p al-
gebras with small dimension Topics in Infinite groups
2001

B Amberg and L Kazarin On the powers of a commu-
tative nilpotent algebra Advances in Algebra 2003

B Amberg and L Kazarin Nilpotent p-algebra and fac-
torised p -groups. Groups St Andrews 2005

K R McClearn Eggert’s conjecture on nilpotent algebras
Comm Algebra 2004



K R McClean Graded nilpotent algerbras and Eggert’s
conjecture Comm Algebra 2006

S Kim amd J Youll Park A solution of Eggeert’'s con-
jecture in special cases Honam Maths J 2005

Miroslav Korbellar 2 generated nilpotent algebras and
Egggert’'s conjecture J Algebra 2010

George Bergman Thoughts on Eggert’s conjecture arXiv.org
math arXiv:1206.0326v?2

2012



