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Introduction

Kronecker: h(x) irreducible polynomial over �eld F

F [x ]
hh(x)i �eld

F � F [x ]
hh(x)i

h(x) has a zero in this �eld.
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Introduction

h(x) = x3 � h2x2 � h1x � h0 2 A[x ]

A[x ]
hh(x)i = ff (x) + hh(x)i j f (x) 2 A[x ]g

�= fa+ bt + ct2 j a, b, c 2 A; h(t) = 0g

�= M1,3(A, h) = f[a b c ] j a, b, c 2 Ag

[a b c ][d e f ] = [u v w ] where
(a+ bt + ct2)(d + et + ft2) = u + vt + wt2

t3 = h2t2 + h1t + h0
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Introduction

M1,3(A, h) �= M3(A, h)24 a b c
h0c a+ h1c b+ h2c

h0(b+ h2c) h0c + h1(b+ h2c) a+ h1c + h2(b+ h2c)

35

�= ff (E ) j f (x) 2 A[x ]g E =

24 0 1 0
0 0 1
h0 h1 h2

35
companion matrix of h(x) = x3 � h2x2 � h1x � h0

γ : A[x ]! M3(A) de�ned by γ(f (x)) = f (E ) homomorphism

γ(A[x ]) = M3(A, h) subring of M3(A) generated by E

Barnett matrices.
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Introduction

C =
R[x ]
hx2 + 1i

�=
��

a b
�b a

�
j a, b 2 R

�
complex �eld

Z[i ] =
Z[x ]
hx2 + 1i

�=
��

a b
�b a

�
j a, b 2 Z

�
Gaussian integers

Z[
p
�5] = Z[x ]

hx2 + 5i
�=
��

a b
�5b a

�
j a, b 2 Z

�
quadratic extension

Q(
p
d) =

Q[x ]
hx2 + di

�=
��

a b
�db a

�
j a, b 2 Q

�

R[x ]
hx3 � 1i

�=

8<:
24a b c
c a b
b c a

35 j a, b 2 R

9=; ring of 3� 3 circulant

matrices
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Introduction

A commutative ring with identity 1

h(x) = xk � hk�1xk�1 � ...� h1x � h0 monic polynomial
degree k � 2

A �= [A 0 0 ... 0] subring M1,k (A, h)

radicals of M1,k (A, h) �= Mk (A, h)
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General Radical Theory

Kurosh-Amitsur radical α

semisimple class Sα

two factors will determine α(M1,k (A, h))

I properties ring A
I properties polynomial h(x)

well-developed radical theory for matrix rings

α(Mk (A)) = Mk (α(A))

more useful
A[x ]
hh(x)i

�= M1,k (A, h)
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General Radical Theory

Theorem
α hypernilpotent radical

h(x) = xk � hk�1xk�1 � ...� h1x � h0 2 A[x ]
hk�1, hk�2, ..., h1, h0 2 α(A) and
[α(A) 0 ... 0] � α(M1,k (A, h)).

Then α(M1,k (A, h)) = [α(A) A ... A] and
M1,k (A, h)

α(M1,k (A, h))
�= A/α(A).
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Ideals

A commutative ring with identity

h(x) = x2 � h1x � h0

ideals of M1,2(A, h)

I , J C A

I [I I ] = M1,2(I , h)CM1,2(A, h)
and M1,2(A, h)/M1,2(I , h) �= M1,2(A/I , h)

I [I J ]CM1,2(A, h), h0J � I � J

I [I A]CM1,2(A, h), h0 2 I
and M1,2(A, h)/[I A] �= A/I
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Ideals

K CM1,2(A, h) determines three ideals of A:

K := K \ [A 0],
K1 := fa 2 A j 9 b 2 A with [a b] 2 Kg and
K2 := fb 2 A j 9 a 2 A with [a b] 2 Kg

K � K1 � K2

h0K2 � K1
[a b] 2 K ) det[a b] = a2 + h1ab� h0b2 2 K

[K K ] and [K1 K2] ideals of M1,2(A, h); [K K ] � [K1 K2]
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Ideals

I CA h-prime ideal of A
for all a, b 2 A, det[a b] 2 I ) a 2 I and b 2 I

a2 + h1ab� h0b2 2 I ) a 2 I and b 2 I

K CM1,2(A, h) and K h-prime ) K homogeneous

K prime ideal of M1,2(A, h). Then K homogeneous , K is h-prime
ideal of A

I CA. Then [I I ] maximal ideal in M1,2(A, h)

, I h-prime maximal ideal in A
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Ideals

K CM1,2(A, h) maximal

K = K \ [A 0]
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Ideals

K CM1,2(A, h) maximal

, K maximal ideal A and one of the following three cases hold:

(i) h0 2 K in which case K = [K A] or

(ii) h0 /2 K , K is h-prime and K = [K K ] or

(iii) h0 /2 K , K is not h-prime and [K K ]  K with K1 = K2 = A.
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h-prime integers

h-prime maximal ideals pZ of the ring Z for
h(x) = x2 � h1x � h0 2 Z[x ]

given polynomial h(x), prime number p 2 Z is called h-prime if pZ is
h-prime ideal

i.e. for all a, b 2 Z, p j a2 + h1ab� h0b2 ) p j a and p j b
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h-prime integers

M1,2(Z, h)
M1,2(pZ, h)

�= M1,2(
Z
pZ
, h) �= M1,2(Zp , h) �=

Zp [x ]
hh(x)i

p prime in Z. Then:

p is h-prime in Z

, pZ h-prime ideal of Z

, [pZ pZ] = M1,2(pZ, h) is a maximal ideal of M1,2(Z, h)

, M1,2(Z, h)
M1,2(pZ, h)

is a �eld

, Zp [x ]
hh(x)i is a �eld

, h(x) is irreducible over Zp

, h(t) 6= 0 for all t 2 Zp
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h-prime integers

a prime p in Z is h-prime

) det[a b] = �p has no solutions in Z

(i.e. a2 + h1ab� h0b2 = �p has no solutions in Z)

, [p 0] is a prime element in the ring M1,2(Z, h)
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h-prime integers

h(x) = x2 + 1 2 Z[x ], M1,2(Z, h) = Z[i ] is the ring of Gaussian
integers

for a prime p, a2 + b2 = p has solutions exactly when p = 4k + 1

prime p is h-prime

, a2 + b2 = p has no solutions in Z

, p is a Gaussian prime (i.e. [p 0] prime in M1,2(Z, h) = Z[i ])
, p = 4k + 3

not universal for all quadratic polynomials over Z (irreducible or not)

h(x) = x2 + 3, the primes p = 5, 11, 17 and 23 are h-prime in Z

but 3 and 13 not h-prime
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h-prime integers

h(x) = x2 � 2 2 Z[x ]

prime p is h-prime in Z

, a2 � 2b2 = �p has no solutions in Z

, p is a prime of the form 8k + 3 or 8k + 5

h(x) = x2 � 1 2 Z[x ], p prime

a2 � b2 = �p no solutions in Z , p = 2

2 is not h-prime
no h-primes in Z.
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Radicals of 2 x 2 Barnett matrix rings

h(x) = x2 � h1x � h0; ring M1,2(A, h)

trace[a b] = 2a+ h1b

Lemma
α radical with R = α(M1,2(A, h)). Then

R � f[a b] j det[a b] 2 R and trace[a b] 2 Rg
� f[a b] j [a b]2 = [a2 + h0b2 2ab+ h1b2] 2 [R R ]g.

If α is a hypernilpotent radical, then equalities between all sets.

relationship between α(A) and R where R = α(M1,2(A, h))
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Radicals of 2 x 2 Barnett matrix rings

α strong ) α(A) �= [α(A) 0] � α(M1,2(A, h)) \ [A 0] = R

α(A) = R , for all a 2 A, the equivalence

a 2 α(A), [a 0] 2 α(M1,2(A, h)) holds

α element transfer property with respect to A and h (ETP)

nil radical and Jacobson radical have ETP
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Radicals of 2 x 2 Barnett matrix rings

Theorem
α hypernilpotent radical with ETP. Then:

α(M1,2(A, h)) = f[a b] j det[a b] 2 α(A) and trace[a b] 2 α(A)g

= f[a b] j [a b]2 2 [α(A) α(A)]g
= f[a b] j a2 + h0b2 2 α(A) and 2a+ h1b 2 α(A)g.

If M1,2(α(A), h) semiprime ideal of M1,2(A, h), then
α(M1,2(A, h)) = M1,2(α(A), h).
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Nil radical of 2 x 2 Barnett matrix rings

h(x) = x2 � h1x � h0

N nil radical of the ring M1,2(A, h)

Theorem
N nil radical
N (M1,2(A, h))
= f[a b] 2 M1,2(A, h) j [a b]2 2 M1,2(N (A), h)g.

A integral domain

I N (A) = 0
I h can have at most two roots in A
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Nil radical

∆ = discriminant of h(x)

= h21 + 4h0

Theorem
A integral domain, N nil radical. Then:
N (M1,2(A, h))

=

8>>>><>>>>:
f0g if ∆ 6= 0

f[a b] 2 M1,2(A, h) j 2a+ h1b = 0g if ∆ = 0 and charA 6= 2

f[a b] 2 M1,2(A, h) j a2 + h0b2 = 0g if ∆ = 0 and charA = 2
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Nil radical

Theorem
A integral domain, h(x) = x2 � h1x � h0 with discriminant ∆ = h21 + 4h0.
Then:

M1,2(A, h) has non-zero nilpotent elements
, there is 0 6= u 2 A such that uh(x) = (ax + b)2 for some a, b 2 A
) ∆ = 0
, 4h(x) = (2x � h1)2.
If charA 6= 2, all four statements are equivalent.
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Nil radical

Theorem
Suppose h(x) = x2 � h1x � h0 2 A[x ] has ∆ = 0; A integral domain.
Then:
(1) h(x) = (x � s)2 for some s 2 A, �h0 is a square in A.

(2) If charA 6= 2, then h(x) = (x � s)2 for some s 2 A
, �h0 is a square in A
, 2 j h1
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Nil radical

non-unit p 2 A
prime if for all a, b 2 A, p j ab ) p j a or p j b

semiprime if for all a 2 A, p j a2 ) p j a

De�nition
non-unit p 2 A weakly semiprime if for all a 2 A,

p2 j a2 ) p j a
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Nil radical

Theorem
A integral domain. Consider two conditions:

(1) Whenever h(x) = x2 � h1x � h0 2 A[x ] with ∆ = 0,
then h(x) = (x � s)2 for some s 2 A.

(2) 2 is weakly semiprime in A.

Then (1)) (2) and when charA 6= 2, (1), (2).
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Nil radical

2 2 A prime or semiprime ) 2 is weakly semiprime

Z integers

I prime has usual meaning

I n ( 6= �1) is semiprime if and only if n is square free

I all n 6= �1 are weakly semiprime
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Nil radical

Theorem
u 2 Z, u not a square. Then 2 weakly semiprime in Z[

p
u]

, u is not divisible by 4.

Z[
p
�5] integral domain

2 not semiprime ( eg. 2 j (1+
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von Neumann regular radical

hypoidempotent radicals : nilpotent rings are semisimple

υ von Neumann regular radical
ring A radical: for any a 2 A, there is b 2 A with a = aba

ν(M1,2(A, h)) = f[a b] j [a 0] and [b 0] are in ν(M1,2(A, h))g

� [ν(A) ν(A)]

A 2 Sυ ) M1,2(A, h) 2 Sυ and
M1,2(A, h) 2 υ ) A 2 υ
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