OPTIMAL BOUND FOR THE DISCREPANCIES OF
LACUNARY SEQUENCES

CHRISTOPH AISTLEITNER, KATUSI FUKUYAMA, AND YUKAKO FURUYA

ABSTRACT. The law of the iterated logarithm for discrepancies of lacu-
nary sequences is studies. An optimal bound is given under very mild
Diophantine type condition.

1. INTRODUCTION

The discrepancies of a sequence {a;} of real numbers are defined by

Dyfar} = sup %#{kSN\ (@) € [a,0)} — (b—a)

0<a<b<1

Y

Dy{ar} = sup
0<a<1

SHE <N | (o) € [0,0)} —dl,

where (x) denotes the fractional part z — [z] of x. It is used to measure
deviation of the distribution of the fractional parts of a; from the uniform
distribution. One can find detailed survey on the theory of uniform distri-
bution in [12].
The celebrated Chung-Smirnov Theorem [11, 28] asserts the law of the
iterated logarithm below for the uniformly distributed i.i.d. sequence {Uy}:
T ND3{Ux} _ m NDy{U,} _ 17 s
N—oo y/2N loglog N N—oo /2N loglog N 2
For a sequence {n;} of positive integers satisfying the Hadamard gap
condition

(1.1) N1/ Mk > q > 1,

Philipp [26] proved the bounded law of the iterated logarithm below by
modifying the method due to Takahashi [30]: for almost every z,

—— NDi{ma} _ o NDy{ma} _ 166 664

1
4_\/§ = J\}l—rgo V2N loglog N — N V2N loglog N — ﬁ + V2(q2 —1)
Aistleitner [1] improved the estimates and replaced the lower bound and
the upper bound by 1/2 — 8/¢"/* and 1/2 + 6/¢"/* when ¢ > 2.
Recently, it is proved in [13] that these limsups with respect to the se-
quence {#*z} are equal to a constant for almost every z if § > 1. The
constant is equal to the Chung-Smirnov constant 1/2 when 6 is not a power
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root of rational number, and is greater than 1/2 otherwise (Cf. [16]). In the
latter case, the constant can be concretely evaluated under some arithmetic

condition. For example, when # = ¢ > 3 is an odd integer the constant is

equal to %, / Z“ Other sequences for which limsups are concretely calcu-

lated can be found in [17, 18, 19, 23, 24, 25].

Aistleitner [1] gave a nearly optimal Diophantine condition on the se-
quence {ny} to have Chung-Smirnov type result below. For positive integers
N and d, and for non-negative integer u, we denote the cardinality of

{(jajlaka k/) € [Ld]z X [LN]Q } jnk _j/nk/ = U} N {(]797 ka k) ‘ jak € N}C
by Ln.du, and we put Ly ; = sup,en Lvdu-

Theorem 1 (Aistleitner [1]). Let {ny} be a sequence of positive integers
satisfying the Hadamard gap condition (1.1). For any d € N, suppose that
there exists an € > 0 such that

LN,d,O V L?V,d = (N/ log N )
1

— NDj — ND
Then lim vimot g v {nez) )
N—oo \/2NTloglog N N V2N log logN 2

As Aistleitner [2, 3] constructed lacunary sequences for which the limsups
are not constant a.e., and we can also find related examples in [15, 22], we are
interested in giving a condition to have constant limsups. Since all limsups so

far determined for lacunary sequences with (1.1) belong to 1, = [;, 51/ Z”L} ]

it is natual to expect the same bound for all lacunary sequences. Now we
state our result.

a.e.

Theorem 2. Let {ny} be a sequence of positive integers satisfying the
Hadamard gap condition (1.1). For all d € N, suppose that there exists
an € € (0,1) such that

(1.2) Ly.a=O(N/(logN)'*).
Then there exists a constant Y,y such that
— ND — ND
(1.3)  lim viner} g wingz) =Yy €1y, ae

N—oo /2N 10g logN N—»oo \/2N lOg IOgN

Moreover, if we assume

(14) LN,d,O = 0<N) (N — OO)
together with (1.2) for all d, then we have
1

The estimate Xy,,} € I, in (1.3) is best possible when ¢ > 3 is odd, since
Yigvy attains its upper bound and Xy x4y attains its lower bound, (See
[13, 14]). It is also proved in [20] that the set of constants X, ma), for all
subsequences {g™®} of {¢*} coincides with I,. Note that our condition to
have (1.5) is weaker than that in the previous theorem.
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At least Ly 4., = o(NN) is necessary to have constant limsups, since limsup
for star discrepancy is not constant for {2 — 1} and we have N < Ly 4.
(See [22]). Our condition (1.2) is stronger than this, and it is open if it is
necessary or not.

The condition (1.4) is necessary to have (1.5), since we have ¥y xy > 1/2
and Ly g0 > N in this case.

Before closing introduction, we mention a result in [21]. Suppose that
{ni} is a sequence of non-zero real numbers and suppose that {|n;|} satisfies
the Hadamard gap condition (1.1). Then for any permutation @ of N (i.e.
bijection N — IN.), we have the bounded law of the iterated logarithm

for the discrepancies of {no )z} with upper bound constant %\/ q_1q+41/\/§,

a constant slightly greater than %, /ZJ_“—}. For other recent development and

studies on permuted sequences, see papers by Aistleitner, Berkes, and Tichy
[4,5,6,7,8,9].

2. PROOF

Let 1j,4) be the indicator function of [a,b), put I[a v (z) = 1[a p((z)) —
(b a), and denote 1[a b):d the d-th subsum of the Fourier series of 1[a p). Put
piy = 3(log,d+ Qqq 1), T2g = igi + 3020 and 0y = 1 — 3024 We first
prove the following key inequalities.

M+N 2 M+N
(21) Z 1[a,b);d(nk Z 1[Ob a) nk ) +pqu
k=M+1 k=M+1
M+N M+N
(22) Z ]-ab nk <’7_ Z ]-01/2 nk ) > Cg,dN
k=M+1 k=M+1
M+N
(2.3) Z l[ab (e || — N Lapyalls| < Larenao — Lardao-
k=M+1

For k < k', by putting P = ny/ ged(ng, ng) and Q = ng / ged(ng, ny ), we
have fo [a,b) nkaz)l[a by (i) do = fol 115 (P2) 1) (Qx) dz. For coprime
integers P and @, we have (Lemma 1 of [13])

[ TP @) e - LULAPD. Q0. (01)

V((Pa), (Pb), (Qa), (Qb)) < V(0,(P(a—b)),0,(Q(a — b)),
0 < V(0,(P/2),0,(Q/2)),
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where V(2 , €,1) = V(z, &)+ V(y,n)— V1)~ V(5,) < } and V(, ) =
xNE—x€ for 0 < x,y, & n < 1. Hence we have

/\

1

~ ~ 1 P ng 1
24 1 a ]_ a ! d < = K —,
(24) /0 o0 (M) Loy (2:7) PQ 4Q  4dny — 4gk -k

1

1
(25) / ]-[a,b) (nkx)l[a,b)(nk/x) dx S 1[071)_@) (nkx)l[%_a) (nk/x) dlL’,
0 0

o

1
(26) / 1[071/2) (nkx)1[071/2) (nk/x) dx Z
0
1
(27) / 1[071/2)(nk$)1[071/2)(nkl') dr = V(O, 1/2, O, 1/2) = —
0

Since HZkMer]\/{rv-s-l I[ab nk : H2 2 — 5k: k! fO 1[ab nk$)1[ab)(nk/x) dx
where " stands for the summatlon for k and k' satisfying M +1 < k <
k' < M + N, by applying (2.4) and >_%(2 — dp ) /4¢" % < Nigﬂ, we have
the first inequality of

M+N 2 M+N 2
lg+1 N
(2.8) E 1ab n - N—— E 1[0 1/2) (1 - , > R
k=M+1 ke=M+1

while the second inequality is proved by (2.6) and (2.7). By (2.5), we can
verify

MAN M+N
(2.9) > Ty () > Tjopay (-
k=M1 k=M+1

By fo [a,b): Px)l[ab)d(Qx dx—fo [a,b); 4(Px)1 a,b) (@) dx, we have

1 1
B = / Lia.p) (1) La,p) () dov — / Lo 0ya(72) Lo, pya(na ) de
0 0

1 ~ ~
= ‘/ (1[a,,b) — 1[a,b);d)(Px)1[a,b)(Qx> dx| < Z ‘1[(1,1,)(@/\)1[&75)(—13)\)‘
0

[A>d/Q
2 20 1 omp 111
<= —<—2/\—) L A< A
_7T2PQ>\§Q>\2_7T2PQ< Q d g d~ gk d

Here we used |I[a,b) (7)] < 1/7|j|. Hence we have

MAN M+N .
> Tapalng-) > o (- <2 hpw
k=M+1 2 k=M+1

1 1 =1 1 lh+1  _ q
oy Lty _A_:m(_ o 1)
= Z AT ;qz d d +4q g—1

log. d+1 2
< on (=2 ol PO

d dg—1 2
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where [, is the largest integer satisfying ¢~ > %l. By combining this with
(2.8), we have (2.2), and with (2.9), we obtain (2.1). By summing

< 3 L)L () St

0<|j|<d 0<|j’|<d

5 .
< DD Simimeo
j=1 j'=1

for M +1 <k <k <M+ N, we see that the left hand side of (2.3) is
bounded by #{(j, 7', k, k') € [1,d> X [M+1, M +N?| jng—j'np = 0,k <
K} < Lygn,ao — Lo

Now we use a method of martingale approximation, which is a slight
modification of the proof given in [1] and originated in Berkes-Philipp [10].
We regard [0, 1) equipped with the Borel field and the Lebesgue measure
as a probability space. First we recall two lemmas. The proof can be found
in Berkes-Philipp [10] and [13].

‘/ 1[ab)d(nkl‘)1[ab) ner da: <

Lemma 3. If g is a bounded measurable function with period 1 satisfying
folg =0, then for all a < b and X > 0, we have U;g()\:z;) dz| < ||glloe/A.

Lemma 4. Let g be a trigonometric polynomial with period 1 and degree
d satisfying fol g = 0. There exists a constant C, depending only on q such
that, for any sequence {ny} of positive integers satisfying the Hadamard gap

condition (1.1), fol (Zﬁlwﬂ g(nkx))4dx < (, (Z\vlsd |§(V)|)4N2 holds.

Let us divide N into consecutive blocks A, Ay, Al Ay, ... satisfying
#A; = [1+9log,i] and #A; = i. Denote i~ = min A;, i* = maxA;, and
Iy = #A; + -+ #Ay. We have M~ ~ MT ~ Iy = M(M +1)/2 <
M? and n, /ng-1+ > ¢?'%8" = i Put p(i) = [logyi*ng+ ]+ 1 and F;
of{[727*0 (j + 1)2 @Y j =0,...,240 — 1}, Note that i*n;+ < 200
2i*n;+. Denote 1[a7b y.a by f and put

=" flma), Ti@) =Y flnpz), Yi=E(T;|F)— ET; | Fi).

kEA, keA!

IA

We also denote T; and Y; by Tjqp).q;i and Y[gp).q; to specify the parameters
la,b) and d. Clearly {Y;, F;} forms a martingale difference sequence. Here
let us prove

(2.10) 1Y; = Tl < 1/4%,
(2.11) IV = Tl < 1/,
(2.12) IV = Tl < 1.

Here and later, the constant implied by < and O depend only on a, b, and
d.

Suppose that k € A; and z € I = [j2740) (5 + 1)2 n@) € F;. In this
case we have |f(ngz) — E(f(ng-) | Fi)| = [I]7} | [, (f () = fngy)) dy| <

maxyer | f(mw) = f(niy)] < [ loonn2 D < | foonn/itnie < | flloo /.
Hence we obtain [T; — E(T; | F)| < [[f'[le™Ai/i* = || ['l|oc/i®. Take J =
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[727#G=D (j +1)27#0=D) ¢ F,_;. Then by applying Lemma 3, we have
[ECf (=) | Fom)l = VIS5 FOmy) dy| < (1 Flloo22070 frie < [ f 10200 =
1)*ng_1y+/ni- < 2| flle/i°. Therefore |E(T; | Fi1)| < 2||f[l®Ai/i® =
2| fllso/7%, and (2.10) is proved.

By [|Tilloe < @l fl[oo; we have [E(T | Fi)lloo, [E(T: | Fict)lloo < ill flloo-
Hence we have |[Yillo < 2il[flloo, [IYi + Tilloc < 3ill fllo, [V + T[|oc <
51| f|I3.- Because of [|Y;? = T? oo < [|Yi = Tilloo|[Yi + Tilloo and ||V} = Tl <
[¥2 = T2 ]| V2 + T2, we have (2.11) and (2.12).

Put 1.0 = Z;l:l(aj cos 2mjx + b; sin 2mjx), v; = Vigpyd = fo ob)idiis
Bur = Blapydm = Viap)d + -+ Vapydnr, and Vi = Zi:l E(Y? | Fi—1). Set
O, = {(k, k5,5, ¢) | k, K € Ay, 4,7 =1,...,d,¢ = +1,—1},

va - { k /{Z,,j,j/7§ € P, ’]nk +§j/nk’ - O}
{

( )

( )

(kK 5,5,6) € @i | 0 < [jng + <j'nw| < na-1y+}
={(k,K,j,7',s) € ®; | n—y+ < [gne +j'nw| < ni-}

( )

= {(k, K, 7.7'",¢) € ®i [ mi- < [jnu + 5'mus |}

For W C ®;, denote x(¥) = Z(k,k',j,j/,c)e\ll Ap i jjre, where 24y 10550 (x) =
(ajaj — cbiby) cos 2w (jng + sj'ni )z + (sajby + bjay) sin 2w (jng + sj'ny ).

We see T ;) (7)) = x(®;) and vjap)as = X(P7). Let Uy = x(®F), W; =
(@), and R; = x(®F). We can express ®; as a disjoint union ®¢ U ®Y U
OV U ®F and hence T? = v; + U; + W; + R;. We prove

(2.13)
M M
Var = Buella < | D E(Y? = T7 | Fica) > E(U; | Fiy)
=1 =1
M M
+ ZE<WZ | Fie1)|| + ZE(Rz | Fi-1) << M?(log M)~ (972,
i=1 2 i=1

where the first inequality is due to Y> — v; = (Y;2 —T?)+ U+ W, + R,
By (2.11) we see |3, E(Y2 — T2 | Fio)||, = O(1).
By #(I)i% S #(I)l S 2d2’i2, ’CLJ'CLJ'/ — ijbj/‘/z S 1, and |gajbj/ + bjCLj/’/Q S

1, we see |E(R; | Fio1)| < 4d%%200=Y /n; < 8d%/i L EB(R; |
f;',l)HQ — O(l)
Let k, k' € A;, 5, =1, ..., d. By jng + j'/nw > 2n;—, we have

(]{Z, /{Zl,j,j,, +1) ¢ @?U‘I)ZV If k < k" and Ny > (d+ l)nk, then jnk —j’nk/ <
dny, — (d+1)ng < —n,;—. Hence |jny, — j'ny| < n;— implies ¢* % < ny /ny, <
d+1or k' —k <log,(d+1). Therefore, if we fix k, j and j’, then the number
of k" such that k < &’ and [jng — j'nwp| < n- is at most log, (d + 1) + 1.
Thereby we have #(®Y U @) < 2d?(log,(d + 1) + 1)i and

(2.14) Willo <4, [[Willoo <.

Hence we have | E(W; | Fi1)] < [[Willoo < i and || S22, E(Wi | Fi1)?lee <
M3.If i < @, then E(E(W; | Fi)EWi | Fua) | Fia) = E(W; |
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Fii) EWi | Fimi) = OWEWy | Fiy) and |E(E(W; | Fim))E(Wy |
Foa))| <E|B(Wy | Fioa)|.

Since we can write

i ")
Wi (x) = Z (¢ cos 2mux+d, sin 2ruz) with Z (|eul+du]) < 7,
U=T 1)+ U= 1)+

by Lemma 3, we can verify |[E(Wy | Fioq)| < 3, (Jc] + [du])2°07Y Ju <
Vitng_ny+ /ne_nyr < P07 =("=D)7 « i55=" Hence we have the estimate

z<z’|E( (Wi | Fio) E(Wy | fi/_lz)‘ < DYicw iWPq " < 3, < L
These imply E(XM, E(W; | Fio1))” < M®.

Since we can write

N—1)+ N—1)+
Ui(z) = Z (¢} cos 2mux + d) sin 2rux)  with Z (¢, +|d.]) < 1,
u=1 u=1

by |E(cos 2mu- | Fi1)—cos 2muz| < 2mu2 0D < ng_qy+ fitngorys < 1/it
and |E(sin 27w - | F;_1) — sin 2mux| < 1/i*, we have

M (7, 1)Jr

M
> E(U; | Fie) ZU <<Z Z (I, + |d. ) /i* <<Z—<<1
1=1

We can write

Nmr—1)+ Nm—1)+
Z Ui(x) = Z (¢ cos 2muz+d, sin 2rux) with Z (|c!+]d!|) < M?,
= u=1 u=1

and by (1.2) we have |}, [dy| < Lar+ g < Ly g < M?/(log M)'*<. Hence
we have

2 M-1)+ 2 1\ 2 9 n(ar—1)+
(2 + (d) M . )
— u u d
2 ; 2 < (log M)1+e ; (Icul + 1du])
M4

< (log M)1+e ’

and Hzlj\il E(U; | Fio1)||, < M?(log M)~(+)/2_ Hence we have (2.13).
We prepare another probability space on which a sequence {U, &1, &, ... }
of independent random variables satisfying P(&, = 1) = P(§, = —1) = 1/2
and P(U € A) = |AN[0,1]| is defined. We make the product of [0,1) on
which {Y;} is defined and this new probability space, and regard Y;, U, and
Ei = ke a, Sk as random variables on this product probability space. Take
m € N arbitrarily and we define a martingale difference sequence {}A/Z,]?z}
on this space by putting F; = F; ® 0{Z1,..., 5},
~ o~ 1_ ~ ~ 1
Y = Yr[a,b);d;m;i = }/'[a,b);d;m;i+_~:ia and [y = ﬁ[a,b);d;m;M = ﬂ[a,b);d;M+—2lM.
By Lemma 4 and (2. 12) we have || J ||Y||4—1—H:,H4 = ||T; ||4—|—||:z||4+
O(1) < i¥2 or EY* < i%. We have E(Y2 | Fi_y) = E(Y2 | Fiy) + —>i and
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hence Vi = 32 E(Y2 | Fioy) = Vas + Lly > -5l and IVar — Barlls <
M?(log M)~(+4)/2_We prove

(2.15) Var = B + O(BM(log BM)_5/4), a.s.

Note that we have v; < i by (2.2), so By < M?, and thereby M? <
@\M <<AM2. We also have [y — By = Zf‘iMﬂ vi < M'(M' — M) and
B — By < M'(M'— M). Put @ =1—¢/2+¢*/4 < 1and M, = [2""],
We have (1 +¢/2)a > 1, (o« — 1)/Ja < a—1 < —¢/4, and M1 /M; ~
201°7H — 14 0(1*7 1) = 1+0((1ong)<a /) = 1+0((log My)~*/*) or M1~
M; = o(M;(log M;)~ 6/4) Hence 0 < B, — By, < Mgy (Mg — M;) =

o( M#(log Mz)—s/4) = O(ﬂMl (log ﬁMl)—e/4) - 6ML+1/BM1 = 1+40((log Ml)_€/4)-
Therefore we have

> ‘/}Ml _B\Ml ? - —1—¢/2 S —a(l+e/2)
ZE(A ) < sy < 3 < oo

=1 6Ml(logﬁM>i

By applylng Beppo Levi’s theorem, we have (VMz EMz)/BMz (log B\Ml)*":/4 —
0, a.s., or Vi, — Bag, = o(ﬁMl(logﬁMl) /%), a.s. L
If Ml < M < M, then we have (VMl—ﬁMl)%-(ﬁMl—ﬁMM) < Vir—PBu <

(Var,, — BMzH) + (BMZ+1 — Buy,) and hence we have (2.15).
Now we use the following theorem by Monrad-Philipp [27] which is a
modification of Strassen’s theorem [29].

Theorem 5. Let {5//\;,]?1} be a square integrable martingale difference sat-
isfying

VM—ZEY | Fiiy) — 00 a.s. and ZE Y2 Lig2s iy /v (Vi )) 00

=1 —

for some non-decreasing v such that w(oo) = o0 and Y (z)(logx)*/x is non-
increasing for some o > 50. If there exists a uniformly distributed random
variable U which is independent of {Y,}, there exists a standard normal

i.i.d. {Z;} such that
S Vilipey = Zi+ ot (w(0)/0)), (t—o0) as.

i>1 i<t
Put ¢(z) = z/(log 2)*'. We can verify Vy; > LIy — o0, and

~ ~ EYA
2 i 2 102 /72
D BV g @y /o)) < FETEEA > i2(log i)' I < co.
Hence we have S-M ¥, = > i<ty Zit 0(17]\1/[/2(10g Var)~°/%) as. By (2.15)
and SUPo< |y <yiogn)-</4 |Wirs — Wi| = O(t"*(logt)~/8(loglog t)'/?), where
{W,;} is the Wiener process, we have

M
Z?Z ZZ +O( 1/2 logﬁ ) E/9) a.s.

i<Bum
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Hence by denoting ¢(x) = /2xloglogx and by applying the 0-1 law, we
see that there exists a constant Cl,p).a.m such that

lim

1
— Tm — Clopptm
Moo ¢(ZM) [a,b);d;

(2.16) lim ’Z [a,b);d;m;i

¥

1<Bla,b);dym; M

almost surely. Now we apply the following lemma by putting v; = vjgp).ai +

i

e i = V[0,b—a);dsi T mz; 6M = ﬁ[a,b) sd; M and 5M = 5[01; a);d; M -

Lemma 6. Let {Zy} and {Z}.} be standard normal i.i.d. Suppose that {vy}
and {v,.} are sequence of positive numbers satisfying c1i < v; < cot, dii <
U, < dgi, and v; < U +yi for some 0 < ¢; < cg < 00, 0 < dy < dy < 00, and
0 < v < oo. Then by putting Bar = 01 + -+ + Upr, and By, = V) + -+ + 0y,

we have
> % > %
M

k<P

+/7 < \/d_2+ﬁ, a.s.

1
< hm—

M=oc0 (lnr)

By using conditions (2.1) and (2.2), we can verify the conditions of lemma
for ¢y = dy = -5, co =dy = 7} 4+ 73, and v = p2 ;, and have

Clap):dim <00badm+qu<(qd+1/ ) + Pqg.d-

Puttlng U; = 77; = U[O,1/2);d;i + # and Cl = Cy = Cq,d’ and dl, d2 as before, we
have

O[O,l/Q);d;m > Cq.d-

By ’@\Zf\il Yiewyasi| = 5075 | it Yiabydomsi]

M —

1
< — a.s.
m’

a,b);d;m

]\}Enoogb ZM 'Z [a,b);d

Hence Cl4p).q = limy, o0 Cla p);dsm 18 @ constant satisfying

— 1
(2.17) m ——

= C’[a,b);d7 a.s.,

Clapyid < Clop—ayd + Pgd < Tgd + pga, and  Clo1/2):a = Cqa-

Since Y; is a function with respect to x, by applying Fubini’s theorem, we
see that equality in (2.17) holds on [0, 1) and we can replace a.s. in (2.17)

by a.e. By (2.10), we have |ZZ Y dl| ‘ZZ 1T[ab)dl‘—|—0 ) and

C[a b);ds a.e.

Because of #Al + -+ + #A’M < Mlog M and Iy; ~ M™, by applying the
law of the iterated logarithm for lacunary trigonometric series, we have
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‘Zl 1 T d;i| < /M log M loglog(M log M) = o(¢(M™)). Therefore, we

have
M

Z (T‘[a,b) sdsi + T'[/a,b) ;d;i)

=1

1
lim

Moo (M) = Clapya,  a.c.

By noting (M — 1) ~ M* and manAQMqﬁH’Zi:(M—nJrH I[a,b);d <
M = o(¢p(MT)), we have

Clapya, a.e.

N
Z [a,b); nkx)

k=1

NHOO gb

Now we apply the next proposition. It is essentially proved in [13]. The
proof of the first part can be found in [16], and the full proof in [21].

Proposition 7. Let {ny} be a sequence of positive numbers satisfying the
Hadamard gap condition. Then for any dense countable set S C [0,1), we
have

—  NDy{ngz} al

1 = lim a,
N V2N loglog N sﬂifes NIE%O ¢ ; o) (4)
(2.18) N
—  ND;
lim n i =sup lim —— Z y(ngx)
N—oo /2N loglog N qeg N—oo <;5 —
and
(2.19) Aim fa,) (ME) IEEO ]\}1_{1;0 Gf) a(nx)
for almost every x € R.
Put S =[0,1) N Q. By applying (2.19), we have
N
]\}I_I)Iloo o kZ: ) (Mx2)| = Clapy = hm Clapyd, a.e.,

C[a,b) < C[g7b,a) < %, / q+1 and < C[O 1/2)- By (2 18) we have (1.3).
Suppose that the condltlon (1.4) is assumed. By (2.3) we have B[4 p).4,01 =
Sty ETE s = Mawyal3lar + O(Lar+.a0) = pyall3lar + o(lar), and
thereby Bjap)damsns ~ (|| Ljapyall3 + =5 )la. Hence, by (2.16) we directly have
2y [B[a,b);d;’m;]\xf]

N DBV deme 1
C[a7b)§d;m - hm ¢<6[ ’b)’d7 7M) _ Z ZZ
M—o0 ¢(ZM) (b(ﬁ[a,b);d;m;M) P

= Tl +

Therefore C[a,b);d = Hi[a,b);d||2 and C[a,b) = ||’]v.[a7b)||2 < HI[OJ/Q)HQ = % =
Cloy2)-
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