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Abstract

Rank one transformations are transformations which can be obtained by cutting
and stacking, using a single column in each step. Such a transformation is defined
by a sequence of cutting parameters (px)r>1 and a sequence of parameters of spacers

((agf))f,le) k>1- Rank one transformations are ergodic and have simple spectrum. By a
result of Klemes and Reinhold, a rank one transformation is of singular maximal spectral
type if Y27, p,:2 = oo. El Abdalaoui showed that for arbitrary (pg)g>1 the transfor-

mation has singular maximal spectral type if for each k all the numbers (agf))ﬁf:l are
of different order of magnitude. In the present paper we prove a counterpart of E1 Ab-
dalaoui’s result: if for infinitely many indices k a certain (relatively small) proportion of
the coefficients (a'h’)P*_,

spectral type.

are all equal, then the transformation is of singular maximal

1 Introduction and statement of results

A rank one transformation can be defined inductively by the cutting and stacking method,
using a sequence (pg)r>1 of cutting parameters and a sequence ((a%))ﬁlﬁ:l) p>1 of parameters
of spacers. We call a sequence of disjoint intervals of equal length a tower. Starting with
the initial tower Hy = [0,1], assume that the k-th tower Hj is already defined. We write
hy for the height of Hy (that is, the number of subintervals in Hy). Hy is a partition of the
interval [0,74], for some 7, > 1, into hy disjoint subintervals Iy, .., Iy, —1, all of which
have equal length. We envision the level sets I, ..., I n,—1 to be stacked on top of each
other, in successive order, with I}, o on the bottom and I}, 5, —1 on the top. The corresponding
map T}, is defined by Ty (1) = I e41, for 0 < ¢ < hy — 1. To define Hy41, we cut the tower
Hj, into pg subcolumns. On top of the m-th subcolumn we add a number a,(fff) of intervals
having the same length as the subcolumns, taken from the right of [0,r]. Then, stacking

each subcolumn onto the next one (from right to left), we obtain the tower Hy1, which forms
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a partition of the interval

[0,7k11] :=

Pk
0,7 + Z aff,‘f)l] )
m=1

where [ denotes the length of the subcolumns of Hy. Then Hj,q has height

Pk
hipr = pebi + Y all),
m=1
and can be interpreted as a sequence of level sets I 1, ... s Tk41,hy 41 —1, stacked one on top

of each other. The map T} is defined by Tj41(Lr+1,0) = L4141, for 0 < £ < hpyy —1, and
it is important to note that the domain of definition of T}, includes that of T}, and that the
values of Tj41 and T} coincide everywhere where T} is defined. For notational convenience
we assume pr > 2 for £ > 1. We also assume that the total measure is finite, i.e. that
by rescaling by an appropriate constant we can achieve that (J;-; Hy = [0,1]. Then, as n
increases, the sequence (T})>1 of maps approaches a transformation 7', which is a measure
preserving invertible point transformation on the unit interval (except for a set of measure
zero). This construction is presented in more detail in [11].

Rank one systems were firstly defined in full generality by Ornstein [18], generalizing earlier
constructions of Katok and Stepin [14] and Chacon [6]. Each rank one system is ergodic, of
entropy zero, and has spectral multiplicity one. Using a probabilistic method Ornstein [18]
constructed a family of mixing rank one transformations (which are consequently mixing of
all orders, see [13]), in order to answer Banach’s question whether there exists a dynami-
cal system with simple Lebesgue spectrum. However, Bourgain [5] proved that Ornstein’s
transformations almost surely have singular maximal spectral type. Using the same methods,
Klemes [15] showed that the staircase transformation has singular maximal spectral type.
Klemes and Reinhold [16] proved that a rank one transformation has singular maximal spec-
tral type if Y oo, pI;Q = o0, and recently El Abdalaoui [8] showed that the maximal spectral
type is also singular provided the sequences (am)f?f:l are lacunary for all &k (these results will
be discussed in more detail in the next section). Klemes and Reinhold conjectured that the
maximal spectral type of any rank one transformation is singular.

The main result of the present paper is our following Theorem 1.

Theorem 1 Assume there exists a constant ¢ > 0 such that for a subsequence (ky)n>1 of N
the following two conditions are satisfied:

(i) %%O asn — oo.
(ii) There exist sets A(ky) containing at least cpy, consecutive elements of {1,...,pk, } such
that ") = a(kn) for all m € A(ky), for some alfn).
Then the transformation has singular mazximal spectral type.
As a direct consequence we obtain the following corollary.

Corollary 1 Assume that there exists a constant ¢ such that for a subsequence (kn)n>1 of
N condition (i) is satisfied, and there exist sets A(ky) of at least cpy, consecutive coefficients
(k)

ay,’ which are all zero (i.e., for these indices no spacers are added above the corresponding
towers). Then the transformation is of singular mazimal spectral type.



The case when in each step all the numbers (agf))lgmgpk are equal is a (deterministic) special
case of the random construction in [9].

Note that condition (i) only rules out transformations for which the sequence (pg)r>1 grows
extremely fast (as a function of k), since by construction (hy)x>1 grows at least exponentially.

2 Preliminaries

For any invertible, measure preserving transformation 7" on the unit interval and any function
f € L?(0,1), the corresponding spectral measure oy is defined by

1 .
Gr(n) = (f,T"f) = /0 e ™50 (df),  n€Z.

The maximal spectral type of T is the equivalence class (with respect to absolute continuity)
of all Borel measures o on [0,1] for which ¢ < o for all f € L?, and for which for all measures
v which also satisfy v < oy for all f € L? necessarily 0 < v (here the symbol “<” denotes
absolute continuity of measures). There always exists a function f € L? such that oy is in
the equivalence class defining the maximal spectral type (for details, see [17]).

The maximal spectral type o of a rank one transformation is given (possibly up to some

discrete measure) by the weak-*-limit (in the space of bounded Borel measures on the unit
circle) of the generalized Riesz products

N
do =lim [ 1P* d,
k=1

Pk(ﬁ) — L <pzk e*ZWi@(mhk+Zl7r;1 a;k))) 7

where

Pk

and where A denotes the normalized Lebesgue measure on the unit circle (see [7, 16]). If we
want to prove o L A, it is by [5] sufficient to prove that

m=1

N>1, ki<--<kn

N
inf / IT 1P (0)] dr = 0. (1)
m=1

Using this criterion, Klemes [15] proved that the staircase transformation has singular maxi-
mal spectral type (see also [7]). Klemes and Reinhold [16] showed that a rank one transfor-
mation has singular maximal spectral type, provided

oo

-2
> pit =00
k=1

Recently, El Abdalaoui [8] obtained the following result: suppose that for any & > 1 and
any m € {1,...,pr — 1} we have agfzrl > S al(k) and Y P*_, o) < hi/2. Then the

m
transformation has singular maximal spectral type. El Abdalaoui’s proof utilizes a new variant
of the well-known central limit theorem for lacunary trigonometric series (see [19, 20]). In [5]
and [15] the criterion (1) was used together with an asymptotic lower bound for [ ||P,, > — 1|,
in (8] with an lower bound for [ ||P,,| —1|. In our proof of Theorem 1 we will apply (1)

directly, together with an approximation by martingales.



3 Proof of Theorem 1

For the proof of Theorem 1 we will use a martingale approximation technique, which has
some similarities to a method commonly used in the theory of lacunary function systems (cf.
for example [1, 2]).

Let (kn)n>1 be a sequence for which conditions (i) and (ii) in the formulation of Theorem 1
hold. By condition (i) we can assume that (k,),>1 grows sufficiently fast such that

kn
2 /B (Po i, + 0% ™) log pi
hi

—0 as n — 0. (2)
n+1

In fact, if the original sequence (k;)n,>1 in the statement of Theorem 1 does not already satisfy
(2), then by condition (i) it is possible to find an infinite subsequence of (ky)p>1 for which
(2) holds, and use this subsequence instead of the original sequence in the suppositions of
Theorem 1. Thus, without loss of generality, we can assume that already the original sequence
(kn)n>1 in the statement of Theorem 1 satisfies (2).

To simplify formulas, we set

qn frd pk‘n’ n Z 17
jn = hkn’ n Z 1’
bq(—g) = (17(7];”)7 n=>1,1<m<qy.

We write A(n) C {1,...,¢,} for the set from condition (ii) of Theorem 1, i.e. for a set of at

least cq, consecutive indices, such that bﬁ,’;‘) = (™ for all m € A(n) for some number b(").
Thus A(n) is of the form

{m: s(n) <m<tn)} for some 1< s(n)<t(n)<gq,, tn)—sn)>cq.

Furthermore, we set B(n) = {1,...,q,}\A(n) and define

1 72me(mjn+2"1 b("))
R,(0) = e =1 ) 0 € 0,1],
() NG mEZA(n) [0,1]
1 —2me(mjn+ZT b(")>
Sp(0) = e =17 ) 0 €|0,1].
Clearly
t(n)
R0 = L Y )
" m=s(n)
B 6727ri95(n)(jn+b(")) 1— 6727ri9(t(n)fs(n)+l)(jner("))
- Vn ' 1 — e 2nil(Gnib™)

and, by standard trigonometric identities,

C sin (#n) — s(n) + 1) Gia + 6]
[Rn(0)] = Vn| sin (G + b0)0)| . (3)

4



Let

N—-1
Qn(0) = [ (IBa(®)] +[S.(0))) do, N =>1.
n=1

To prove that the transformation has singular maximal spectral type, by the criterion (1) it

is sufficient to show that

lim /1 Qn(0) do = 0.
0

N—o0

Simply speaking, we will show in the sequel that for large N

Q

1
/0 Qn(0) Ry (0)] db

Q

1
/O Qn(0)Sx(0)] do

and
1
/ By (0)] d6=o0(1) as N — oo,
0

1
/ 1S (6)] d8 S VI —c.
0

1 1
/ Qn(0)] db / [Rn(6)] do,
0 0
1 1
/ Qn(0)] db / Sx(0)] do,
0 0

(4)

(8)

Combining (5), (6), (7) and (8) will prove the theorem. The estimate (7) follows from the

standard inequality

1 .

0

|Sl%q£|dc9§(1—|-logn), n>1,
o |sin7é|

while (8) is a consequence of the Cauchy—Schwarz inequality.

Let

n
d(n) = {log2 (27T\/q7n (qnjn + Zbgn)>>“ +n+1, n>1,

=1
and let F,,, n > 1 denote the o-field generated by the sets

(1279 (14 1)274M)y 0 <1< 24,

By (2),

2d(n) |
M —0 as n — oo.
In+1

9)

(10)

We define discrete functions R,,S, as the conditional expectations (with respect to the

Lebesgue measure)

Since the fluctuation of R,, and S, on any atom of F,, is at most 27""!, we have

‘Rn(e) B En(e)’ < 27”717 ‘Sn(g) _gn(eﬂ < 27"717

R, =E(R,|Fn), Sn=E(S,|Fn), n> 1.

(11)



We define
N-1

Qn®) = [[ ([Ra(8)] + |Su(0)] +27) ab.

=1
Then

1 1
/ Qn(0) db < / Qn(0) db,
0 0

and to show (4) it remains to prove

/1QN(9) 490 as N— oo, (12)
0

which can be deduced immediately from the following lemma.

Lemma 1 There exists a number n > 0 such that

17 17
/ Qna(0) d0 < (1—1n) / Qn(6) db
0 0

for sufficiently large N.

We will use the following simple observation:

Lemma 2 For any interval [, 8] C [0,1], any function f which is periodic with period 1,
and any positive integer m,

B8 1 1 1
[ ey aw) < @) et g -a)| [ pw) o).
Proof of Lemma 1: By (11),
17 o 17 17
/ On(0)Fx(0)] db < / Qn(0)| Ry (0)] df + 27N / Qi (6) do. (13)
0 0 0

On any atom I of Fy_; the function Q) is constant and, by (3), (9), Lemma 2 and since the
function Ry is periodic with period (jn + bM)),

_ [ |sinw(t(n) — s(n) + 1)(jn + )0
Javoirxola < gy [ PR S

o ( / [sin(t(n) — s(n) + 1)0) > ( vy )
< - do | (2 +
~— Vav \Uo VAN | sin o] jn + b)
Qn(1+loggn) (2d(N1) " 1) _
B VAN IN

Therefore, for arbitrary € > 0, by (10)

/OIQN(9)|RN(0)| do = /01E<QN(9)|RN(9)|‘]:N1> do

d(N-1) 1
< (logay) (4 27 / Qn(0) do
VAN IN 0
1
< 5/ Qy(0) db for sufficiently large V. (14)
0
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By (11),

1 1 1
/0 Qn(0)[Sn(6) db < /0 Qn(0)|Sy (6)] b+ 27N /0 Qi (6) db. (15)
On any atom I of Fn_1, by the Cauchy—Schwarz inequality,
o o 1/2
[an@iswo) s < 202G, ) ( [1sxtor de) . (16)
I I

It is easily seen that the function | Sy (0)|? is of the form
1 R R Y

— Z cos mle—i—Zbl — mQJN+Zbl .

q ml,WLQEB(N) =1 =1
Thus by Lemma 2 and the orthogonality of the trigonometric system,

1
av [I1sv@F @ < Y . _
I m1,m2€B(N), ‘(mle + 21211 bz( )> - <m2jN + 21:21 bl( ))‘

miF#ma

+ > /I1d9

m1,m2€B(N),
mi=ms

IN

1
2 el | O Qa2
m1,m2EB(N), ! 2UN

mi1#ma
2qn (1 +loggn)

+ (1 = c)gn2 4N=1),
JN

Hence, by (10) and (16),

1

[ avoissora = [E(@oisxo)|Fv-) a
0

1/2 p1
¢ (g ez 2E2s) P g
IN 0

S~

<

—

1
V1—c+e) / Qy db. (17)
0
It is obvious that for sufficiently large N
1 1
2—N/ Qy do < 5/ Qy db. (18)
0 0
Combining (13), (14), (15), (17) and (18), we have proved that
1 1
/ Qn0) (|[Rn|+ [Sn| + Q*N) df < (V1 —c+ 3e) / Qn(0) do
0 0

for sufficiently large N. Since € was arbitrary, this proves Lemma 1. Consequently, the proof
of Theorem 1 is also complete.



4 Remarks

In [8], El Abdalaoui uses the central limit theorem (CLT') for normalized trigonometric sums,
together with Bourgain’s criterion (1), to prove that a certain class of rank one transforma-
tions has singular maximal spectral type. In this case the CLT holds due to the fact that
by assumption the coefficients (q;)/*, form a lacunary sequence (for each k > 1). How-
ever, without assuming any further conditions on the sequence of coeflicients of spacers, the
trigonometric sums in (1), which are of the form

1 i 727Ti9<mhk+z;11 al(k)>

— e ) 0 € [0,1], (19)

\/ZTk m=1
will in general not satisfy the CLT. In fact, the sequence of frequencies (mhy + Y -, al(k))gf:l
in (19) may grow only linearly, while by a criterion of Erdés [10] the sequence of frequen-
cies would have to grow at least like eV to guarantee the CLT. However, recently several
new randomized constructions of slowly growing sequences (ny)g>1, for which the CLT for
N—1/2 Z]kvzl cos 2mnx almost surely holds, have been presented, see [3, 4, 12]. It is likely that
these results, together with El Abdalaoui’s method, could yield new randomized constructions
of rank one transformations which have almost surely singular maximal spectral type.

As mentioned in the introduction, several authors believe that all rank one transformations
could have singular maximal spectral type. In [5], Bourgain notes that this question is related

to the problem whether
n
sup  sup Z 2mikmb
=1

1
— <1,
n>1 ky<o<kn VI || 22

where || - || denotes the L! norm on the unit interval. He proved that
1
sup  —

n
E :627rikm9
k<< VT ot

for some constant ¢. Apparently, no further progress has been made since then.

<1 clogn

n
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