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Abstract

By a classical result of Weyl (1916), for any increasing sequence (ny) of positive inte-
gers, (ngx) is uniformly distributed mod 1 for almost all z. The precise asymptotics of
the discrepancy of this sequence is known only in a few cases, e.g. for ny = k (Khinchin
(1924)) and for lacunary (ng) (Philipp (1975)). In this paper we extend Philipp’s result
to lacunary sequences with multidimensional indices.

1 Introduction
Let (ng)r>1 be an increasing sequence of positive integers and for x € (0,1) we set
M = 1 (2) = (nk), (1)

where ( - ) denotes fractional part. The discrepancy of the first N elements of the sequence
(k) is defined as

1
Dy =Dn(z) :== sup |—=card(k < N :nm(x) <t)—t. (2)
0<t<1

By a classical result of H. Weyl [11], Dy(x) — 0 for almost all z € (0,1), i.e. (ngx) is
uniformly distributed mod 1 for all z € (0,1) except for a set of Lebesgue measure zero.
Estimating the speed of the convergence of Dy (x) to 0 is a difficult problem requiring
sophisticated analytic and number theoretic tools and the precise order of magnitude of
Dy (z) is known only for a few special sequences (ny). In the case ny = k Khinchin [5]
proved that

D,(z) = O((log N)'*¢)  ae. (e >0),

and this becomes false for ¢ = 0. On the other hand, Philipp [8] proved that if (ng)r>1 is
a lacunary sequence of integers, i.e. a sequence of integers satisfying

nk+1/nkZQ>1 k:1727 (3)
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then Dy (z) satisfies the law of the iterated logarithm (LIL), i.e.

— <1 —_— < .e., 4
V32~ 1z{znj}>lop Nloglog N — 1 a-e (4)

where C, is a positive number depending on ¢. Except the value of the limsup in (4), this
behavior is the same as that of the discrepancy of independent random variables, where the
limsup is 1/2 (see e.g. [9], p. 504). If (ny) grows much faster than exponential, the limsup
equals 1/2 (this follows, e.g., from the results of Gaposhkin [4] or from the approximation
theorems in Berkes [1]). However, assuming only the Hadamard gap condition (3), the
limsup is generally different from 1/2, see Fukuyama [3]. It is an open problem if the
limsup is a constant almost everywhere.

The purpose of this paper is to extend the theorem of Philipp for sequences (ny) with
multidimensional indices. Most results in the theory of uniform distribution and discrep-
ancy extend for sequences with values in R?, although usually there is a price in accuracy
to pay for the high dimensional result. In contrast, there are very few results on the
discrepancy of sequences with multidimensional indices, even though the corresponding
problem, namely the uniform asymptotic behavior of random fields, has been extensively
studied in probability theory (see e.g. Khoshnevisan [6]). In view of this fact, it seems to
be of considerable interest to study the multiparameter version Philipp’s theorem, one of
the sharp and delicate results in metric discrepancy theory.

Let N¢ denote the set of d-dimensional vectors with positive integer components and
let (nk)kene be a sequence of integers with d-dimensional indices. Letting k = (k1,. .., kq)
and k' = (k7,...,k)), we say that k <K' if k; < k], 1 <i<dand k <k’ if k <k’ and
k #£ k’. We say that (nk)xene is nondecreasing if nys < ny provided k/ < k. Let 1 denote
the d-dimensional vector (1,...,1) and for N = (Ny,...,Ng) we set |N| = Hle N;.
The discrepancy Dn(z) of the finite sequence (nk)1<k<n is defined, similarly to the one-
parameter case, as

N
I
Dn(z) =  sup Zk_l [ -,b)(<”kw>)
0<a<b<l IN|

—(b—-a)l,

where ZEZI =k 1<k<n- Our main result is

Theorem 1 Let (nk)kene be a nondecreasing sequence of positive integers for which
#{keNT: 2" <y < 2T} < Q, r=1,2,... (5)

with a constant Q. Then

N|D
lim sup NI Dn ()

——————— < Cgd
IN|—co v/ |N|loglog |N]|

where Cg.q is a positive number depending on @ and d.

a.e., (6)

Note that the one-dimensional Hadamard gap condition (3) has been replaced by
condition (5) which has a different character. In one dimension, (5) is satisfied if and
only if (ng) is the union of finitely many sequences each of which satisfies the Hadamard
gap condition (3). Note that any such sequence will satisfy the upper bound in Philipp’s
result (4). Thus Theorem 1 really is a generalization of Philipp’s result, and condition
(5) can be seen as a generalization of the concept of lacunary sequences to the case of
sequences with multidimensional indices. We emphasize that the lower bound in (4) may
not necessarily hold for sequences that satisfy only (5) instead of (3).



It would be tempting to define the Hadamard gap condition for a sequence (nk)xene
with multidimensional indices by requiring that

nk /nx > q>1 for k' > k. (7)

However, with definition (7), Theorem 1 fails. Let e.g. d = 2 and ny = 2F1+F2 for
k = (ki1,k2). In Section 4 we will show that for almost all x € (0,1), the inequality
|N|Dn () > const |N|?/4 holds for infinitely many N, and thus (6) is not valid.

To prove Theorem 1 we use techniques developed by Takahashi [10], Philipp [8] and
Erdés and Gél [2].

2 Exponential bounds

In the following let a d-dimensional vector N = (Ny, ..., Ny) of positive integers be given,
let f(z) denote an even function satisfying

1
fle+1)=f(z), Var f<2, |flle <1, /Of(ac)d:v:O (8)

and let -
f(z) ~ Z ¢;jcos2mjx
j=1

be its Fourier series. Additionally we assume

1
272 < / f@)? doe <2771, (9)
0
where h is a positive integer with h < (log, |IN|)/2; this condition will play a crucial role

in the chaining argument in Section 3. Let

IN?
glx) = Z ¢;jcos2mjx.
j=1

Then ||g]lco < ||flloc + Var f < 3. By (8) and Zygmund [12, p. 48]

1
<Yl 1y
2j J
and thus -
> =2
j=1
and for any J > 1
> % 1 1
Zcﬁg/ = dt=—. (10)
j=J+1 gt J
Lemma 1
M
_ log, |NJ|)*
P ( - ) W2/ NToglog N b < Uogz INDT
{Kang)ﬁl; flmez) = g(mx) )| > h=*/[NJloglog IN| ¢ < ==y




Proof: For 1 <M < N we have

IN

M [|f =gl

IN

j=IN[3+1
M| 1

|N|3/2 = |N|1/2

Thus by the Markov inequality and h < (log, |N|)/2

lis3

f(ruce) = g(muer) )

> h2\/|N|log10g|N|}

M
< Y P { ( ) nkx)) >h2\/|N|log10g|N|}
M<N =1
S |N|(10g2|N|) (10g2 |N|) .

N2 7 [N

The following lemma, which extends [10] and [8, Proposition], is the key technical step
in the proof of Theorem 1.

Lemma 2 Let K be a finite set of d-dimensional vectors of positive integers. Then

PS> glmer)| > Crh~2y/|K]loglog |K| 3 < 9¢~2(d+1)hloglog K| (11)

ke K
provided |N|Y/3 < |K| < |N| and |N| is sufficiently large.

Here and in the following C1, Cs, ... denote suitable positive numbers that may depend
on d and @) but not on k, K, N or anythmg clse. |K| denotes the number of elements of K.

Proof: We write {ny : k € K } as a nondecreasing sequence with 1-dimensional indices
(nk)1<’€<ll?\' It suffices to prove

K| _
P Zg(nkx) > C1h™2%\/|K|loglog |K| p < 2¢~2(d+Dhloglog K] (12)

k=1

for sufficiently large |N|. We put

M1
Un(z) = Z g(nkz),
k=Mm+1

where M, is the smallest integer greater or equal m|K|Y3, m = 0,...,||K|*3], and
ML\I?\2/3J+1 = |K|. We put m™ = L|K|2/3J/2,

1 [m™T]

Il()\):/ exp [ 2X Z Usp(z) | dz
0 —



and
[m*]

.@(A):/O exp |2 > Uzm-1(2) | da.

m=1

For |z] <1 we have
e < 1+z—|—z2,

and since 2| Uz (#)| < 2A[19lloe (Mam41 — Mam) < 6A(|K|Y/3 +1) < 1 for

1

= SR "

we obtain
1 lm*)
/ H 1+ 2\Usy, + 4N2U3,,) da,

provided that (13) holds. For any m

m+1 m+l
122 XS slagtonn) = W o)+ Vo)
k=M +1 k'=

where W, is a sum of trigonometric functions whose frequencies lie between nas,, 11 and
2|N|*nay,,,,, and where V,, is a sum of trigonometric functions with frequencies at most
nn,,+1 — 1.

Mpt1 Mpmia

V(@) < > > lcjcy
A=Mmtl K=k 1<, <INJ?,
Ingj — g §’| < m,, 41
m+l m+1
<2 > > > leje]
k=Mmy+1 k'=k 1<Jj<\N|3
= i < 1
Moir Moir [ oo 1/2 1/2
=42 2 |Ld > 9
k=M, +1 k'= j'=1 j>ng /ng—1

For fixed k there are at most 2Q) integers k' > k for which 1’;—:/ > 1 (for these ng = ny),
at most 2@Q) for which 1 > 2t > 2 1 at most 2Q for which % > :_:/ > % and so on. Thus

> 1
Vo ()] < V2| fll2(Mpi1 — My )2Q <2x/§+;\/2i_1> < 64Q| fll2(Myg1 — M)

Therefore

1 lm7*]
/ H (1 + 2\Usm () + AN Wap () + 25672Q)| f|l2(Mami1 — Mam)) -

If dayy, cOS 2mugy, is any term of the trigonometric polynomial 2\Us,, () + 4\2Wa,,, then

m—1 m—1 m—1 ~ m—k
u2m_z Uk = TLM2m—2|N|3 Z TV Moy, > N Ms, (1 — 2|1\I|3 Z (27UK‘1/3/QJ) ) >0

k=0 k=0 k=0



for sufficiently large |N|, since by assumption |K| > [N|'/3. Hence

Lm*] Lm* |
L) < [T (042560 °Q| flla(Mamy1 = Maw)) <exp [ > 2563°Q|| fll2(Mami1 — Mapm)
m=0 m=0

In the same way we can prove a similar inequality for I»(A), and thus by the Cauchy-
Schwarz-inequality

1 K| -
| e (A st | do < VEOIRD < exp (128X 7111

k=1

valid for sufficiently large |N| and any A satisfying (13). We choose

= h3 1Og10g |IA€|
VK]

and observe that this \ satisfies (13) for sufficiently large |N|. Thus we get by Markov’s
inequality

K|
P Zg(nkx) > C1h™ %/ |K|loglog |K|
k=1
< exp (128Qn%) f|l2loglog | K| — C1hloglog | K] )
<

exp (—Q(d + 1)hloglog |I~(|)

for a sufficiently large C; that satisfies 128Qh52(-="=1/2 — C1h < —2(d + 1)h for h > 1
and sufficiently large |N|. A similar result for —g(x) instead of g(z) yields (12), which
proves Lemma 2.

Until now we considered only even functions f. Since any function f satisfying (8) can
be written as the sum of an even and an odd function both of which satisfy (8) and our
previous estimates remain valid for odd functions f, we get as a consequence of Lemma
1 and Lemma 2

Corollary 1 Let f(x) be a function which satisfies (8) and which can be divided into an
even and an odd part both of which satisfy (9). Write g(z) for the |N|3-th partial sum of
the Fourier series of f. Then we have

M

> (f(nkiv) - Q(nkfv))

P < max
M<N

Let K be a finite set of d-dimensional vectors of positive integers. Then

P Z g(niz)| > 201h21/|K|loglog |K| ¢ < 4672(d+1)h1°glogu~<|,

keK

IN]

2(log, |N|)*
> 2h2\/|N|loglog|N|} < Hlogy N

provided [N|Y/3 < |K| < |N| and |N| is sufficiently large.



3 Proof of Theorem 1

Using the inequalities in Section 2 it is not difficult to prove that

N

Z (o) ((nac)) — (b = ‘1))‘ =0 ( IN| 10g10g|N|) a.e.

k=1

for any fized 0 < a < b < 1. To prove the uniformity in a,b we will use a multiparameter
chaining argument which extends the arguments in Erdés and G4l [2] and Philipp [8], but
the multiparameter setting presents considerable difficulties.

Let N = (Ny,..., Ng) with [N| = 2" be given. We put H = (log, |N|)/2 = n/2. Every
a € [0,1) can be written in dyadic expansion

a= 22_"%, ap € {0,1},
h=1

and obviously

H H
Z 2_hah <a< Z 2_hah +2°H,
h=1 h=1

We define functions
ng) (CE) = ]].[(j,l)Q—h,ij—h)(x), 1 S] S 2h, 1 S h S H,

where 1, ) denotes the indicator of the interval [a,b), extended with period 1, and
e (@) = o () —/ o (@) dr,  1<j<2" 1<h<H.
0

Then for any a there exist coefficients €j, = ep(a) € {0, 1} and indices j, = jn(a),1 < h <
H, plus an additional index jg = jg(a) such that

H H _
S enoM (@) < 1pay(x) < D enof™ (@) + o (@). (14)
h=1 h=1

The functions gpglj) (x) satisty the conditions of Corollary 1. We write @gj) for the [N|3-th
partial sum of the Fourier series of (p;f) (corresponding to the function g in Section 2) and

@gj ) for the remainder terms (corresponding to f — g).

We define sets

10€2Ni%71
Ki=|J U ({reN:2l+1<a<@+1)2"}},  i=1,....4
L=0 [=0

(that means for example if N; = 4 then K; = {{1},{2}, {3}, {4},{1,2},{3,4},{1,2,3,4}})
and put

K:K(N):{I}1X~-~Xl}d: IA{'Z‘EKZ',Z':L...,CZ}.

Now let any M = (My,..., My) < N be given. We write each M; in dyadic expansion
M; = 3772 M; 2!, put

10g2 N»; 10g2 N»; log2 N»;
M= | reN: Y M2'+1<a< Y M2 o,
L=0 =L l=L-1



write the set {z € N?: x < M} as an union of disjoint sets

I’E(M)GM: {Ml X "'X]/\Zd: M EMi,izl,...,d}
and write K (M) for the class of sets K(M). (For example if d = 2 and M = (7,5), then
My = {{1,2,3,4},{5,6},{7}}, M2 = {{1,2,3,4},{5}} and

K(M) = {{1,2,3,4} x {1,2,3,4}}, {{1,2,3,4} x {5}}, {{5,6} x {1,2,3,4}}, {{5,6} x {5}},
{7} < {1,2,3,4}}, {{7} x {5}}.

We emphasize that the elements K of K (M) are contained in K as well.) Thus

ankx Z ankx

KeK(M) keK

The number of sets K = K (M) with |[K| = 2! is at most d!?"! (by the construction of
the sets K it is clear that | K| always is an integer power of 2). Thus

M

3~ st

S| S| | 2 oy (NN

R(M): |K[>INJV/3 |keK

In K (M) there are at most dll?~! sets with |K| = 2""!. We define

H 2" c IN| —d—1
GN = U U U Z <p(J) (nkx)| > h_22 <log2 T> v/INJloglog |N|

= ~ ; K
KeK(N),|K|>|N|1/3 h=1j=1 | |keK K]

H 2"
i=UU {&N

h=1j=1

S (4)
oY

where C will be chosen later. Here and in the sequel, log, is meant as max(1,log, x).
For z € (0,1) in G§ N HE (A€ denotes the complement of A) we have

> 2h2\/|N|log10g|N|}

M .
3" o ()
k=1

M

3 (60 o+ )|
k=
Z QD ’l’Lk.’L’

KeK(M), |K|>|N|1/3 ke K

+2d! (log2 (|N|1/3))d71 IN|Y/3 4+

IN

M .
S o ()

k=1




2n/3

< 1Y Y G /IN[loglog|N|
1=0 . INI_g
K|
d—1
+2d! (1og2 (|N|1/3)) IN|'/3 + 272\ /[N[log log |N|
2n/3
< | Y Ceh2m 4ttt /[N loglog [N
=0
d—1
+2d! (1og2 (|N|1/3)) IN|/3 4 2h=2/|N[log log |N]
< C3h™%y/|N|loglog|N| forall M<N, h=1,....H, j=1,...,2"

Hence by (14) we have for such x

M

Z ]l[O,a) (nk:v) — |1\/I|a

sup max
we[0,1) M:N|/2<[M|<|N]|

< sup Jh)na7 (JH)na7 +2/IN
acf0.1) M\N\/2<|M\<\N\,Zl kle . %) ol
< Z C3h~2\/|NJloglog [N| + Cs H~2,/|N|loglog |N| + 21/|N]|
h=1
< C1y/NJloglogN|
and thus
M
Z L1,0)(nxz) — [Mla| < 2C4+/|M|loglog M|
k=1
for all M < N with |[N|/2 < [M| < |NJ and all a € [0,1). We write
Gn= |J G~ H.= |J Hn
N: |[N|=2" N: |[N|=27
Then for all z € [0,1) in G§, N H;
M
> Lo ((niz)) — [Ma| < 2Csv/[M]loglog [M] (15)
for all M with 271 < |M| < 2" and all a € [0,1). If we can show
Y P(Gn) <0, Y P(H,) < oo (16)
n=1 n=1

then, by the Borel-Cantelli lemma, for almost all € [0,1) there exists an ng = ng(x)
such that = ¢ (G, U Hy,) for all n > ng, and thus by (15)

N|D
lim sup IN| D (2)

R <
N>1  4/|N|loglog |N|

which proves (6). It remains to show (16). There are at most d!n?~! different vectors N

4Cy  ae.,



with |N| = 2". By Corollary 1

7Z;]P’(Hn) < d!;nd_lN:%)iznP(HN)
0o H 2" It
< Ay ety > S
n=1 i

0 4
< 2d!anflg on/? ;L—n < 00.
n=1

For any N with [N| = 2" and K € K(N) with |K| =2""'1>n/3,and any 1 < h < H
and 1 < j < 2" by Corollary 1

—d—1
j N
P Z gbgf)(nkx) > Cyh™? <10g2 |—~|> |N|loglog |N|

keK K]

< P Z gbglj)(nkx) > Coh~2(log, 21~ V211 /| K| loglog | K|
keK

< P Z gbglj)(nkx) > 2C1h~2\/|K|loglog | K|
keK

< 4672(d+1)h10g10g\1’%|,
if n is sufficiently large and if Cy is chosen such that Cs(log, 2')~91v2! > 2C) for
[=0,1,2,..., and so

2)1

Z i Z 4672(d+1)h10g log | K|

P(Gn) <
KeK(N):|K|>|N|1/3 h=1j=1
271/3 H 1 2(d+1)h
< 4y AUttty ok [ ——
<Ay et Y (g
1=0 h=1
H 9 2(d+1)h
< 4dnd Z <7)
- n/3
— \log2 /
g\ 2(d+1)
< 4dmd(—)
n

for sufficiently large n. Thus

P(G,) < dn%! max P(Gn)
N: |[N|=2n

d 4 d 92(d+1)nd—1ndn—2(d+1) < C5TL_3

IN

for sufficiently large n, which implies that
Z P(G,) < oc.
n=1

This proves the theorem.

10



In conclusion we prove the remark made in the introduction, namely that Theorem 1
fails for the sequence (ny)xen> defined by ny = 2K1+%2 for k = (ky, ks). To see this, let
N = (n,n) and f(x) = 1j9,1/2)(z) — 1/2, extended with period 1. Then

Z f(nkx) = Zn:c;n)f (272) (17)

1<k<N
where c§") =j—1for2<j<n+1and an) =2n—j+1for n+2 < j < 2n. Observe
that .

f(2z) = 3 rivi(x), j=>1,
where r; denotes the j-th Rademacher function, and thus the sequence (r;(z));-, is a

sequence of i.i.d. random variables. Hence using the central limit theorem with Berry-
Esseen remainder term (see e.g. Petrov [7, p. 149]) we get that

2n
plze(,1): BY? Zc§")f(2jx) <t]|-®@t)|<CL,<Cn 2 (18)
j=2

where p is the Lebesgue measure, ® is the standard normal distribution function, C, C’
are absolute constants,

2

L& () ¢70j 2n (n)\? ! 9 3 +n
Bn:/0 ch f(2z) d:CzZ(cj ) /0 f(z)?de = T
Jj=2 j=2

and

c(n)f(2ja:) ‘3 dx
J

2n 1
L, = B;*? /

2n )3 ! 12 3/2 n* +n?
BJB/QZ(CE' )) /0 |f (@) dae = (2n3+n) 16

Jj=2

Given € > 0 choose a > 0 so small that ®(a) — ®(—a) < ¢, then by (18) we get
2n )
wlxe(0,1): Zf(QJ:E) >aBY? | >1-2¢
j=2

for sufficiently large n. Since B,, > n3/6 > |N|>/2/6, the last relation implies

a|N|3/4
wlxe(0,1): Z f(nkzx)| > 7 >1—2¢ (19)
1<k<N

for sufficiently large n. Letting F,, denote the set in the brackets in (19), it follows that
PNy Ul Fi) > 1 = 2,
i.e. the set of x € (0,1) such that

Z f(nyx)| > const |[N|3/4 for infinitely many N (20)
1<k<N

11



has measure > 1 — 2¢. Since ¢ was arbitrary, we get

. IN|Dn(z) ) ’Z1§k§N f(nk:v)’
lim sup > limsup = 400 a.e

IN|—oco 1/ |N|loglog IN| ~ |N|—o [N[loglog [N| o

i.e. the conclusion of Theorem 1 fails for the sequence (nk)kenz -
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