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Abstract

The classical concept of Q-functions associated to symmetric and selfadjoint opera-
tors due to M.G. Krein and H. Langer is extended in such a way that the Dirichlet-
to-Neumann map in the theory of elliptic differential equations can be interpreted as
a generalized Q-function. For couplings of uniformly elliptic second order differential
expression on bounded and unbounded domains explicit Krein type formulas for the
difference of the resolvents and trace formulas in an H2-framework are obtained.
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1 Introduction

The notion of a Q-function associated to a pair {5, A} consisting of a symmet-
ric operator S and a selfadjoint extension A of S in a Hilbert or Pontryagin
space was introduced by M.G. Krein and H. Langer in [37,38]. A @-function
contains the spectral information of the selfadjoint extensions of the underlying
symmetric operator and therefore these functions play a very important role
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in the spectral and perturbation theory of selfadjoint operators. Q-functions
appear also naturally in the description of the resolvents of the selfadjoint
extensions of a symmetric operator with the help of Krein’s formula and they
can be used to construct functional models for selfadjoint operators. In the
theory of boundary triplets associated to symmetric operators Q)-functions can
be interpreted as so-called Weyl functions; cf. [16-19,29]. A prominent exam-
ple for a Q-function is the classical Titchmarsh-Weyl coefficient in the theory
of singular Sturm-Liouville operators.

The main objective of this paper is to extend the concept of Q-functions in such
a way that the Dirichlet-to-Neumann map in the theory of elliptic differential
equations can be identified as a generalized Q-function. In the abstract part
of the paper we introduce the notion of generalized @-functions and we show
that these functions have similar properties as classical (Q-functions. Besides
a symmetric operator S and a selfadjoint extension A also an operator T
whose closure coincides with S* is used. Some of the ideas here parallel [9],
where a more abstract approach with isometric and unitary relations in Krein
spaces was used. The main result in the abstract part is Theorem 2.6 which
states that an operator function is a generalized Q-function if and only if it
coincides up to a possibly unbounded constant on a dense subspace with the
restriction of a Nevanlinna function with an invertible imaginary part and a
certain asymptotic behaviour.

Section 3 and Section 4 deal with second order elliptic operators on bounded
and unbounded domains, and with the coupling of such operators. Suppose
first that the domain 2 C R™, n > 1, is bounded with a smooth boundary
0. Let Ap and Ay be the selfadjoint realizations of an formally symmetric
uniformly elliptic differential expression
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in L?(Q) defined on H?(Q) and subject to Dirichlet and Neumann boundary
conditions, respectively. If T' denotes the realization of £ on H*(f2), then the
closure of T'in L?(f2) coincides with the maximal operator associated to £ in
L*(Q), and Ap and Ay are both selfadjoint restrictions of T'. For a function
f € H*(Q) denote the trace and the trace of the conormal derivative by f|sq
and %L@Q, respectively. Then for each A € p(Ap) the Dirichlet-to-Neumann
map

of
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QN (falon) = where T'fy = Afy, (1.2)

is well-defined and will be regarded as an operator in L?(9Q) defined on
H?/2(082) with values in H'/2(9€2). The minus sign in (1.2) is used for techni-
cal reasons. It turns out that the operator function A — Q(\) is a generalized



Q-function in the sense of Definition 2.2 and an explicit variant of Krein’s
formula for the resolvents of Ap and Ay is obtained in Theorem 3.4, see also
[9,13,25,26,47-50] for more general problems. In particular, in the case n = 2 it
follows from results due to M.S. Birman that the difference of these resolvents
is a trace class operator. As a consequence we obtain the trace formula
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for X € p(Ap) N p(An). Here Q(X)~! is the closure of Q(A)~" in L?*(0€2) and
(@ is a Nevanlinna function which differs from the Dirichlet-to-Neumann map
by a symmetric constant. Trace formulas for canonical differential expressions

and in more abstract situations for finite dimensional resolvent differences can
be found in, e.g., [2,3,10].

In Section 4 we consider a so-called coupling of elliptic operators. Such cou-
plings are of great interest in problems of mathematical physics, e.g., in the
description of quantum networks; for more details and further references we
refer the reader to the recent works [20,21,44-46]. Suppose that R™, n > 1,
is decomposed in a bounded domain 2 with smooth boundary C and the un-
bounded domain €' = R™\Q. The orthogonal sum of the selfadjoint Dirichlet
operators Ap and A, associated to £ in L*(Q2) and L?(Q'), respectively, is
regarded as a selfadjoint diagonal block operator matrix in L?(R"). The resol-
vent of Ap & A’ is then compared with the resolvent of the usual selfadjoint
realization A of £ in L*(R") defined on H2(R"). In order to express this dif-
ference in the Krein type formula

((Ape Ap) =N = (A= X" =TMQW TR (14)

with a generalized Q-function an analogon of the Dirichlet-to-Neumann map
is constructed which measures the jump of the conormal derivative of L*(Q)
and L*(€))-solutions of Lu = Au on the boundary C, see (4.21). The operator
L'(A\) : L*(C) — L*(R") in (1.4) is closely connected with the generalized
@-function and is identified with a Poisson-type operator solving a certain
Dirichlet problem. As a consequence of the representation (1.4) we also obtain
a trace formula of the type (1.3) in the coupled case.
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2 Generalized (Q-functions

In this section we introduce the notion of generalized Q)-functions associated to
symmetric operators in Hilbert spaces. The class of generalized Q)-functions is
characterized in Theorem 2.6, where it turns out that generalized Q-functions
are closely connected with operator-valued Nevanlinna or Riesz-Herglotz func-
tions. We also note in advance that for the case of finite deficiency indices of the
underlying symmetric operator the concept of generalized ()-functions coin-
cides with the classical notion of (ordinary) Q-functions studied by M.G. Krein
and H. Langer in [37,38], see also [35,36].

Let H be a separable Hilbert space and let S be a densely defined closed
symmetric operator with equal (in general infinite) deficiency indices

n4(S) = dimker(S* Fi) < oo

in H. It is well known that under this assumption S admits selfadjoint ex-
tensions in H. In the following let A be a fixed selfadjoint extension of S in
H, so that, S C A = A* C S*. Furthermore, let T' be a linear operator in H
such that A ¢ T C S* and T = S* holds, i.e., the domain dom 7 of T is a
core of dom S* (see [34]), dom T contains dom A and Af = T'f holds for all
f € dom A.

For A € C belonging to the resolvent set p(A) of the selfadjoint operator A
define the defect spaces N\(T) = ker(T — \) and N, (S*) = ker(S* — ). Then
the decompositions

dom S* = dom A+ N,(S*) and domT = dom A+ N,(T) (2.1)
hold for all A € p(A) and the closure N)\(T') of N\(T) in H coincides with
N, (S*). Recall that the symmetric operator S is said to be simple if there
exists no nontrivial subspace D in dom S such that S restricted to D is a
selfadjoint operator in the Hilbert space D. It is important to note that S is
simple if and only if

H = span {Na(S") : A € C\R} (2.2)

holds; cf. [36]. Here span denotes the closed linear span. As N, (T') = N,y(S5*)
it is clear that the right hand side in (2.2) coincides with

span {NA(T) : A € C\R}.

Fix some \g € p(A), let G be a Hilbert space with the same dimension as
Ny, (T) and let T'y, be a densely defined bounded operator from G into H such



that ranT'y, = N,,(T) and kerT'y, = {0} holds. The domain domT,, of Ty,
will be denoted by Gy. Observe that the closure Ty, of the operator Ty, is the
bounded extension of I'y, which is defined on Go = G. We write i\o € LG, H),
where £(G,H) is the space of bounded linear operators defined on G with
values in H.

Lemma 2.1 The operator function A\ — T(X\) := (I + (XA — Xg)(A — A\)7H)Ty,
satisfies T'(Ng) = Ty,

PO = (T+OA =)A=\,  AuepA),

and I'(X) is a bounded operator from G into H which maps domI'(\) = Gy
bijectively onto Nx(T) for all X € p(A). Moreover, A — T'(\)g is holomorphic
on p(A) for every g € Gy.

Proof. Let us show that ranI'(A\) = N,(T) is true. The other assertions in
the lemma are obvious or follow from a straightforward calculation. Since T
is an extension of A we have (T — \)(A—\)"! =TI for A € p(A) and therefore

(T = NTWh = (T = NI+ (A= Xo)(A = A))Tsh = (T = A)[,h =0

shows that ranT'(\) C N, (T') holds. Now let f) € N,\(T). Then it follows as
above that

Fro = (T4 (o =N (A=20)7") /o

is an element in N, (7T) and hence there exists h € Gy such that fy, = T'y,h.
Now a simple calculation shows fy = I'(A)h, thus ranT'(\) = N,y(T). O

In the following definition the concept of generalized Q)-functions is introduced.

Definition 2.2 Let S, A, T, and T'(:) be as above. An operator function Q
defined on p(A) whose values Q(N) are linear operators in G with dom Q(\) =
Go for all X € p(A) is said to be a generalized Q-function of the triple {S, A, T}

if

Q) = Q(u)" = (A=) TM),  ApeplA), (2.3)
holds on Gy. If, in addition, Gy = G and T = S*, then @) is called an ordinary
Q-function of {5, A}.

We note that the values Q(X), A € p(A), of a generalized Q-function can be
unbounded non-closed operators. The adjoint Q(u)* in (2.3) is well defined
since dom Q(u) is dense in G and by (2.3) also Q(u) C Q(n)* holds for all
i € p(A). In particular, the operators Q(A) are closable in G and symmetric



for A € p(A) N R. The real and imaginary parts of the operators Q(\) are
defined as usual:

ReQ() = Q00 +Q()7) and QM) = .- (Q0) - QOY).

2 2
Since (Re Q(MN)h,h) and (ImQ(A)h, h) are real for all h € Gy the operators
Re@(A) and Im Q(\) are symmetric.

Remark 2.3 We note that the concept of generalized Q)-functions is closely
connected with the theory of boundary triplets and associated Weyl func-
tions. The Weyl function of an ordinary or generalized boundary triplet (see
[16,18,19,29]) is also a generalized Q-function, but the converse is not true.
The class of generalized Q-functions studied here coincides with the class of
Weyl functions of so-called quasi boundary triplets introduced in [9]. Further-
more, we note that generalized Q-functions are no subclass of the Weyl families
associated to boundary relations, see [17] and Theorem 2.6.

The concept of generalized ()-functions differs from the classical notion of
ordinary Q-functions only in the case n4(S) = oc.

Proposition 2.4 Let Q be a generalized Q-function of the triple {S, A, T}
and assume, in addition, that the deficiency indices ny(S) are finite. Then
T = S* and Q is an ordinary Q-function of the pair {S, A}.

Proof. If the deficiency indices of the closed operator S are finite, then T
is a finite dimensional extension of S and hence also T is closed. Therefore
T =T = S*. Moreover, in this case also dimG = dim N, (T) is finite and
hence Gy = domI'(A\) = dom Q(\) = G, A € C\R. O

The representation of a generalized Q)-function with the help of the resolvent
of A in the next proposition is formally the same as for ordinary Q-functions,

see [37-39].

Proposition 2.5 Let Q) be a generalized Q-function of the triple {S, A, T} and
let \g € p(A). Then @ can be written as the sum of the possibly unbounded
operator Re Q(\g) and a bounded holomorphic operator function,

Q(\) =ReQ(No) + I, (A = Re Xo) + (A = A)(A = Ag)(A = \) )Ty,
(2.4)

and, in particular, any two generalized Q-functions of {S, A, T} differ by a
constant.

Proof. Let h € Gy and set = Ao in (2.3). Making use of the definition of



['(A) in Lemma 2.1 we obtain
QNP = Q)" h+ (A = X)T3, (T + (A = Ao)(A = )7 )Ty h.

As Q(Xo)h — Q(Xo)*h = (Mg — Ao)T'3,I'aoh we see that the above formula can
be rewritten as

QMR = Q(Xo)h + (X = X)T3 Tagh + T3 (A = Xo)(A = Ao) (A = A) "' Ty

The representation (2.4) follows by inserting Q(A\g)h = Re Q(Xo)h+iIm Q(Xg)h
and Im Q(Ao)h = Im AgI'3 T, 7 into this expression. O

Generalized QQ-functions are closely connected with the class of Nevanlinna
functions; cf. Theorem 2.6 below. Let £(G) be the space of everywhere defined
bounded linear operators in G. Recall that an £(G)-valued operator function
@ which is holomorphic on C\R and satisfies

MmO 5o ad Q) = GO (25)

for A € C\R is said to be an £(G)-valued Nevanlinna function. We note that
@ is an L£(G)-valued Nevanlinna function if and only if () admits an integral
representation of the form

_ 1
oW =axi+ [ (- mp

where o = o* € £(G),0 < =" € L(G) and t — X(t) € L(G) is a selfadjoint
nondecreasing £(G)-valued function on R such that

)dmm A€ C\R, (2.6)

Aliﬁdﬂweﬁ@)

It is well known that Nevanlinna functions can be represented with the help
of selfadjoint operators or relations in Hilbert spaces in a very similar form as
n (2.4). Such operator and functional models for Nevanlinna functions can be
found in, e.g., [1,7,12,15,19,27,33,39,41].

In the next theorem we characterize the class of generalized Q-functions.
Roughly speaking, it turns out that up to a symmetric constant a general-
ized Q-function is a restriction of an £(G)-valued Nevanlinna function @ with
invertible imaginary part on dom Q(A) and @ satisfies certain limit properties
at oco.

Theorem 2.6 Let Gy be a dense subspace of G, A\g € C\R, and let Q be a
function defined on C\R whose values Q(X\) are linear operators in G with

dom Q(\) = Gy, A € C\R. Then the following is equivalent:



(i) @ is a generalized Q-function of a triple {S, A, T}, where S is a simple
symmetric operator in some separable Hilbert space H, A is a selfadjoint
extension of S in H and A C T C S* with T = S*;

(ii) There exists a unique L(G)-valued Nevanlinna function Q with the prop-

erties (a), (B) and ():
(o) The relations

Q(A)h —ReQ(Ao)h = Q(A)h

and

Q(N)h —ReQ(Xo)h = Q(N\)*h

hold for all h € Gy and X € C\R;
(8) ImQ(A\)h =0 for some h € Gy and A € C\R implies h = 0;
(v) The conditions

lim 1(Q(in)k, k)=0 and lim nlm(Q(in)k,k) = oo

n——+00 n n—-+00
are valid for allk € G, k # 0.

Proof. We start by showing that (i) implies (ii). For this, let @) be a generalized
Q-function of the triple {S, A, T} and suppose that S is simple. Let Iy, be a
bounded operator defined on dom Q(\) = Gy such that ranT'y, = N,,(T) and
kerI'y, = {0}. According to Proposition 2.5 for each A € C\R

Q(A) —ReQ(X) =T}, (()\ —ReXg) + (A = Ao)(A = Ao)(A — )\)71)1}0

is a bounded operator in G defined on the dense subspace Gy and hence admits
a unique bounded extension onto G which is given by

QM) = T3, (A = Redo) + (A = X)X = Xo) (A = \) T, (2.7)
where T'y, € L(G,H) is the closure of T'y,. Obviously we have

Q(Ah —ReQ(Ao)h = Q(A)h

for all h € Gy and A € C\R, which is the first relation in («). Recall that for a
generalized Q-function Q(\)* is an extension of Q(A). This implies Re Q(\g) C
(Re @(Xo))",

Q)" —ReQ(X) C (QO) —Re QX)) = Q(N)’

and therefore also Q(A\)*h — Re Q(A\g)h = Q(N\)*h is true for all h € Gy and
A € C\R. Hence we have shown («).



Clearly @ in (2.7) is a holomorphic £(G)-valued function on C\R. Denote by
T'()\) the closure of T'(A) = (I + (A — Xg)(A — A)"1)T'y,. Then

) = (I+(A=2)(A=-N"1Ty,  AeC\R,

and it is not difficult to see that (2.3) extends to

Q) — Q)" = (A= m)I'() T(A).
Hence

(Im QV)k, k) = (Im A) (D) Tk, k) = (Im 3) [Tk

holds for all k£ € G and this implies that Q is a Nevanlinna function; cf. (2.5).
Furthermore, for h € G, we have

Im Q(A\)h = (Im )TN T (M)A

and from the property kerI'(A) = {0} (see Lemma 2.1) we conclude that
Im Q(\)h = 0 for h € G, implies h = 0, i.e., condition (3) holds. The same
arguments as in [39, Theorem 2.4, Corollaries 2.5 and 2.6] together with the
assumption that S is a densely defined closed simple symmetric operator show
that Q satisfies the conditions in (7).

Let us now verify the converse direction. If Q is a £(G)-valued Nevanlinna
function, \g € C\R and the first condition in (7) holds, then it is well known
that there exists a Hilbert space H, a selfadjoint operator A in H and a
mapping I' € £(G, H) such that the representation

Q(\) =ReQ(Xo) + I (A = Redo) + (A = X)(A = A)(A = X)) (28)

is valid for all A € C\R, see, e.g., [33,39]. Furthermore, the space H can be
chosen minimal, i.e.,

H=span{(I+ (A= X)(A- N )Tk:keg, A€ C\R}.  (29)

We define the mapping Iy, to be the restriction of I onto Go. As T is bounded
the closure Ty, of T'y, coincides with I'. We claim that Ty, is injective. In
fact, if T'y,h = 0 for some h € Gy then Th = 0 and by (2.8) we have Q(\)h =
Re @(Ao)h. Therefore Im @()\)h = 0 and by assumption () this implies h = 0.

Define the operator S by

Sf=Af, domS={fedomA: ((A=X)f,Tsh) =0 forall heGy}.



Then S is a closed symmetric operator and the identities ran (S — )\g) =
(ranTy,)* and ker(S* — \g) = ranT,, hold. Let

LA =T+ (X—=X)(A—= X))y, X € C\R. (2.10)

It is not difficult to check that ran (S—\) = (ranT'(\))~ is true for all A € C\R
and the conditions in (y) together with (2.9) now yield in the same way as in
[39, Theorem 2.4, Corollaries 2.5 and 2.6] that S is densely defined and simple.

Note that dom ANranTy, = {0} since A\ € p(A) and ranT, C N,,(S*). Let
us define a linear operator T in ‘H on dom T := dom A +ran T, by

T(f+ fr) = Af + MoSros fedomA, f,, €ranly,.

Obviously 7T is an extension of A and since N, (T) = ranTy, and ranT), is
dense in N,,(S*) we obtain from dom S* = dom A + N,,(S*) (see (2.1)) that
T C S* and T = S* holds.

According to condition (c) the Nevanlinna function Q and the function Q are
related by

QNh =QMNh+ReQ(N)h and Q(N)*h = Q(N)*h+ReQ(X)h

for all h € Gy and A € C\R. It remains to show that @ satisfies (2.3). Observe
first that for A\, u € C\R we have

QN = Q(1)h = Q(Nh — Q(p)"h. (2.11)
Denote the closures of the operators I'(A), A € C\R, in (2.10) by I'(\). Then

P =T = (T+A =)A= N = (T+ A= X)(A=NT

and it follows from (2.8) with a straightforward calculation that

QW) = Q) =A=' TN),  ApeC\R, (2.12)
holds. As T'(p)* =T(i) = I(1)* we conclude

QMh = Q(p)"h = (A= () T(Nh,  he G,
from (2.11). Therefore Q is a generalized Q-function of the triple {S, A, T}. O

Remark 2.7 The definition of a generalized Q-function can be extended to
the case that A is a selfadjoint relation, S is a non-densely defined symmetric
operator or relation and T 1s a linear relation which is dense in the relation
S*. We refer to [39] for ordinary Q-functions in this more general situation.
In this case the condition () in Theorem 2.6 can be dropped.
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For ordinary @Q-functions Theorem 2.6 reads as follows; cf. [39, Theorem 2.2
and Theorem 2.4].

Theorem 2.8 A L(G)-valued Nevanlinna function Q is an ordinary Q-
function of some pair {S, A}, where S is a densely defined closed simple sym-
metric operator in some Hilbert space H and A is a selfadjoint extension of S

in M, if and only if condition (v) in Theorem 2.6 and 0 € p(Im Q(N)) holds
for some, and hence for all, X\ € C\R.

Corollary 2.9 Let Q be a generalized Q-function of {S, A, T} and let Q be
the L(G)-valued Nevanlinna function in Theorem 2.6. Then for all A € C\R
and h € Gy we have

d d ~ .
7 QWA = 22 QW =T () T(Wh.

Proof. It follows from (2.12) that

d 54y i Q) = Q)" _ & 5n
5 Q) = lim " =TL(A)TM)

holds. Hence condition (a) in Theorem 2.6 and T'(A) = T()\) imply

d ANh — *h 9) _

for h € Gy. O

3 Elliptic operators and the Dirichlet-to-Neumann map

Let 2 C R™ be a bounded or unbounded domain with compact C'*°-boundary
09). Let L be the ”formally selfadjoint” uniformly elliptic second order differ-
ential expression

€hfe)i== 3 (grangs ) )+ aw)sa) (3.1)
jk=1 \OTj Tk

x € Q, with bounded infinitely differentiable real valued coefficients a;;, €
C>(Q) satistying ajx(z) = ay;(z) forallz € Q and j, k = 1,...,n; the function
a € L*>®(Q) is real valued and

ajp ()& > C Y& (3.2)
k=1

n
J,k=1

11



holds for some C' > 0, all £ = (&,...,&,)" € R and x € Q. We note that the
assumptions on the domain €2 and the coefficients of £ can be relaxed but it
is not our aim to treat the most general setting here. We refer the reader to
e.g. [30,40,43,52] for possible generalizations.

In the following we consider the selfadjoint realizations of £ in L?*(2) subject
to Dirichlet and Neumann (or oblique Neumann) boundary conditions. For a
function f in the Sobolev space H?(2) we denote the trace by f|sq and the
trace of the conormal derivative is defined by

of
ov

J Jaxk

00 5T 00

here n(z) = (ny(x),...,n,(x))" is the unit vector at the point x € 9 pointing
out of Q. Recall that the mapping C*(f2) > f — {f|aQ, % BQ} extends by
continuity to a continuous surjective mapping

H*(Q)> f+— {f|m, gﬂm} e H*?(0Q) x H/*(09). (3.3)
The kernel of this map is
0
H3 () = {f € H*(Q) : floa = a‘;j’aﬂ— 0}

which coincides with the closure of C§°(£2) in H%(2). We refer the reader to the
monographs [40,43,52] for more details. In the following the scalar products
in L?(Q) and L*(0N) are denoted by (-,-)q and (-, -)sq, respectively. Then

Green's identity
of
- = , 3.4
39)39 <8V 09 g|39>m B

holds for all functions f,g € H%(Q). We note that (3.4) is even true for f €
H?(Q) and g belonging to the domain of the maximal operator associated to
L in L*(Q) if the (-, -)aq scalar product in L?(99) is extended by continuity to
H32(0Q) x H™32(99Q) and HY/2(02) x H~Y/2(052), respectively, see [40,52].
However, we shall make use of (3.4) only for the case f,g € H?(Q).

99

(€190~ (1. £9)n = (lom. 5

It is known that the realizations Ap and Ay of £ subject to Dirichlet and
Neumann boundary conditions defined by

Apf=Lf, domAp={feH Q) : flon =0},
0

3.5
Anf =LFJ, domAN:{fe[-j?(Q):gJ;aQ: }7 (3-5)

12



are selfadjoint operators in L?(Q2). The following statement is known and can
be found in, e.g., [40]. It can be proved with similar methods as Theorem 4.1
in the next section.

Proposition 3.1 Let L be the elliptic differential expression in (3.1). Then
the operator

Sf=Lf,  domS = HQ), (3.6)

is a densely defined closed symmetric operator in L?(Q) with infinite deficiency
indices ny(S) and the adjoint S* of S coincides with the mazimal operator
associated to L,

S'f=Lf,  domS ={fel*Q):Lfec Q)]
The operator
Tf=Lf, dom T = H?*(Q),

is not closed as an operator in L*(Q)) and T satisfies T = S* and T* = S.
Furthermore, the selfadjoint operators Ap and Ay in (3.5) are extensions of
S and restrictions of T.

In order to define a mapping I'y, for the definition of a generalized ()-function
associated to the triple {S, Ap,T'} we make use of the decomposition (2.1) in
the present situation. More precisely, for all points A in the resolvent set p(Ap)
of the selfadjoint Dirichlet operator Ap we have the direct sum decomposition
of domT = H?():

H*(Q) = dom Ap + MA(T) = {f € H*(Q) : floo = 0} + NA(T),  (3.7)
where
NA(T) = ker(T = X) = {fr € H*(Q) : Lfr = A}

Let now ¢ be a function in H*2(92) and let \g € p(Ap). Then it follows from
(3.3) and (3.7) that there exists a unique function fy, € H*(2) which solves
the equation Lfy, = Mofag, 1€, fr, € Na(T), and satisfies fi,|sq = p. We
shall denote the mapping that assigns f, to ¢ by I'y,,

Hg/Q(aQ) S>p 1—‘/\090 = f>\0 S NAO(T)7 (38)

and we regard Ty, as an operator from L?(9Q) into L*(Q2) with domT,, =
H?2(09)) and ran Ty, = Ny, (T).

Proposition 3.2 Let \g € p(Ap), let T'y, be as in (3.8) and let X € p(Ap).
Then the following holds:
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(i) Ty, is a bounded operator from L*(0) in L*(Q)) with dense domain
H32(0Q);
(i) The operator T'(\) = (I + (A — Xo)(Ap — N\) 1Ty, is given by

TN = fr, where fre NAT) and filao = ¢;
(iii) The mapping T(N\)* : L3(Q) — L*(09) satisfies

f of

PO (Ap =Nf==5 | . [€domdAp.

Proof. Statement (i) will be a consequence of (iii). We prove assertion (ii).
Recall that by Lemma 2.1 the range of the operator T'(\), A € p(Ap), is
NA(T). Let ¢ € domT'(A\) = H??(09) and choose elements fy € N,(7T) and
ro € Ny, (T) such that

fA’@Q =@ = fA0|6Q

holds. According to (3.7) the functions fy and f,, are unique. Then I'y ¢ = f,
and hence we obtain

TN =T+ A=) (Ap = AN) T = fr, + (A= Xo)(Ap — N) T

Since (A — \g)(Ap — A\)7'T, 0 belongs to dom Ap it is clear that the trace of
this element vanishes. Therefore, the traces of the functions T'(\)p € N\(T)
and f), coincide,

(LN))laa = fagloa = ¢ = filea

Thus we have that the traces of I'(A)p € Ny(T) and fr € NA(T) coincide and
from (3.7) we conclude I'(\)p = f.

(iii) Let ¢ € H??2(08) and choose the unique function g5 € N5(T) with the

property gs|oa = ¢. Hence we have I'(A)¢ = g5 and for f € dom Ap it follows

(T, (Ap = N f),, = (93, Apfa = (Ags, Fla = (g5, Apfla — (T, Ha-

Making use of Green’s identity (3.4) we find

of
7f|aQ - gj\|897 a‘
it 20 v1oQ/ pq

and since the trace of f € dom Ap vanishes the first summand on the right

a _
(9, Apfla — (Tgx, fla = (ag;

14



hand side is zero. Therefore

\ of of
(e (4o~ 01)y == (b 5] ) = (-

39) a0

holds for all ¢ € domI'(\) = H*?2(0S). This gives (Ap — \)f € dom'(\)*
and

DOV (Ap — V) = o

o0N

Moreover, as A € p(Ap) and f € dom Ap was arbitrary we see that I‘(E\)* is
defined on the whole space L?(2). This together with the fact that T'(\)* is
closed implies

TV € L(LX(), L*(09))
for X € p(Ap) and, in particular, T'(X) C T(X) = T'(A)** is bounded. Inserting
Ao = A this yields assertion (i). O

In the study of elliptic differential operators the so-called Dirichlet-to-
Neumann map plays an important role, we mention only [4,14,22-26,31,42 44—
49,51]. Roughly speaking this operator maps the Dirichlet boundary value
fr]oq of an H?(Q)-solution of the equation Lu = Au onto the Neumann bound-
ary value %’ag of this solution. In the following definition also a minus sign
arises, which is needed to obtain a generalized @-function in Theorem 3.4.
Otherwise —(@Q would turn out to be a generalized Q)-function.

Definition 3.3 Let A € p(Ap) and assign to o € H3?(0S) the unique func-
tion fx € NA(T) such that fy|laq = ¢, see (3.3) and (3.7). The operator Q(\)
in L*(0R)) defined by

Af

S L ¢ € domQ(\) = H¥?(0Q), (3.9)
v laa

QN = Q) (falon) ==
is called the Dirichlet-to-Neumann map associated to L.

Note that by (3.3) the range of the Dirichlet-to-Neumann map Q(\), A €
p(Ap), lies in H'/2(992). We remark that the Dirichlet-to-Neumann map can
be extended, e.g., to an operator from H'(9) in L?(99Q) if instead of H%(Q)
the operator T is defined on a suitable subspace of H*?2(Q); cf. [4-6,9,32,40].
However, for our purposes this is not necessary since Ap and Ay are defined
on subspaces of H*(12).

In the next theorem we show that the Dirichlet-to-Neumann map is a gen-
eralized Q)-function and we illustrate the usefulness of this object in the rep-
resentation of the difference of the resolvents of the Dirichlet and Neumann
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operators Ap and Ay in (3.5). Similar Krein type resolvent formulas can also
be found in [9,13,25,26,47-50]. The fact that the difference of the resolvents
belongs to some von Neumann-Schatten class depending on the dimension of
the space is well-known and goes back to M.S. Birman; cf. [11].

Theorem 3.4 Let L be the elliptic differential expression in (3.1) and let Ap
and Ay be the selfadjoint realizations of L in (3.5). Denote by S the minimal
operator associated to L and let T = L | H*(Q) be as in Proposition 3.1.
Define I'(X) as in Proposition 3.2 and let Q(N\), A € p(Ap), be the Dirichlet-
to-Neumann map. Then the following holds:

(i) @ is a generalized Q-function of the triple {S, Ap,T};
(ii) The operator Q(N) is injective for all X € p(Ap)Np(An) and the resolvent
formula

(Ap =N = (Ay =) =T(N)Q\)'T(N) (3.10)

holds;
(iii) For p > "7_1 the difference of the resolvents in (3.10) belongs to the von
Neumann-Schatten class S,(L*(52)).

Proof. In order to prove assertion (i) we have to check the relation
QW) = Q)" = A=) TA),  ApepAp), (3.11)

on dom Q(A\) = H??(08). For this it will be first shown that H32(9Q) is a
subset of dom Q(y)* and that Q(u)* is an extension of Q(f1). Let ¢ € H3/2(9Q)
and choose the unique function f; € Nz(T) such that filsq = 9. For an
arbitrary ¢ € dom Q(u) = H*?(9Q) let f,, € N,(T) be the unique function
that satisfies f,|sn = ¢. By the definition of the Dirichlet-to-Neumann map
we have

0 0fz
Ol QU =

o0 v laa

Qu)p =

and hence Green’s identity (3.4) shows

0
f/‘ ) f,u|8ﬂ>
N 90

Qe = (-
_ 2 af, 2
= (fu|aﬂ, 87; 89)39 - (8: . fu|89>8g + (% _87;

— (T, f)o— (T + (go, Ofa ) |
o0

v
Since f, € N,(T) and f; € Ni(T) it is clear that (T'f,, fa)o = (fu. T fa)e

89) o0
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holds and therefore we obtain

os,
ov

(Q(u)p, V)aa = (907

39) o0

= Q(n)y.

o0N

for all p € dom Q(u). Thus ¥ € dom Q(u)* and

O

Qu)" = B

Next we prove the relation (3.11). Let ¢,¢ € H32(9Q) and choose the func-
tions fy € N\(T) and g, € N,(T) such that f\|oo = ¢ and g,|sq = . Hence
we have

_Oh
ov lag’

Quys =

QN)y = 5

, TWe=/fi and T(u)y = g,
o0

Note that ¢ € H3/2(Q) belongs to dom Q(u)* by the above considerations.
With the help of Green’s identity (3.4) we find
Ofx

. _(9h O9u
(@M —Q(u) )go,@b)m = (ay a@’g“m)m + <fA|aQ, 5 m)aﬂ

= (fo,gu)g - (fA,Tgu)Q = (A — ﬂ)(fmgu)n
= (A= BTN, T(pw)a = (A =BT TNe,v), .

This holds for all ¢ in the dense subset H%2(09Q) of L?*(09) and therefore
(3.11) is valid on dom Q(\) = domT'(\) = H?3?2(99), i.e., the Dirichlet-to-
Neumann map is a generalized Q-function of the triple {S, Ap, T'}.

(ii) Let A € p(Ap) N p(Ax) and suppose that we have Q(A)p = 0 for some
¢ € H3%(09Q). There exists a unique fy € Ny(T) such that fy|sq = ¢ and for
this fy by assumption we have %\ag = 0. Hence f\ € dom Ay N N,(T) and
from A € p(Ay) we conclude f\ = 0, that is, ¢ = fi]sq = 0.

Therefore Q(A\)™', A € p(Ap) N p(Ay) exists and, roughly speaking, Q(\)~*
maps the negative Neumann boundary values of H?(Q2)-solutions of Lu = Au
onto their Dirichlet boundary values. Let us prove the formula (3.10) for the
difference of the resolvents of Ap and Ay. Observe first, that the right hand
side in (3.10) is well defined. In fact, by Proposition 3.2 (iii) and (3.3) the range
of D(\)* lies in H'/2(92) and it follows from the surjectivity of the mapping in
(3.3) that Q(A\)~! is defined on the whole space H'/2(92) and maps H'/?(9Q)
onto H*?2(952), the domain of T'(\).

17



Let now f € L*(Q2). We claim that the function

g=(Ap =N f =TNQW)'T(\)f (3.12)

belongs to dom Ay. It is clear that g is in H?(2) since (Ap — )~ f € dom Ap
and the second term on the right hand side belongs to N,(T'), the range
of I'(A\). In order to verify %bg = 0 we choose fp € dom Ap such that
f=(Ap — \)fp, so that (3.12) becomes

1 9fp

9=fo =TT (Ap = N fp = fo +T(N)QN) O log

(3.13)

where we have used Proposition 3.2 (iii). Let f) := F(/\)Q(/\)*l%iﬂag. Then
fr € NA(T) and the trace of fy is given by

~19fp
ov laa

Nloa = Q(N)

Hence Q(N) falaa = %]ag, but on the other hand, by the definition of the
Dirichlet-to-Neumann map Q(X)faloa = —%bg. Therefore, the sum of the
Neumann boundary value of the function fy and the Neumann boundary value
of fp is zero and we conclude from (3.13)

)

o] (rove
We have shown that g in (3.12) belongs to dom Ay. As T is an extension of
Ay and Ap, and ranI'(\) = ker(7"— \) we obtain
(Ax = N)g = (T = N)(Ap = N)7'f = (T = NTNQN) TN f = [.
Together with (3.12) we find
(Av =N f = (Ap =) f =T(NQW) T\ f

for all A € p(Ap) Np(Ax) and f € L?(Q), and therefore the resolvent formula
(3.10) is valid.

99
ov

9
on Ov

_9fp

a0 Ov

0
L9

—=| =0.
o OV

o2

Up to some small modifications assertion (iii) was proved in [11]. O
We mention that for A\, \¢g € p(Ap) the Dirichlet-to-Neumann map is con-

nected with the resolvent of Ap via

Q(A) = ReQ(Xo) + I, (A = Re Xo) + (A = Ao)(A = Ao)(Ap = )7 Ty,
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This follows from the fact that @) is a generalized @)-function and Proposi-
tion 2.5. The following two corollaries collect some properties of the Dirichlet-
to-Neumann map and its inverse.

Corollary 3.5 For \,\g € p(Ap) the Dirichlet-to-Neumann map Q(X\) has
the following properties.

(i) Q(X\) is a non-closed unbounded operator in L*(00) defined on H*/?(0Q)
with ran Q(\) € HY2(Q);
(i) Q(A) — ReQ(X\o) is a non-closed bounded operator in L*(0)) defined on
HS/Q((()Q);
(iii) the closure Q(N) of the operator Q(\) — Re Q(Xo) in L2(0K) satisfies

d ~ I

200 =TT

and Q is a L(L*(99Q))-valued Nevanlinna function.

Proof. Besides the statement that QQ()) is a non-closed unbounded operator
the assertions follow from the fact that @) is a generalized @Q-function and the

results in Section 2. In Corollary 3.6 it will turn out that Q(A)~! is a compact

operator and that Q(\)™! is not closed. This implies that Q(\) and Q()) are
unbounded and that Q(\) is not closed. O

Corollary 3.6 For A\ € p(Ap) N p(Ax) the inverse Q(A)~' of the Dirichlet-
to-Neumann map Q(X) has the following properties.

(i) Q(\)~! is a non-closed bounded operator in L*(98)) defined on H/?(0Q)
with ran Q(\) ™! = H3/2(0Q);
(ii) the closure Q(N)~! is a compact operator in L*(00);

(iii) the function A — —Q(\)~1 is a L(L*(0N))-valued Nevanlinna function.

Proof. It is clear that (i) is an immediate consequence of (ii). Statement
(iii) follows from Theorem 2.6 and general properties of the Nevanlinna class.
Assertion (ii) is essentially a consequence of the classical results in [40],
see also [32, Theorem 2.1]. Namely, for A € p(Ap) N p(An) the operator
Q(N) : H??(0)) — HY2(0Q) is an isomorphism and can be extended to
an isomorphism Q(\) : H'(9Q) — L?(8Q) which acts as in (3.9). Therefore
QN € Q(N) Vs a densely defined operator in L2(9€) which is bounded as
an operator in H'(9Q) and hence also bounded when considered as an opera-
tor in L?(99). Tts closure Q(A\)~! in L*(9Q) is a bounded everywhere defined
operator in L?(dQ) with values in H'(9Q) and coincides with Q(X\)~'. As
H'(99Q) is compactly embedded in L?(99) it follows that Q(A\)~! is a compact
operator in L?(992). O
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The next corollary is a simple consequence of Theorem 3.4 for the case that
the difference of the resolvents is a trace class operator.

Corollary 3.7 Let the assumptions be as in Theorem 3.4, let Q be the Nevan-
linna function from Corollary 3.5 and suppose, in addition, n = 2. Then

t%MD—A>%4AN—»1)=H(@u>gg@@Q (3.1

holds for all X € p(Ap) N p(An).
Proof. The resolvent formula (3.10) can be written in the form
(Ap — )" = (Ay = N = TV Q)T TG’ (3.15)

where the closures T'(\) and Q(\)~! are everywhere defined bounded opera-
tors; cf. Corollary 3.6 (ii). In the case n = 2 it follows from Theorem 3.4 (iii)
that (3.15) is a trace class operator and from Corollaries 2.9, 3.5 (iii) and well
known properties of the trace of bounded operators (see [28]) we conclude

(3.14). O

4 Coupling of elliptic differential operators

In this section we study the uniformly elliptic second order differential expres-
sion £ from (3.1) on two different domains and a coupling of the associated
Dirichlet operators. More precisely, let €2 C R™ be a simply connected bounded
domain with C*-boundary C := 9Q and let ' = R"\Q be the complement of
the closure of Q in R™. Clearly, ' is an unbounded domain with the compact
C*-boundary 9€) = C. Let again L be given by

oh
Z (9:1: ajk k+ah (4.1)
j

7,k=1

with bounded real valued coefficients a;;, € C*°(R"™) satistying a;i(z) = ax;(z)
for all x € R™ and j, k = 1,...,n; the function a € L>°(R™) is real valued and
suppose that £ is uniformly elliptic; cf. (3.2). The restriction of £ on functions
f defined on €2 or functions f” defined on €2 will be denoted by Lq and Lgy,
respectively. Then it is clear that the differential expressions Lq and Lq are
of the type as in Section 3.

In the following we will usually denote functions defined on R™ by h or k,
and we denote functions defined on Q or €' by f, g or f’, ¢, respectively. The
scalar products of L?*(Q2) and L?*(€Y’) are indexed with Q and €, respectively,
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whereas the scalar product of L?(R") is just denoted by (-, -). For the trace of
a function f € H?(Q) and f' € H?({Y') we write f|c and f|c, and the trace of
the conormal derivatives are

n of
Z Jknjaf’ an f

J.k=

S an

J.k=

here n(x) = (ni(x),...,n.(z))" and n/(z) = —n(z) are the unit vectors at
the point x € C = 992 = 9 pointing out of Q2 and €', respectively. Note also
that the coefficients a;;, in (4.2) are the restrictions of the coefficients in (4.1)
onto € and ', respectively. The Dirichlet operators

Aof = Laof, dom Ag = {f € H*(Q) : f|c = 0},
AQ/f/ = ,CQ/f/, dom A = {f € HZ( ) f |c = 0}

are selfadjoint operators in L?(Q2) and L?(€'), respectively. Hence the orthog-
onal sum

Aq 0
A= , dom A = dom A & dom Agy, (4.3)
0 Aq

is a selfadjoint operator in L*(R™) = L?(Q2) & L?(£Y'). Observe that

Alfof)=L(fof)=Laf ®Laf

domA={faf € H(Q) & H Q): fle=0= fle}, 44

and that A is not a usual second order elliptic differential operator on R" since
for a function f @ f’ € dom A the traces of the conormal derivatives %k and

—g—wc at the boundary C of the domains Q and €’ in general do not coincide.

Besides the operator A we consider the usual selfadjoint operator associated
to £ in L?*(R") defined by

Ah=Lh,  hedomA=H*R"), (4.5)

and our aim is to prove a formula for the difference of the resolvents of A
and A with the help of a generalized @-function in a similar form as in the
previous section.

The following theorem indicates how S and T in the triple {S, A, T} for the
definition of a generalized Q)-function can be chosen.

Theorem 4.1 The operator

Sh=Lh, domS={h=faf ecHR"):fle=0=fl}, (4.6)
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is a densely defined closed symmetric operator in L*(R™) with infinite defi-
ciency indices ny(S). The operator

T(fef)=L(faf),

domT = {f & f' € H*(Q) @ HX(Q) : flc = f'le}, o

is not closed as an operator in L*(R™) and T' satisfies T = S* and T* = S.
Furthermore, the selfadjoint operators A and A in (4.3), (4.4) and (4.5) are
extensions of S and restrictions of T'.

Proof. The operator S is a restriction of the selfadjoint operator A and hence
S is symmetric. The fact that dom S is dense follows, e.g., from the fact that
HZ(Q) and HZ(SY') are dense subspaces of L*(Q) and L*(€'), respectively, and

H2(Q) @ H3(Y) C dom S.
Since for any function h € H?*(R") decomposed as h = f @ f’, where f €
H*(Q), ' € H*Y), we have fl|c = f'|lc € H*?(C) it follows that A is an

extension of S and a restriction of the operator T'. Moreover, S C A C T is
obvious.

Let us verify that S = T™ holds. In particular this implies that S is closed and
that T = S* is true. We start with the inclusion S C T*. Let h = f @ f’ €
dom S and k= g® ¢ € domT, where f,g € H*(Q) and f', ¢ € H*({'). First
of all we have

(Tk,h) — (k,Sh) = (Lag, fla — (9. Laf)o+ (Lad, o — (¢ Lo f o

and Green’s identity (3.4) shows that this is equal to

09 ) (5] rte) + (oo ) - (5
gc,aVCc aVC’ Cc gCaay,cc By

Since h = f & [’ € dom S we have
__of

C ov'

7f/|C> .
¢ c

af

f|c = f |C =0 and aV

C’
and for k = g ® ¢’ € dom T by definition ¢|¢ = ¢’|¢ holds. Hence we conclude
(Tk,h) — (k, Sh) =0

and therefore every h € dom S belongs to dom T and T*h = Sh, i.e., S C T*.
Let us now prove the converse inclusion 7% C S. For this it is sufficient to
check that every function h € dom 7™ belongs to dom S. From the fact that
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T is an extension of the selfadjoint operators A and A we conclude
T"CA*=AcCT and T-CcA*=ACT,

so that T* is a restriction of A and A. Hence every function A in dom T*
belongs also to dom A and dom A. Thus h = f & f' € H*(R") and f € H*(Q)
and f' € H*(QY) satisfy flc = f'|c = 0. Therefore domT* C dom S and we
have shown 7™ = §S.

Next it will be verified that T is not closed. The arguments are similar as in
8, Proof of Proposition 4.5] and could also be formulated in terms of unitary
relations between Krein spaces; cf. [17]. Assume that T is closed, i.e., T =T,
and consider the subspace

fef
M= T<ff79 T f@f edomTy C L*(R") & L*(R") & L*(C) & L*(C).
C

0 of
5l + Gle.

Observe that by (3.3) and the definition of 7" the mapping

domTBf@f’ — {f|c,§£

of
o

} e H*¥?(C) x HY?(C) (4.8)
C

is onto. Setting N = L?(R") & L*(R") ® {0} ¢ {0} it is clear that the sum of
the subpaces M and N is

M+N = 2R & LAR") @ (H**(C) x H'?(C)). (4.9)

We will calculate the orthogonal complements of M and N in L*(R") &
L*(R™) @ L*(C) ® L*(C) and show that M+ + N is closed. First of all we
have

N+ ={0}a{0}® L*(C) @ L*C) (4.10)

and in order to determine M= suppose that

_l@l/_
g@g/ 1 2 !oq! 2 / 2

e M-, 9.1 € L(Q), ¢",I' € L(X), p,v € L7(C),  (4.11)
4

¥
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is an element in L*(R™) & L?(R™) & L*(C) & L*(C) which is orthogonal to M.
Then we have
9
¢ Je

(4.12)

af’

of
vl o

(T(f@f’),g@g’) - (f@f'7l@l/) = _<f|c’90)c_ (81/

for all f @ f' € domT. In particular, for f @ f' € dom S we have

af af'
o -2

and fle = f'le =0,

c ov'

c

so that (4.12) becomes

(T(fof)ged)=(S(fef)eed)=—(fof.lal)
and hence g ® ¢’ € dom S* and S*(¢g @ ¢') = —1 @ I'. But we have assumed
that T is closed and hence from S = T* we conclude S* = T** =T =T, so
that
g®¢g €edomT and T(gdg)=-ladl. (4.13)

From Green’s identity we then obtain

(T(fof)god)-(fof Tgod))
= (Laf,9)a — (f, Lag)a + (Lo f',d ) — (f', Larg o

(. 99 _(9f 99 (o)
(09 0d| ) _ (o5 or

where we have used that f® f', gbg’ € dom T satisfy fl|c = f'|c and glec = ¢'|c.
Inserting (4.13) in (4.12) and comparing this with the above relation shows

that the identity
_(of) of
¢ *")c - ( avle o

dg| Og
f|c,‘ += 79|c—@/)> (4.14)
( 61/ C 61/ C c

holds for all f@® f’ € dom T As the mapping (4.8) is surjective and H/?(C) x
HY2(C) is dense in L*(C) & L*(C) we conclude from (4.14) that

B dg| 0g
S0__<8V+

c OV

> and Y= 9’6
c
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holds. Hence we have seen that the element (4.11) in M* is of the form

~T(g@g)

@ /
g9 (4.15)

9 )
~ale —ale

gle

for some g® ¢’ € domT'. It is not difficult to check that conversely an element
as in (4.15) belongs to M*. Therefore the orthogonal complement of M is
given by

-T(g®g)

@ /
M= éf i/ L g® g €domT s C LAR") @ LA(R™) & L2(C) & L*(C)
_9g9| _99

on|c oV

9|c

c

and together with (4.10) we find that the sum of M+ and Nt is

~T(g@4d)

M+ N =
gog

:g@jedmﬂ}@L%Q@L%@.

The assumption that T is closed implies that M+ 4+ ANt is a closed subspace
of L*(R™) & L*(R") & L*(C) & L*(C). But then according to [34, IV Theorem
4.8] also M + N is a closed subspace of L?(R") & L?*(R") & L?*(C) & L*(C)
which is a contradiction to (4.9). Thus 7" can not be closed. O

The following lemma will be useful later in this section.

Lemma 4.2 Let S and T be as in Theorem 4.1 and let A be the selfadjoint
realization of L in L*(R™) defined on H*(R"). For a function f® f' € domT,
where f € H*(Q) and ' € H*(Q), we have

of

f@® f €domA if and only if 3

__of

c_ o'’

c

Proof. For a function f @ f € dom A = H2(R") it is clear that %\c = —gl{j e
holds. Conversely, let f @ f' € domT and assume

af| __of
ovle oV

. (4.16)
C
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Then also f|¢c = f’|c and since every g & ¢’ € dom A satisfies

99
ovlc

ag

/
gle =g and —Z
lc lc 9 |

Green’s identity implies

(Agag).fof)-(sgod.T(faf))
(. of of 1\ _ (99 )\ _
— <g|c, ‘ ) ( f|c> (g e, =— ey ‘C>C <8u C,f Ic>c =0.

Therefore f & f' € dom A* = dom A. O

Next we define a mapping I"), which satisfies the assumptions in the definition
of a generalized Q-function. For this let A be the selfadjoint operator in L?(R")
in (4.3) and (4.4) which is the orthogonal sum of the Dirichlet operators Agq
and Ag in L*(Q) and L?(Q), respectively. For A € p(A) the domain of the
operator 1" in Theorem 4.1 can be decomposed in

dom T = dom A + N,(T)

—{f e e H Q) ® HXQ) : fle = fle = 0} + My (T (4.17)

cf. (2.1). Let us fix some Ay € p(A). The decomposition (4.17) and the surjec-
tivity of the map

Lof

dOInT ) f@f’ — {f’c’ ay/

} c H3*(C) x HY*(C)  (4.18)

(see (3.3) and (4.8)) imply that for a given function ¢ € H3/?(C) there exists
a unique function fy, ® f3, € Ny (T) such that fy |c = f3, |c = ¢. Let Ty, be
the mapping that assigns f\, @ f,’\o to ¢,

H3/2(C> B@HFAO()O = f/\OEBf/I\o' (419>

Similarly as in the previous section I'y, will be regarded as an operator from
L*(C) to L*(R™) with dom Ty, = H3/?(C) and ranT'y, = Ny, (T). Observe that
the function Ty, = fi, @ f3, consists of an H?(Q2)-solution fy, of Lou = Au
and an H*(QY')-solution f5  of Lou' = At/ satisfying the boundary conditions
Y= on'C = f£0|c-

The following proposition parallels Proposition 3.2.
Proposition 4.3 Let Ay € p(A), let Ty, be as in (4.19) and let X € p(A).
Then the following holds:
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(i) Ty, is a bounded operator from L*(C) in L*(R"™) with dense domain
H3/2<C),
(i) The operator T'(\) = (I + (A — Xo)(A — X\)"HTy, is given by

FN)p= e f, where fr@ fLeNAT) and frle = = file;

(iii) The mapping T(A\)* : L*(R") — L2*(C) satisfies

o) _or

T\ (A= Nh=—22| -
WA=Nh =5 |~

h=f® f € domA.

C’
Proof. We start with the proof (ii). Let ¢ € H*?(C) and choose the unique
elements fy @ f} € NA(T) and fr, @ f35, € N (T) such that

fle = file = ¢ = frole = file
holds. By definition 'y, = fy, @ f}, and therefore

T(A)p =Tho+ (A=) (A=) ""Typ
= [0 @ fro + (A= 20)(A = ATy

Since (A — X\g)(A — A\)7'T,¢ is a function belonging to dom A we have
(A =20) (A= N)Thp) | = 0:
cf. (4.4). This implies
CNP)le = Ca@lle = (Fro ® f,)le = Frole = fiole = ¢
and since ranT'(\) = N, (T') (see Lemma 2.1) and f,&® f} is the unique function

in NV)(T) with filc = file = ¢ we conclude T'(N\)p = f\ @ f.

Next we verify (iii). Observe that then T'(A)*, A € p(A), is a closed operator
which is defined on the whole space, i.e., ['(\)* is bounded and hence assertion
(i) follows by setting Ao = A. Let ¢ € H3/?(C) and choose the unique function
fx @ f; € Ni(T) such that
file=file = (4.20)

holds. Then T(A\)¢p = f5 @ f4 and for each h = f @ f' € dom A, where
f e H?(Q), f' € H* (), we have
(TN, (A= Nh) = (Ao fhAfe ) - (T(he f).fof)

= (s, Laf)a = (Lafs, Nla+ (f5. Lo ) = (Lo S5, far-
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With the help of Green’s identity this can be rewritten as
S
/e

Ofx -~ of of / ! af
<8y C,f|c>c - (fA|c, ayL)(Z + (8;’ C;f |c>c - <f/\|C> By

Since for h = f @ f' € dom A we have f|c = f’|c = 0 we conclude from the
above calculation and (4.20) that
C)c

holds for every ¢ € H3?(C) = domT'(\). Hence (A — A)h € domT'(A)* and

_of| _of
ovle oV

of

_ af'
(P, (4= A)h) = — (% o

c oV

TA)*(A—MNh = h=fa f €domA.

)
C

Furthermore, for A € p(A) we have ran (A — \) = L%(R"), so that ['(\)* is a
bounded operator defined on L?(R"). O

Next we define a function () in a similar way as the Dirichlet-to-Neumann map
in Definition 3.3. For this we make use of the decomposition (4.17). Namely,
for A € p(A) and ¢ € H3/%(C) there exists a unique function fy @ f; € Ni(T)
such that fyle = file = ¢. The operator Q(\) in L*(C) is now defined by

)

I _
c OV

— ¢ € domQ(\) = H*?(C). (4.21)

Q\)p =

)
C

Observe that ran Q(A\) € H'?(C) holds. Roughly speaking, up to a minus
sign Q(\) maps the Dirichlet boundary value of the H?-solutions of Lou = Au
and Lou' = M/, ule = v|c, onto the sum of the Neumann boundary values
of these solutions. We mention that in the analysis of so-called intermediate

Hamiltonians a modified form of such a Dirichlet-to-Neumann map has been
used in [44].

In the following theorem it turns out that () can be interpreted as a generalized
Q-function and the difference of the resolvents of A and A is expressed with
the help of Q.

Theorem 4.4 Let L be the elliptic differential expression in (4.1) and let A
and A be the selfadjoint realizations of L in (4.3)-(4.4) and (4.5), respectively.
Let S and T be the operators in Theorem 4.1, define I'(\) as in Proposition 4.3
and let Q(N), X € p(A), be as in (4.21). Then the following holds:

(i) @ is a generalized Q-function of the triple {S, A, T};
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(ii) The operator Q(N) is injective for all X € p(A) N p(A) and the resolvent
formula

(A= 2" = (A= X" =TQM) 'T(V)’ (4.22)

holds;
(iii) For p > ™51 the difference of the resolvents in (4.22) belongs to the von
Neumann-Schatten class S,(L*(R™)).

Proof. Let us prove assertion (i). Before the defining relation (2.3) for a
generalized @Q-function will be verified we show that the operator Q(u)* is an
extension of Q(f1), 1 € p(A). For this let ¢» € H3?(C) and choose the unique
clement f; @ f1, € N(T) with the property fzle = file = ¢. For ¢ € H32(C)
let f, @ f,, € Nu(T) be such that f.|c = f,|c = ¢ holds. By the definition of
@ in (4.21) we have

of,

8f,:
Qu)p = T ou

c oV

o
. and Q(u)w——aj“

s

c oV

C

Ofn d ofp af;
From (flc, %\c)c = (%\cyfﬂc)c and (flc, 5.7 lc)e = (5.5 1c, file)e we then

conclude
of’ dfa of!
_ _ H ! - _ K H

c OV
and therefore ¢ € dom Q(u)* and Q(u)*y = Q(f).

Qe = - (5

Let I'(+) be as in Proposition 4.3. We prove now that
QM) = Q)" = A=) TQA),  Apepld) (4.23)

holds on domT'(\) = H?*2(C). For this let ¢, € H3?(C) and choose the
unique elements fy & f3 € N\(T), f,. © f}, € N.(T) with the properties

Hle=RAle=¢ and  fule= file =1 (4.24)

Then according to Proposition 4.3 (ii) I'(A)p = f @ f} and I'(u)y = f, @ f,,

and the definition of Q(-) in (4.21) shows
Ofu|  OF, )
) + [N + .
C¢>c <S0 le O'lic),

(@) = QU )¢,v), = — (%{A L0

c oV
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By inserting (4.24) and making use of Green’s identity we obtain

(@) = Q) )e.v),
= (Lo fu)o = (Fr Lafida+ (La Sy fidor = (Fr Larfy e
= A=) (S o+ o) =N =p)(he f fue 1))
= A=) We, N(Y) = (A= HTE) TNe,¢) .

i.e., (4.23) holds and @ is a generalized Q-function for the triple {S, A,T}.

(ii) We check first that ker Q(\) = {0} holds for A € p(A) N p(A). Assume
that Q(\)p = 0 for some ¢ € H*?(C) and let fy @ fi € NA(T) be the unique
element with the property fi|lc = file = ¢. Then the definition of @ and the
assumption Q(A)¢ = 0 imply

0%,
ov le

of
o' e

According to Lemma 4.2 this yields f, @ f; € dom ANN,(T). But as A € p(A)
we conclude f) =0 and f{ = 0, and hence ¢ = 0.

Now we prove the formula (4.22) for the difference of the resolvents of A and
A. By the above argument Q(\)~! exists for A € p(A) N p(A). Furthermore,
(4.18) implies ran Q(\) = H'2(C) and it follows from Proposition 4.3 that
the right hand side in (4.22) is well defined. Let h € L*(R") and define the
function k as

E=(A—=XN)"Th—=TMNQWA)'T(\)*h. (4.25)

We show k € dom A. First of all it is clear that k € dom T since (A — \)"'h €
dom A C dom T and T'(A\) maps into Ny(T). Therefore k = g @ ¢, where g €
H?*(Q), ¢ € H*(Y), and gle = ¢'|¢. According to Lemma 4.2 for k € dom A
it is sufficient to check

dg
ov

¢’

Fal, (4.26)

We proceed in a similar way as in the proof of Theorem 3.4. Let hy = fa® f)), €
dom A be such that h = (A — A\)h4. Making use of Proposition 4.3 (iii) we
obtain

of
ov' e

o1
ov Ic

k= hat 6 fl. A@ﬁ:FWMM1<

) e N\(T),
(4.27)

from (4.25). Then Proposition 4.3 (ii) together with the definition of Q(\) in
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(4.21) implies

%’3 = Q) = Q)(file) = —aaﬁ

Hence we conclude that the function k = g @ ¢’ in (4.27) fulfils (4.26), i.e.,
k € dom A. From (4.25) and A, A C T we obtain

9f)

c OV

_Of

c oV

c

(A= Nk = (T = \N(A-XN"h— (T - NTN)QN) TN *h=h

and now k = (A — \)~'h and (4.25) imply (4.22).
Assertion (iii) is a direct consequence of [11, Theorem 1.3]. O

The following corollaries can be proved in the same way as Corollary 3.5 and
Corollary 3.6.

Corollary 4.5 For A\, Ay € p(A) the following holds.

(i) Q(\) is a non-closed unbounded operator in L*(C) defined on H>/?(C)
with ran Q(\) € HY?(C);
(i) Q(A) — ReQ(X\o) is a non-closed bounded operator in L*(C) defined on
H3/2<C);
(i) the closure Q(N) of the operator Q(\) — Re Q(Xo) in L*(C) satisfies

d -
Q0 =TT
and Q is a L(L?*(C))-valued Nevanlinna function.
Corollary 4.6 For A € p(A) N p(A) the following holds.
(i) Q(\)! is a non-closed bounded operator in L*(C) defined on H'/*(C) with
ran Q(\) "' = H32(C);

(ii) the closure Q(N\)~' is a compact operator in L*(C);
(iii) the function X — —Q(\)~1 is a L(L*(C))-valued Nevanlinna function.

As a corollary of Theorem 4.4 we obtain a trace formula for the difference of
the resolvents of A and A.

Corollary 4.7 Let the assumptions be as in Theorem 4.4, let Q be the Nevan-
linna function from Corollary 4.5 and suppose, in addition, n = 2. Then

w((A- N — (A7) =t (Qm—ld‘i @(A))

holds for all X € p(A) N p(A).
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