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ABSTRACT. We extend the notion of generalized boundary triples and their
Weyl functions from extension theory of symmetric operators to adjoint pairs of
operators, and we provide criteria on the boundary parameters to induce closed
operators with a nonempty resolvent set. The abstract results are applied to
Schrodinger operators with complex LP-potentials on bounded and unbounded
Lipschitz domains with compact boundaries.

1. INTRODUCTION

Abstract boundary value problems for symmetric and self-adjoint operators in
Hilbert spaces can be efficiently treated within the framework of boundary triples
and their Weyl functions, a technique that is nowadays well developed and applied in
various concrete and abstract settings, see, e.g., the monograph [12] for an introduc-
tion into this field, some typical applications to differential operators, and further
references. Henk’s contributions on boundary triples and their generalizations have
inspired many mathematicians in modern analysis, differential equations, and spec-
tral theory. In particular, abstract coupling techniques for boundary triples from
[30] or the notion of boundary relations and their Weyl families from [31], [32] [33],
developed jointly with V.A. Derkach, S. Hassi, and M.M. Malamud, have had a
substantial impact on the field.

The aim of this note is to consider a class of non-symmetric abstract boundary
value problems in the context of adjoint pairs of operators. Such problems have
their roots in the works of M.I. Visik [67], M.S. Birman [20], and G. Grubb [41],
and have been further developed in the framework of (ordinary) boundary triples
by L.I. Vainerman in [66] and V.E. Lyantse and O.G. Storozh in the monograph
[53], see also [10] 24, 25], 26| (43, 44l 55 56l 57, [60] for more recent developments
and, e.g., [2, B @, [5, 6 [7, @ 36, B7, 42| [49, 50, (I, 54, 58|, [62] 63, 64, 65] 68, 69]
for other closely related approaches and typical applications. In fact, our main
objective is to introduce and to study the notion of generalized boundary triples
and their Weyl functions for adjoint pairs of operators, extending the definition by
V.A. Derkach and M.M. Malamud from [34] (see also [28] 29]) from the symmetric
to the non-symmetric setting. At the same time the present considerations can be
viewed as a special case of the treatment in [8], where the notion of quasi boundary
triples and their Weyl functions for symmetric operators from [13] [I4, [I5] [17] was
extended to the general framework of adjoint pairs under minimal assumptions on
the boundary maps. Although our abstract treatment in Section |2]in this sense is
contained in [§], many of the general results from [8] simplify substantially in their
assumptions and their formulation.
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The abstract notion of generalized boundary triples for adjoint pairs turns out
to be useful as it can be applied directly to Schrodinger operators with complex
potentials on Lipschitz domains 2. More precisely, in Section [3] we consider a class
of non-selfadjoint relatively bounded perturbations V' € LP(£2) of the Laplacian
and provide a generalized boundary triple for the adjoint pair {—A +V, —A +V},
where the boundary maps are the Dirichlet and Neumann trace operators 7p and
7n; here we rely on properties of the trace operators on Lipschitz domains with
compact boundaries that can be found in, e.g., [I1l [40] and are recalled in the
appendix. We apply this generalized boundary triple to obtain sufficient criteria
for boundary parameters in L?(9f2) to induce closed realizations of —A + V and
—A + V with nonempty resolvent set in L?(2). More precisely, if the complex
potential V € LP(Q) satisfies Assumption we conclude in Corollary [3.7] that
the Robin realization

Ap=-A+YV,

dom Apg = {f S H3/2(Q) c7nf =Brpf, (FA+V)f € LQ(Q)}7 (1.1)

is a closed operator in L?(§) with a nonempty resolvent set; here it is assumed that
the boundary parameter B is a bounded everywhere defined operator in L?(9%2).
Furthermore, if Ay denotes the Neumann realization of —A + V', and ~,7, and M
are the ~-fields and Weyl function, respectively, associated with the generalized
boundary triple in Theorem [3.3] then the Krein-type resolvent formula

(Ap =N = (Ao = V) +3(N)(I = BM(Y) " BV’ (1.2)
is valid for all A € p(Ag) N p(Ap). One of the key ingredients in the proofs is
to ensure a decay of the norm of the Weyl function M along the negative axis,
so that the operator I — BM()\) in admits a bounded everywhere defined
inverse in L?(9Q). This technique is inspired by [I5], where similar methods were
developed for non-self-adjoint extensions of symmetric operators in the context of
quasi boundary triples. We point out that the functions in the domain of Apg
in exhibit H?3/2-regularity, which is natural for realizations of the Laplacian
on (bounded) Lipschitz domains, such as Dirichlet and Neumann realizations; cf.
[45], [46] and [II] for more references and details. We also refer the reader to [Il 22
23, 211, 27, 137, [38], [39], 48], 61] for related recent contributions on self-adjoint and
non-self-adjoint Robin type boundary conditions.

Notations. For a linear operator A its domain, kernel, and range are denoted by
dom A, ker A, and ran A, respectively. If A is an operator in some Hilbert space,
then o,(A) denotes the set of eigenvalues. If, in addition, A is closed, then the
symbols p(A) and o(A) are used for the resolvent set and the spectrum, respectively.
Next, for an open set 2 C R™ and s > 0 the sets H*({2) are the L2-based Sobolev
spaces of order s, and for a bounded or unbounded Lipschitz domain 2 with compact
boundary and s € [—1,1] the L?-based Sobolev spaces on 99 are H*(9); cf. [59]
for their definitions. Finally, for a Banach space X its dual space is X ™.

2. GENERALIZED BOUNDARY TRIPLES FOR ADJOINT PAIRS

Let H be a separable Hilbert space and assume that S and S are densely defined
closed operators in H which satisfy the identity

(Sf,9) = (f,89), fedoms, g € domS. (2.1)

It is clear that (2.1)) is equivalent to S C S* and S C S*. In the following a pair
{S, S} with the property (2.1) will be called an adjoint pair. Furthermore, we will



make use of another pair of operators {T, f} such that
T=5 and T=25" (2.2)
holds Note that (2.2) implies T'C S* and TcC S* and that ( is equlvalent to

= S and T* = S A pair of operators {T, T} with the property will be
called a core of {S*, §*}.

2.1. Generalized boundary triples. The next definition is a special case of [8]
Definition 2.1] and should be viewed as the natural generalization of the concept of
generalized boundary triples for symmetric operators from [34], see also [16] 311 [33].

Definition 2.1. Let {5, S} be an adjoint pair of operators and let {7, T} be a core
of {S*,5*}. A generalized boundary triple {G, (To,T1), (Do, 1)} for {S, S} consists
of a Hilbert space G and linear mappings
I'g,I'1 :domT — G and fo,fl sdomT — g
such that the following holds:
(i) the abstract Green identity

(Tf,9)u — (f,Tg)n = (T1f,Tog)g — (Tof.T19)g

is valid for all f € dom 7 and g € domT
(ii) the mappings I'y : domT — G and I‘O domT — Q are surjective,
(iii) the operators Ay :=T [ ker Ty and Ao =T [ ker 1"0 satisfy

Aj=Ay and A} = A,. (2.3)

Let {G, (Ty,T'1), (fo,fl)} be a generalized boundary triple for {S, §} and let
{T, T} be a core of {S*,5*}. We briefly recall some immediate properties that
follow from the more general treatment in [§] and are known for the symmetric
case from [34]. We remark first that (iii) implies

ScTcS and ScTcS"
According to [8, Lemma 2.4] we have
domS = kerT'gNker[; and domS = kerI'y Nker Ty,

and ran (To,T;)T and ran (Iy,I';)T are both dense in G x G by [8, Lemma 2.3].
Furthermore, the mappings I'p,I'y : domT — g and FO,F1 : domT — G are
closable with respect to the graph norm of 7" and T , respectively. It is also important
to note that the pair {T,T} is not unique and may even coincide with {S*, 5*},
which is the case if, e.g.,

dim(dom S* /dom §) = dim(dom g*/domS) < 0. (2.4)

In the special situation that {T,T} = {S*, S*} it follows from [8, Proposition 2.6]
that ran (I'p,I';1)T = G x G and ran (fo,fl)T = G x G, which implies that the
restrictions Ag = T | kerI'y and ﬁo =T [ kerfo automatically satisfy ;
cf. [67). Thus, in this situation the notion of generalized boundary triples from
Deﬁnitionreduees to the special case treated in [26] [57, 53] [66]. In the following
we will be interested in the case

dim(dom S* /dom §) = dim(dom 5* /dom S) = o0
although our abstract discussion remains valid (in a simplified form) also in the
finite dimensional case .
The next result is a variant of [8, Theorem 2.7] and can be used to verify that a
pair {T, T } is a core of the adjoints of suitable operators S and S respectively.
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Theorem 2.2. Let H and G be Hilbert spaces, let T and T be operators in H, and
assume that there are linear mappings

I'og,I'y :domT — G and fo,fl:domf—)g

such that the following holds:
(i) the abstract Green identity

(TF,9)u — (£,T9)n = (T1£,Tog)g — (Tof,T19)g
is valid for all f € domT and g € dom f,

(ii) the mappings Ty : domT — G and Ty : domT — G are surjective,
(iii) the operators Ag :=T | kerT'g and Ay :=T | ker Ty satisfy

Af = Ay and ES = Ay,
(iv) kerIg NkerTy and ker [y Nker Ty are dense in H.
Then
Sf .= fﬁ f€domS = kerfo ﬂkerfl,
gg =Tqg, g€ dom S = kerI'g NkerI'y,

are closed operators in H and form an adjoint pair {S, §} such that {T, f} is a core
of {5%,5*}, and {G, (To,T'1), (To,T'1)} is a generalized boundary triple for {S,S}.

2.2. y-fields and Weyl functions. In the following let {G, (I'g,T'1), (fo, fl)} be
a generalized boundary triple for {S, S }. It follows from that the operators
Ag =T | kerT'y and go =T | ker fo are both closed and that the resolvent set
of Ag = T | kerT'y is nonempty if and only if the resolvent set ZO =T [ ker fo
is nonempty. More precisely, one has A\ € p(Ap) if and only if \ € p(go), and
1 € p(Ap) if and only if i € p(Ao).
Now assume that p(4g) # 0 or, equivalently, p(Ag) # @, and recall the direct
sum decompositions
dom T = dom Ag + ker(T — \) = ker I'g + ker(T — \), A € p(A),
dom T = dom Ay + ker(T — ) = ker T + ker(T — p), 1 € p(Ay).

We introduce the ~-fields and Weyl functions following the ideas in [8] 13}, 311
34, 155, 156, [57].
Definition 2.3. Let {G, (T'o,T1),(To,T1)} be a generalized boundary triple and
assume that p(Ag) # 0 or, equivalently, p(Aog) # 0.
(i) The ~-fields v and 7 are defined by
—1
Y(A) == (To [ ker(T' — N)) 7, A € p(Ap),

F(n) == (o Tker(T— )", pe p(Ao).
(i) The Weyl functions M and M are defined by
M(X) =Ty (T T ker(T — X)) "' =T1y(A), A€ p(Ao),
M(p) :=T1(To T ker(T =) " =T4A(n), 1€ p(Ao).

In the next proposition we collect some properties of the y-fields and Weyl func-
tions corresponding to a generalized boundary triple, see [8, Proposition 3.3 and
Proposition 3.4] for proofs.
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Proposition 2.4. Let {G,(T(,T), (fo,fl)} be a generalized boundary triple and
assume that p(Ag) # 0 or, equivalently, p(ﬁo) # (. Then the following holds for
A € p(Ag) and p € p(Ag):
(i) v(A\) and ¥(u) are everywhere defined bounded operators from G to H;
(ii) the functions A — ~v(A) and p — (u) are holomorphic on p(Ag) and
p(go), respectively, and one has

YA) = T+ A =v) (4o — N )y(w), A v € p(Ag),
F(p) = I+ (p—w)(Ao — ) (W),  mw e p(Ay);

(iil) y(N)* and Y(u)* are everywhere defined bounded operators from H to G
and one has

YN =T1(Ag =N and F(u)* =T1(Ao— )
(iv) M(X\) and M(u) are everywhere defined bounded operators in G, and for
I € ker(T — ) and g, € ker(T' — pu) one has
M\Tofy =T1fy and M(M)foyu = flgm
(v) M(X\) = M(X\)* and M(p) = M(5)* and one has
M) = M(p)" = (A =)y (w)*y(A),
MN)* = M(u) = (A= p)y(N)F(w);
(vi) the functions A — M(X) and p +— M([L) are holomorphic on p(Ag) and
p(Ap), respectively, and for some fized Ao, po € p(Ao) N p(Ag) one has
M(A) = M(A0)" +73(0)"(A = 20) (I + (A = A) (Ao = 1) ™) (ko).
M () = M(pt0)" +7(0)" (1 = o) (I + (1 = 10) (Ao — 1) ~*)7(pao)-
2.3. Closed extensions and their resolv~ents. Next we introduce two families
of operators in H as restrictions of T" and T via abstract boundary conditions in
G. Let again {G, (I'o,I'1), (T'0,I'1)} be a generalized boundary triple for the adjoint
pair {S, S}, where {T, T} is a core of {s~, 5*}. For linear operators B and B in G
we define the restrictions Ag of T' and A of T via abstract boundary conditions
in G by
Apf =T, dom Ap := {fedomT:BFlf:Fof},

~ ~ ~ ~ e ~ 2.5
Agg:=Tg, dom Az := {gedomT:Bflg:FOg}. 25)

It follows from Green’s identity that for a densely defined operator B one has
Ap C (AVB*)* and AVB* C (AB)*

In the next lemma, we formulate an abstract version of the Birman-Schwinger
principle to characterize eigenvalues of the extensions Ap and Az via the Weyl
functions; cf. [8, Corollary 4.3] for a proof.

Lemma 2.5. Let {G, (To,T), (Fo,l"l)} be a generalized boundary triple, assume
that p(Ag) # O or, equivalently, p(Ay) # 0, and let M and M be the associated
Weyl functions. Then the following assertions hold for the operators Ap and Ag

in [2.5), and all X € p(Ag) and p € p(Ag):
(1) X € 0,(Ag) if and only if ker(I — BM (X)) # {0}, and in this case

ker(Ap — A) = y(A\) ker(I — BM(X)).
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(i) peop(A ~) if and only if ker(I — BM(p)) # {0}, and in this case
ker(Ag — 1) = 7(u) ker(I — BM (p)).

In the next theorem we impose abstract conditions on f,g € H, the ~-fields,
Weyl functions, and parameters B and B such that a Krein-type formula for the
inverses of Ap—\ and A 5—# applied to f and g, respectively, becomes meaningful;
cf. [8, Theorem 4.4]. These conditions will be made more explicit in Theorem [2.8] E

Theorem 2.6. Let {G, (To,T'1), (Fo,Fl)} be a generalized boundary triple and as-

sume that p(Ag) # 0 or, equivalently, (Ao) # 0. Let v,5 and M, M be the asso-
ciated y-fields and Weyl functions, respectively. Then the following assertions hold
for the operators Ap and Ag in (2.5), and all X € p(Ag) and p € p(Ag):

(i) If A & 0,(Ap) and f € H is such that ¥(\)*f € dom B and By(A)*f €
ran (I — BM(X)), then f € ran (A — ) and

(Ap =N = (Ao =N+ 7N = BM(N)) By f.
(i) If p ¢ UPN(%) and g € H is suih that v(1)*g € dom B and Bv()*g €
ran (I — BM(p)), then g € ran (Ag — p) and
(Ag = w9 = (Ao~ W +5() (I~ BM(n)) " By(m)"g

As a corollary of Theorem we formulate the following result; cf. [8, Theo-
rem 4.6].

-1

Corollary 2.7. Let the assumptions be as in Theorem[2.6 and let B be a densely
defined operator in G such that for some X € p(Ag) one has

FN)*f €dom B and By(\)*f €ran(I — BM()\)) for all f€H,

and for some i € p(Ag) one has

v(fi)*g € dom B* and B*~(fi)*g € ran (I — B*M(y)) for all g€ H.

Then Ap in (2.5)) is a closed operator with a nonempty resolvent set and one has
AB == (AB*)*

Now we recall a more direct and explicit criterion in terms of the Weyl function
and the boundary operator B such that Ap becomes a closed operator with a
nonempty resolvent set; cf. [8, Corollary 4.9].

Theorem 2.8. Let {G, (T'o,T'1), (Fo,Fl)} be a generalized boundary triple and as-

sume that p(Ag) # 0 or, equivalently, (Ao) £0. Let v,5 and M, M be the associ-
ated y-fields and Weyl functions, respectively.

(i) Assume that B is a closable operator in G such that 1 € p(BM(Xg)) for
some Ao € p(Ag) and ran (T'y | kerTy) C dom B. Then Ap in s a
closed operator, A\g € p(Ap), and the Krein-type resolvent formula

(Ap =N = (g — N1+ 9 N)(T = BMO)) T BIO)”
holds for all X € p(Ao) N p(Ag).

(ii) Assume that B is a closable operator in G such that 1 € p(BM (po)) for
some pig € p(Ag) and ran (I'y [ kerT'g) C dom B. Then Ay in (2.5) is a
closed operator, jig € p(Ag), and the Krein-type resolvent formula

(A — )~ = (Ao — )"  +7(w) (I - BM(n)) ™ By(p)*
holds for all i € p(Ag) N p(gé).

-1
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Sketch of the proof of (i). First, the assumption ran (I';y [ kerTg) € dom B and
Proposition (iii) imply that By(X\g)* is an everywhere defined operator from
H into G. Moreover, as B is closable and J(\o)* is bounded, B¥(\o)* is closed
and hence bounded by the closed graph theorem. Next, using the assumption
1 € p(BM(Xg)) we conclude Ay ¢ 0,(Ap) from Lemma (i) and, moreover,
we also have ran (I — BM()\g)) = G. Now it follows from Theorem (i) that
ran (Agp — A\g) = H and

(Ap —Xo) ™" = (Ao — o) " +v(Xo)(I — BM()\O))_lBﬁ(Xo)*-

Our assumptions ensure that the right hand side is a bounded operator in H and
hence (Ag—\g) ! is also bounded, which implies that A is closed and \g € p(A4p).
Finally, the same arguments as in [8, Proof of Theorem 4.7] show that the Krein-
type resolvent formula

(Ap =N = (Ag = N + 74N (I = BM(N) ' BI(V)®
holds for all A € p(Ag) N p(Ag). O

3. SCHRODINGER OPERATORS WITH UNBOUNDED COMPLEX POTENTIALS ON
LIPSCHITZ DOMAINS WITH COMPACT BOUNDARIES

In this section we apply the abstract notion of generalized boundary triples
and their Weyl functions for adjoint pairs to Schrédinger operators with complex
potentials V' on Lipschitz domains. Here we treat the case of bounded Lipschitz
domains Q and exterior Lipschitz domains  (that is, complements of the closures
of bounded Lipschitz domains) at the same time; cf. Assumption (i) below
and Appendix [A] Using the Dirichlet and Neumann trace operators 7p and 7y on
the space Hi/ () (see below) we provide a generalized boundary triple for
{-~A+V,—A +V} in Theorem and conclude sufficient criteria for Robin-type
boundary conditions Brpf = 7nf in Corollary to induce closed realizations
with nonempty resolvent set in L?(€2).

The following assumption is crucial in this section.

Assumption 3.1. Let n € N with n > 2.

(i) Let @ C R™ be a bounded Lipschitz domain or an unbounded Lipschitz
domain with compact boundary 9Q (i.e. © = R™\ Qg with Qg being a
bounded Lipschitz domain) and denote the unit normal pointing outward
of Q by v.

(ii) Let V : © — C be a measurable function such that V' € LP(Q) with
p>2n/3ifn>3andp>2ifn=23.

The L?-based Sobolev spaces on €2 will be denoted by H*(Q2), s > 0, and we
shall also make use of the Hilbert spaces

HX(Q):={fe H(Q): Af € L*()}, s>0, (3.1)
equipped with the norms induced by
(f, Q)HZ(Q) = (f,9)m) + (Af,Ag)r2(), [fr9 € HA(Q). (3.2)

It is clear that for s > 2 the spaces HY () coincide with H?(€2).

In the next lemma we show that the Sobolev spaces H*(2) are contained in the
domain of the maximal multiplication operator in L?(€2) induced by some function
W € LP(Q) under suitable assumptions on s and p. In particular, if V.= W
satisfies Assumption then H3/2(Q) is contained in the domain of the maximal
multiplication operator induced by V in L?(€2). The proof is similar as the proof
of [I8, Proposition 3.8].
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Lemma 3.2. Let Assumption be satisfied, let s > 0, let W € LP(S2) such that
p>n/sifn>2sandp>2ifn<2s, andlet f € H*(Q). Then W f, W f € L?(Q)
and for every € > 0 there exists C. > 0 such that

W fllr2) = W fliz2) < ellfllas) + Cellflln2@),  f € HY(Q). (3.3)
In particular, if V€ LP(Q) is as in Assumption then the above statements

are true for s = 3/2 and W =V, moreover,
HY?(Q) = {f € H¥?(Q): —Af + Vf € L*(Q)}
={feH*Q): ~Af+Vfe L* ()}
Proof. Let W € L?(Q) and let

W(z), if |[W(z)| <m,
0, it |W(z)| > m,

(3.4)

Then we have W, € LP(Q), m € N, and |[W — Wy, ||zr) — 0 as m — oo. For
f € H*(Q) we will make use of the estimate
[2,2n/(n — 2s)], if n > 2s,

q <C S ) E
I1Fl20@) < Cosll ey a {[2’00)’ .

cf. [I9] Theorem 8.12.6.1]. If n > 2s we use the generalized Holder inequality with
1/p+1/g=1/2 and 2 < g < 2n/(n — 2s) (and hence p > n/s) and obtain

(W = W) fllz) < W = Willze@ | fll (o)
< Cgs[W = Winll Lo 1 f | 2+ ()3

the same estimate holds also for n < 2s with 2 < ¢ < oo (and hence p > 2).
Therefore, in both cases we conclude

W fllzz2) < (W = W) flle2 @) + Wi fll 2 @)
< CslW = Wainllwe @y 1 f | s ) + M fll 2 ),
which implies (3.3]).

Finally, if V satisfies Assumptg)n (i), then the assumptions of this lemma are
fulfilled for s = 3/2. Since Vf,Vf € L?(Q) for any f € H%/?(Q) it is clear from

with s = 3/2 that holds. O
We recall that the Dirichlet Laplacian is defined by
Hp = —A, dornHD:{feHi/z(Q):7'Df:0}7 (3.5)
and the Neumann Laplacian is defined by
Hy = —A, domHy = {f e HY*(Q):7nf =0}, (3.6)
where the Dirichlet trace
7 HY?(Q) — HY(09) C L*(09) (3.7)

and the Neumann trace
v T HY?(Q) = L2(09) (3.8)

are as in (A.2) and (A.8), respectively, with s = 3/2. Both operators Hp and
Hy in (3.5)—(3.6]) are self-adjoint and nonnegative in L?(€2); they coincide with the
self-adjoint operators associated to the densely defined closed nonnegative forms

bolf] = IVfli2), dombp = Hj(Q), (3.9)

and
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via the first representation theorem [47), Theorem VI.2.1], see, e.g., [T, Theorem 6.9
and Theorem 6.10] for more details and [45, 46] for the H3/2?-regularity of the
operator domains. In the following let V' € LP(Q2) be as in Assumption and
consider the differential expressions
~A+V and —-A+V.

We define the corresponding minimal operator realizations in L?(Q) by

S=-A+V, dom S = HZ(Q), ( )
~ ~ 3.11
S=-A+V, domS = HZQ),

where H2(Q) denotes the closure of C§°(£2) in the H2-norm and we shall also make
use of the operators

T=-A+V, domT=HY*Q),

N B - (3.12)
T=-A+V, domT = H\ ().

It is not difficult to check that {S, S} form an adjoint pair and that {T, T} are well-
defined; cf. . In the proof of Theorem below it will turn out en passant
that {T, T} is a core of {S*, 5*}.

In the following we will make use of Theorem [2.2] to construct a generalized
boundary triple for the adjoint pair {5, S} in . To this end, we again consider
the Dirichlet and Neumann trace operators 7p and 7y from 7, and choose
the linear mappings

To=To=7v and I} =T;=1p (3.13)
with domain domT = dom 7T = H3/2(Q).
Theorem 3.3. Let Assumption[3.]] be satisfied. Consider the linear mappings
Lo, Ty :domT — L2(9Q) and Ty, Ty : domT — L2(09)

given by (3.13). Then {}2(89), (To,T1), (Co,T1)} is a generalized boundary triple
for the adjoint pair {S,S} such that

Ag=T [kerTg= —A+V, domAg={feHY*Q):rnf=0}, (5.14)
Ao=T [kerTo=-A+V, domAy={geHI*Q):7ng=0}, '

coincide with the Neumann realizations of —A+V and —A+V, respectively. More-
over, Ay and Aqy are closed operators in L?(Q2) and there exists & < 0 such that

(=00,&1) C p(Ao) N p(Ao).

Proof. We Will verify that the operators T' and T in (3.12) and the boundary
mappings in satisfy the conditions (i)-(iv) in Theorem In fact, for
f,g€domT = domT HY?(Q) we have V f,Vg € L*(€) and hence

(Tf,9)r2@) — (,T9) 2 = (~AF + VI, 9)r2@) — (f, —Ag + Vg) 120
= (=Af,9)r2) — (f, —Ag) 12
(TDfaTNg)LQ({;’Q) (T8 f,™D9) L2 (00

= (T1£,T09)12(00) — (Tof.T19)r2(09)»

where we have used (A.14]). Thus, (i) in Theorem holds. It is clear from

Theorem that ranTy = ranly = L2(89) and hence also (ii) is satisfied. In
order to check (iii) we use the fact that the Neumann Laplacian Hy in (3.6) is

(3.15)
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self-adjoint and nonnegative in L?(Q2). From Lemma and (A.10) we conclude
that for every € > 0 there exists C. > 0 such that

IV fllrze) < ellHn fllz2@) + Cell fllz2),  f € dom Hy.
In other words, V and V are both relatively bounded with respect to Hy with
bound smaller than 1 (in fact, with bound 0) and hence it follows from [35 §3
Theorem 8.9] that the restrictions Ag = T [ kerI'y and AO =T | ker FO in
are closed operators with nonempty resolvent sets and there exists & < 0 such

that (—00,&,) C p(Ag) N p(Ag). Green’s identity (3.15 (3-15) yields that Ay C A and
Ay C Aj and hence also

Ag—ACA;—X and Ag—ACA5— X Ae(—00,&).

As Ag— X and 110 — A are bijective we conclude Ag = ﬁ and go = A{, that is, (iii)
in Theorem-holds Finally, condition (iv) is satlsﬁed as C3°(Q2) C kerI'gNkerI'y
and C§°(Q) C ker Iy Nker [y,

Now it follows from Theorem that the operators

T kerT'gNkerI’;y and T [ ker fo N ker fl (3.16)

form an adjoint pair and {L2(99Q), (To,I1), (T, T1)} is a generalized boundary
triple. One finds with Lemma that the domains of the operators in ([3.16)
are HZ(Q)) and hence these restrictions coincide with the minimal operators in

(3-11)). Therefore, {T,T} is a core of {S*,5*} and {L2(dQ), (Ty,T1), (To,T1)} is a
generalized boundary triple for {S, S }. O

In the next proposition we identify the operators Ay and go in as rep-
resenting operators of the closed sectorial forms 7 below, and thus Ay
and ZO are automatically both m-sectorial. In addition, we provide, as a variant
of [47, Lemma VI.3.1], a useful representation of their resolvents in terms of (the
square root) of the resolvent of the Neumann Laplacian Hy in (3.6).

Proposition 3.4. Let Assumption be satisfied. Let the operators Ao,go, and
Hy be as in (3.14) and (3.6), respectively. Then Ay and Ay are both m-sectorial
operators associated with the closed sectorial forms

aolf] = V|20 + / VIf2de, domag = H'(Q), (3.17)
Q

and
)= 19 ey + [ VP e, domo = (@), (3.18)
Q

respectively. Moreover, there exists £o < 0 such that for all A\ € (—o00,&3) one has

X € p(Ao) N p(Ag) and there is a bounded operator Cy(X) with ||C1(N)]| < 1/2 such
that

(Ag =N =(Hy = N"YV2(I + 01 (N) " H(Hy — N) V2 (3.19)
and

(Ag— A"t = (Hy = N)"V2(I+Cy(0\)*) Y (Hy — N) V2 (3.20)

Proof. Recall the definition of the form hy in (3.10) and that the Neumann Lapla-
cian in (3.6)) is the self-adjoint operator associated to by via the first representation
theorem. Next, we consider the form

o[f] :=/V|f|2da:, domv := dom by,
Q
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and employ Lemma 3.2/ for W = |V|'/2 € L??(Q) and s = 1. Tt follows that for any
6 > 0, there exists C's > 0 such that

LA < NVIZ £l () < SO LF1+ Coll fllF2 () f € domby. (3:21)
This shows that the form v is a relatively bounded perturbation of by with bound 0.
By [47, Theorem VI.3.4], the form ag = hy + v is closed and sectorial, and hence
it defines an m-sectorial operator Ag. Via the first Green’s identity (A.15]), one
verifies that Ay C Ag. Since there exists A\g < 0 such that A\g € p(Ag) N p(Ap), it
follows that Ay = Ag. This justifies the first claim.

To show (3.19), we slightly adjust the proof of [47, Theorem VI.3.2]. To this end,
recall first that by the second representation theorem, see [47, Theorem VI.2.23 and
Problem VI.2.25], we have for all A < 0 that

dom by = dom Hy® = dom (Hy — )/
and

(hN - )‘)[fv g] = ((HN - )‘)1/2f, (HN - A)1/29)L2(Q)7 fvg € dom hN (322)
Next, it follows from (3.21]) with § = 1/4 that for all A < Ay := —45’1/4,

o071 < 30 = A7+ (124 Cura ) I o) < 3w = NI 1 € domby

Hence [47, Lemma VI1.3.1] yields that for all A < A; there exists a bounded operator
Cy (M) with ||C1(MN)|| < 1/2 such that

o[f, 9] = (CLN(Hy = NV2f, (Hy = N)'?9) 1), 9 € domby.  (3.23)
Combing and , we obtain for all A < Ay and all f,g € dom by that

(a0 = A)[f, 9] = (by = M) [f. 9] + v[f. 9]
= (I +CiN)(Hy = NV2f (Hy = 2)%9) 1 -
Let further f € dom Ag C domby. Then for all g € dom by,
(Ao = AN f. 9)r2() = (I + CLN)(Hy — N2 f, (Hy — A)l/zg)LZ(Q),
and hence, since (Hy — \)*/? is self-adjoint,
(Ao = A)f = (Hx = NI+ C1(A\)(Hy — N2 f, | € dom A
Therefore, we have shown that
Ag =\ C (Hy — Y21 4+ C1(N) (Hy — N2, (3.24)

Recall that ||C1(A)|| < 1/2 for all A < Ay, thus I + Ci()), and therefore also the
operator on the right hand side of , is boundedly invertible for such A\. On
the other hand, since Ag — A is boundedly invertible for all A < Ag (see above), we
arrive at

Ag— A= (Hy — NY2(I +C1(\)(Hy — \)Y/? (3.25)
for all A < & := min {Ag, \1}. Finally, (3.19) follows by inverting (3.25), and the

assertions for dy and Ay follow in the same way by replacing V with V and taking
adjoints. O

In the rest of this section we use the triple {L?(92), (T'o,T), (fo,fl)} to show
that restrictions of T' that satisfy Robin-type boundary conditions 7 f = B71pf
for a bounded operator B in L?(9)) are closed and have nonempty resolvent set,
and we provide an explicit Krein-type resolvent formula for these operators; cf.
Corollary For that purpose we use decay properties of the associated Weyl
function; for this we need the following preparatory lemma.
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Lemma 3.5. Let Assumption[3.]] be satisfied. Then there exists &5 < —1 such that
for all X € (—00,&3) and all 6 > 0 the densely defined operator

T (Hy — )\)71/475 _ fl(HN _ /\)71/476
admits an everywhere defined bounded extension
Cao(N) = L2(9) — L*(09),
which is uniformly bounded in X € (—00,&3).

Proof. Throughout the proof, we assume that A < & — 1, where & < 0 is as in
Theorem [3.3] First, we claim for any a > 0 that

(Hy — \) ™% : L3(Q) — Hmin{.2a} () (3.26)
is well-defined and uniformly bounded in A < & — 1. For a = 0 this is clearly
true. Next, we consider the case a = 1/2. Let f € L*(Q) and let hy be the form

in (3.10). Then one gets with the help of the second representation theorem [47,
Theorem VI.2.23] applied for the nonnegative operator Hy — A\, A < & — 1 that

I(Hy = N2 3 @) < (0n = M(Hx = N2+ [(Hy = N2 720
< 2| 120,

which yields the claim in for a = 1/2. Thus, the statement for a € (0,1/2) fol-
lows from an interpolation argument, see, e.g., [52]. Eventually, the claim in
is also true for a > 1/2, as then (Hy — \)~%"1/2 is uniformly bounded in L?(f) in
A <& — 1, and thus

|(Hn — X)Lz )= H1 Q)
<[(Hx = N2 22y m @l (Hy — A" 2| 120) o120 < C.

To proceed, denote by 7p the Dirichlet trace defined on H™in {1/2+20.1}; ¢f (A7T).
Clearly, 7p is an extension of I'y = fl, and taking for a = 1/4+94 into account,
we find that

Co(\) = 1p(Hy — \)"V47% . L2(Q) — L2(09)
is well-defined and uniformly bounded with respect to A € (—o0, £3), if €3 is chosen
smaller than & — 1. O

In the next proposition we collect some properties of the Weyl functions corre-
sponding to the generalized boundary triple {L?(99), (T'p,T'1), (I'p,T'1)}. In partic-
ular, in item (iv) we prove decay estimates for M and M.

Proposition 3.6. Let Assumption be satisfied. Let M and M be the Weyl func-
tions corresponding to the generalized boundary triple {L?(0€), (To,T1), (To,T'1)}

in Theorem . Then the following holds for all X € p(Ag) and p € p(Ayp):
(1) M\ fa = Tofx for fr € HY?(Q) such that (—A+ V) fx = Afa;
(i) M()Tng. = TDgy for g, € HY*(Q) such that (—A +V)g, = pig,;
(iii) ran M(\) C H'(0Q) and ran M(u) C HY0R), and, in particular, the
operators M(\) and M(u) are compact in L*(0S2);
(iv) For all € > 0 there exists a constant C' = C(g) such that

IMN)| < CINTY* and | M(p)]| < Clu|™V%, A p— —cc.

Proof. Items (i) and (ii) are immediate consequences from Proposition (iv). It
is also clear from the mapping properties of the Dirichlet trace 7p in Theorem
that ran M (\) C H*(09) and ran M(p) C H (09). Furthermore, it is easy to check
that M(\) and M () are closed as operators from L2(9€) to H'(8) and hence
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bounded. Since 9 is compact the embedding H'(9) < L?(9Q) is a compact
operator and this implies (iii). In order to verify the claim on M in (iv) (the
assertion on M can be shown in a similar way) we employ the resolvent formula
(3.20) and Lemma In detail, with £ > 0 small and X\ < 0 sufficiently negative,
M(A) = Tiy(N)™
=T (T (A — N7
=T (T (Hy — N7V + Cr (V)" H(Hy — N)73)"
=T (Fl (HN /\)—1/4—5/2(HN _ )\)_1/4+€/2(I + Cl()\>*)_1
% (HN _ )\)71/4+6/2(HN _ )\)71/475/2)*
=Ti(Hy =\ (Hy = )21 (V)
> (HN _ )\)—1/4+5/2(f1(HN _ )\)—1/4—5/2)*.

By Lemma 5| the operator I'y (Hy — \)~1/47</2 = T'y (Hy — A)~Y/47</2 admits a
uniformly bounded extension Cy()\), thus for all A < 0 sufficiently negative (recall
that ||C1(A)|| < 1/2 from Proposition [3.4)

M) < Coa(MI[A] 7472200 7442 Cy (M) || = 2[|Co (V)P [N 12,
as claimed. O

Finally, we formulate a corollary of Theorem [2.§ in the context of Schrodinger
operators with complex potentials satisfying Assumption [3.1] For simplicity we
assume that the parameter B in the boundary condition is a bounded everywhere
defined operator in L?(912), so that the condition 1 € p(BM()g)) in Theorem
is satisfied for all A\g < 0 sufficiently negative by Proposition (iv).

Corollary 3.7. Let Assumption[3.1] be satisfied and let B be a bounded everywhere
defined operator in L*(09Q). Then

Ap=—A+V, domAp={feHY*Q) :rvf=Brpf}

is a closed operator with a nonempty resolvent set, there exists £&4 < 0 such that
(—00,&4) C p(Ag) N p(Ag), and the Krein-type resolvent formula

(Ap — N7 = (Ao — N 9N (I - BM(V)  BIOV)” (3.27)

is valid for all X € p(Ao) N p(Ap), where v and v are the vy-fields associated to the
generalized boundary triple { L?(0S2), (T, T1), (To,T1)} and M is the Weyl function.

For completeness we note that the operator ¥(\)* = I';(Ag — A\) ™! is closed and
hence bounded as an operator from L?(Q) to H'(df2). Since it is assumed that
the boundary of the Lipschitz domain € is compact it follows that the embedding
H'(09Q) < L?(09) is compact, and hence 7(\)* is a compact operator from L?(Q)
to L2(052). Therefore, under the assumptions in Corollary the perturbation
term in the resolvent formula is compact in L?(2) and it follows that Ap is
a compact perturbation of Aj in resolvent sense.

Remark 3.8. An alternative approach to define Robin-type operators is via qua-
dratic forms. Notice first that by the perturbation arguments in the proof of Propo-
sition and the boundedness of B and of 7p : H'(Q) — L?(99), it follows that
the form

aplf] == ||Vf||2L2(Q) +/QV|f|2 — (Btpf, 0 f)12(00), domap:=H'(Q), (3.28)
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is closed and sectorial. Thus ap defines an m-sectorial operator A p via the first
representation theorem [47, Theorem VI.2.1], in detail

Apf=(-A+V)f,
domAp = {f € HY(Q) : (-A+V)f € L*(Q) and (3.29)
aglf,¢] = (A + V) f,¢)12(q) for all ¢ € H'(Q)}.

Using the definition of the Neumann trace, it is straightforward to verify that
Ap C Ap and since p(Ag)N p(gB) #+ 0, we arrive at Ag = Ap. One advantage
of the generalized boundary triple approach lies in the explicit description of the
operator domain, including the H3/2-regularity and the boundary condition, as well
as the immediate availability of the resolvent formula .

APPENDIX A. DIRICHLET AND NEUMANN TRACE MAPS ON LIPSCHITZ DOMAINS
WITH COMPACT BOUNDARY

In this appendix we briefly collect some properties of the Dirichlet and Neumann
trace maps on Lipschitz domains; for bounded Lipschitz domains the results are
known from [II], 40]. Recall first that for a bounded Lipschitz domain @ C R™,
n > 2, it is well known that for s € (1/2,3/2) the Dirichlet trace map f +— f|sq for
f € C°(2) admits a unique continuous extension

o H3(Q) — H*Y2(0Q), fre7pf, se(1/2,3/2), (A.1)

and this extension has a continuous right inverse; cf. [59, Theorem 3.38]. Similarly,
if  is an unbounded Lipschitz domain with compact boundary and x : Q — [0, 1]
is a smooth function equal to 1 near 02 and equal to 0 sufficiently far away from
082, then one considers 7p f := 7p(xf), so that extends naturally also to such
domains.

Now it will be explained that the Dirichlet trace operator can be extended to the
endpoints s = 1/2 and s = 3/2 if one assumes some additional slight regularity in
the H* spaces, that is, one considers the spaces Hi\m(Q) and Hz/Q(Q) from (3.1)).
For bounded Lipschitz domains the next theorem is a variant of [IT, Theorem 3.6
and Corollary 3.7], see also [40, Lemma 3.1].

Theorem A.1. Let Assumption be satisfied. Then for all s € [1/2,3/2] the
Dirichlet trace map (A.1)) gives rise to a bounded, surjective operator

o HA(Q) — H*~Y2(09) (A.2)

(where H3 (Y) is equipped with the norm induced by (3.2)), with bounded right-
inverse. In addition, for each s € [1/2,3/2], we have

ker7p C H3/2(Q) (A.3)

and there exists C > 0 such that if f € HZ/Q(Q) and Tpf = 0, then f € H3/?(Q)
and

1l zsr2) < C(I1fllL2) + 1Al L2 @) (A.4)

Proof. If € is a bounded Lipschitz domain, then the assertions are contained in
[T, Corollary 3.7]. In the case that Q is unbounded with compact boundary the
assertions follow with standard localization methods. We briefly sketch the main
arguments: First of all choose a C'*°(Q)-function x : Q@ — [0, 1] such that x(z) =1
for all = € Q with dist(z,9Q) < 1 and x(z) = 0 for all z € Q with dist(z, Q) > 2.
For f € H(Q) we obtain from Af € L?(Q2) and standard elliptic regularity that



15

[ € HE () and hence, as Vy is compactly supported in Q, Vy - Vf € H'(Q).
Therefore,

A(xf) = (Ax)f +2Vx - Vf+x(Af) € L*(Q), (A.5)

and as xf € H*(Q), see [59, Theorem 3.20], it follows that xf € H3 (), and thus
also (1 —x)f € Hi(Q). In particular, as (1 — x)f vanishes near 9 one considers
the Dirichlet trace

™f=1o(f), [=xf+0-x)f € HA).

Then the assertions of the theorem follow when taking into account that y f vanishes
sufficiently far away from 0f2, so that the properties for the Dirichlet trace on a
bounded Lipschitz domain can be used. For the estimate (A.4) one uses that

Ixgllz2 @) + 1A I 2@) < Cl9ll2@) + 189l L2 @), 9 € LA(Q) = Hggi)é)
Indeed, as in one finds for g € L% () that xg € LA (). Moreover, as L% (Q)
is continuously embedded in L?(Q2) and the multiplication by x gives rise to a
bounded operator in L?(2), one can verify that the multiplication by y is a closed
operator in LA (€2). Therefore, by the closed graph theorem, one gets that (A.6) is
true. Therefore, using (A.4) on bounded Lipschitz domains for yf and we
conclude

xSl a2y < C(IxSFlle2@) + AN L20))

< C([Ifllz2) + 1AFllL20))-
To get a similar estimate for (1 — x)f, note first that, as 1 — x is zero in a neigh-
borhood of 99, one has for the zero extension g of (1 — x)f by standard elliptic

regularity arguments that g € H?(R"). As the graph norm associated with —A in
R™ is equivalent with the norm in H?(R"™), the estimate

(A7)

11 =) sz ) < N9lla2@ny < CI1AGl 2@y + 19] 22 =)
= C(HA((l = X)N)lz2@) + 11 = X)f||L2(Q))
holds. Next, one finds as in (A.6) that the multiplication by 1 — x gives rise to
a bounded operator in L3 (). By combining this with the last displayed formula
one verifies ||(1 — x)fllgs/2@) < C(fllz2) + IAfllz2(0)), which finally implies
with (A.7) the estimate in (A.4)) for unbounded domains. O

Now we turn to the Neumann trace operator f +— v -V flgq for f € C*°(Q) N
L?(2). For the case of a bounded Lipschitz domain € the next result is contained
in [TI, Theorem 5.4 and Corollary 5.7] (see also [40, Lemma 3.2]) and for the case
that € is unbounded with compact boundary the same localization arguments as
in the proof of Theorem can be applied to verify the statement; we leave the
details to the reader. We recall that (H*(0Q))* = H~4(9Q) for t € [-1,1].

Theorem A.2. Let Assumption be satisfied. Then for all s € [1/2,3/2] the
Neumann trace map induces a bounded, surjective operator

™~ : HY(Q) — H*3/2(6Q) (A.8)

(where H3 () is equipped with the norm induced by (3.2)), with bounded right-
inverse. In addition, for each s € [1/2,3/2], we have

ker 7y C H3/2(Q) (A.9)

and there exists C > 0 such that if f € HXQ(Q) and Tnf = 0, then f € H3/2(Q)
and

1l zsr2) < C(I1fllL2) + 1Al L2 @) (A.10)
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Furthermore, if f € HZ/2(Q), then v f =v-1mp(Vf).

Next, we recall a version of the second Green identity for the trace operators in
Theorem[A.T]and Theorem[A.2] Observe first that for s € [1/2,3/2] and f € HX ()

we have
mpf € H*7Y2(0Q) and 7nf € H*2(0Q) = (H3*75(09))", (A.11)
and in the same way for g € Ha *(Q) we have
Tpg € H¥?75(8Q) and 7ng € HY/?*75(0Q) = (H*V/?(5Q))". (A.12)
Then for s € [1/2,3/2] and f € H(Q), g € HX *(Q) one has
(=Af,9)r2) — (f;, =Ag) L2(Q) = (TD S, TNG) Ha=1/2(00) x (H==1/2(890))* (A.13)
— TN, TDG) (H3/2-5 (69))* x H3 /22 (092)

cf. [II, Corollary 5.7] for bounded €; the case of unbounded Lipschitz domains
with compact boundari can again be handled with a localization argument as in

the proof of Theorem In particular, for f,g € HZ/ 2(Q) the traces in (A.11])
and (A.12)) are contained in L?(99)) and (A.13) takes the form
(=Af, 9) 2 — (f, —Ag)12(0) = (T f, ™Ng) 12(00) — (TN [, TDY)12(80)-  (A.14)
Furthermore, for f € HA(Q) and g € H'(2) the first Green identity

(=Af, 92 = (V, V) L2rn) — (TN F. TDG) 1-1/2(00) x 1172 (90)

holds; cf. [59, Theorem 4.4 (i)]. If, in addition, f € HZ/Q(Q), then 7 f is contained
in L2(02) and one has

(=Af, 92 = (V, V) r2rny — (TN f, TDG) 12 (60 - (A.15)

In the next lemma we collect an additional regularity property for the functions

f € HX(Q) that satisfy 7pf = v f = 0. The assertion follows from (A.3]), (A.9),
and |11 Theorem 6.12 and Remark 5.8] for bounded Lipschitz domains and extends

with the help of localization arguments as in the proof of Theorem also to
unbounded Lipschitz domains with compact boundary.

Lemma A.3. Let Assumption[3.1[(i)] be satisfied and let s € [1/2,3/2]. Then the
Dirichlet and Neumann trace operators

™ HA(Q) = HY2(0Q) and 7v : HA(Q) — H*3/2(09)
satisfy ker Tp Nker Ty = HZ(Q).
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