BOUNDARY VALUE PROBLEMS FOR ADJOINT PAIRS OF
OPERATORS
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ABSTRACT. The notion of quasi boundary triples and their Weyl functions
from extension theory of symmetric operators is extended to the general frame-
work of adjoint pairs of operators under minimal conditions on the bound-
ary maps. With the help of the corresponding abstract Titchmarsh-Weyl M-
functions sufficient conditions for the unique solvability of the related boundary
value problems are obtained and the solutions are expressed via Krein-type re-
solvent formulae. The abstract theory developed in this manuscript can be
applied to a large class of elliptic differential operators.

1. INTRODUCTION

Boundary value problems for elliptic partial differential operators are often treated
within the abstract framework of adjoint pairs of operators. This approach has its
roots in the works of M.I. Visik [4], M.S. Birman [24] and G. Grubb [49], and
has been further developed in the context of boundary triples and their Weyl func-
tions for adjoint pairs of abstract operators in, e.g., [25] 26] [27] [59]. The notion of
(ordinary) boundary triples for adjoint pairs of operators goes back to L.I. Vain-
erman [73] and the monograph [58] by V.E. Lyantse and O.G. Storozh; the cor-
responding Weyl functions and Krein-type resolvent formulae were provided later
by M.M. Malamud and V.I. Mogilevskii in [60, 61} [62] 65]; see also [14] 52| (3.
For the special case of symmetric operators and the spectral analysis of their self-
adjoint extensions the boundary triple technique is nowadays very well established
15, 28] 29, 32, B6l, 48] GBI, (4, 2] and has been applied and extended in vari-
ous directions. Among many generalizations of the notion of ordinary boundary
triples for symmetric operators are the so-called quasi boundary triples, general-
ized boundary triples, and boundary relations for symmetric operators and relations
from [16, B3], 37], see [17, 20} 2T, 22, 23] [30L 311 34}, [35] for subsequent developments
and in this context we also refer to [T}, (2, [6] [7, 8 @, [0 011 13l 18, [45] 48] [47, 50,
59l 56l (7, [63] 66 67, 68, 69, [70, [7T], [75], [76] for other closely related approaches
and typical applications. Extension theory problems for adjoint pairs of operators
are also connected to a class of (abstract) positive first order symmetric systems,
so-called Friedrichs systems [42] [43] [44], and in this context we also mention the
more recent operator theoretic treatment in [4, [5 [38] [39] [40] inspired by [3], 41].

The main objective of this paper is to extend the notion of quasi boundary
triples and their Weyl functions for symmetric operators from [16] 17, 20, 22] to
the general framework of adjoint pairs of operators, and to develop the abstract
theory around this concept; in particular, the aim is to provide sufficient conditions
for boundary parameters and boundary mappings to induce closed extensions with
nonempty resolvent sets, and to describe their resolvents via Krein-type resolvent
formulae. Here we shall work under minimal assumptions on the boundary opera-
tors in the triple, that is, we require an abstract version of Green’s second identity
(G), a weaker density condition (D) on the range of the boundary mappings than
usual, and a certain maximality condition (M). In our results we shall always state
explicitely which assumptions (G), (D), or (M) are needed for the actual statement.
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Let us briefly explain and motivate our approach and the main difference to
the concept of ordinary boundary triples for adjoint pairs of operators. For this,
consider two densely defined closed operators S and S in a Hilbert space $) such
that S C S* (or, equivalently S C g*) Assume that the operators T and T
are cores of S* and §*, respectively, that is, their closures coincide with S* and
S*. The key feature in our theory is the assumption that there exist an auxiliary
(boundary) Hilbert space G and boundary mappings I'y,T'; : domT — G and
fo, 1 : domT — G such that an abstract Green’s identity

(G) (Tf,9)s — (f.Tg)s = (T1f,Tog)g — (Tof.T19)g

holds for all f € domT and g € dom T. We emphasize that (G) is not required on
the (full) domain of the adjoint operators S* and S* (as is the case for ordinary
boundary triples) and that (G) typically does not admit an extension onto dom S*
and dom S*. We are mainly interested in the case dim G = co (as otherwise T' = S*
and T = S *, and hence ordinary boundary triples can be used). In addition to
Green’s identity (G) a density condition (D) or (DD) and a maximality condition
(M) in Definition is often needed for a fruitful and functioning theory. We will
then study extensions of S and S which are restrictions of T and f, respectively,
of the form

Apf =T, domAp = {f € domT : BI'1 f =T f},
gég:j:g, domﬁéz{gedomfzgﬂg:fog},

where B and B are linear operators in G. In the general abstract setting the goal
is to show that Ap and Aj are closed operators in $ with nonempty resolvent
sets, as this ensures unique solvability or well-posedness of the abstract Robin-type
boundary value problems

(T—XNf=h, BTyf=Tqf, or (T—M)g:k, Bl'yg =Ty,

whenever A € p(Ap) and pu € p(Ap) and h,k € . After proving an abstract
Birman-Schwinger principle (in a symmetrized form) we find sufficient conditions
on the boundary parameter, the mapping properties of the boundary maps, and
the associated Weyl functions such that the resolvents Ap and Az can be explicitly
computed in terms of the resolvent of an underlying fixed extension and a pertur-
bation term in the boundary space G. We find it useful for reference purposes to
summarize our results for general adjoint pairs in Appendix [A] in the special case
that S = S is a densely defined closed symmetric operator. In this situation our
results generalize those from [16] (17, 20} 23] in the sense that we impose a weaker
density condition (D) on the ranges of the boundary mappings than usual.

The present paper stays mostly on an abstract operator theory level and we have
decided to postpone the details of the diverse applications to future investigations
and projects (with the small exceptions Example and Example where
a strongly elliptic system on a Lipschitz domain following [64] is discussed). We
only indicate here briefly as a motivation, that in the most simple situation of a
Schrodinger operator —A + V' on a bounded smooth domain  C R", n > 2, with
a complex potential V' € L>°(Q) a natural choice for the operators S, S and T, T in
H=L*Q) is

S=-A+V and S=-A+V, domS=domS = H3 (),

and
T=-A+V and T=-A+V, domT =domT = H?(),
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where H?((2) is the usual second order Sobolev spaces and HZ(f2) denotes the
closure of C§°(Q) in H2(£2). It is casy to see that S and S form an adjoint pair, that
is, Scs * and that the closures of T" and T coincide with S* and S * respectively.
Furthermore, for f € dom7T and g € dom T we have the classical Green’s second
identity

(Tf7 g)LQ(Q) - (f7 Tg)LQ(Q) :((_A + V)f7 g)L2(Q) - (f7 (_A + V)Q)[Q(Q)
= (=Af,9)r2@) — (f, —Ag)r2(0)
= (pf,™Ng)r2(00) — (TN f, D) L2(002)5

where 7p : H?(Q) — H3?(0Q) and 7y : H*(Q) — HY?(0Q) denote the usual
Dirichlet and Neumann trace operators. Therefore, with G = L2?(9Q) and the
boundary mappings I'g = fo =7y and I'1 = f‘l = 7p it is clear that the abstract
Green’s identity (G) is satisfied. Furthermore, with this choice also the density
condition (DD) and the maximality condition (M) in Definition [2.1| hold. Observe
that the operators Ap and A 5 above are realizations of the Schrodinger operator
—A + V and its formal adjoint —A + V subject to Robin boundary conditions of
the form
Apf=—-Af+Vf,  domAp={feH*Q):Brpf=1nf},

Apg=—-Ag+Vy, dom;lgz{geHQ(Q):ETDg:TNg},

where B and B are linear (possibly unbounded) operators in L2(8€). We refer
the reader to the recent paper [12] for more details and generalizations of this
specific example. We also mention that, besides this simple standard situation
sketched here, many other applications to differential operators such as, e.g., Dirac
operators or 2m order elliptic differential operators with variable coefficients can
be explored.
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were written in 2023. The author also wishes to thank the anonymous referees for
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was funded by the Austrian Science Fund (FWF) Grant-DOI: 10.55776/P33568.
This publication is also based upon work from COST Action CA 18232 MAT-DYN-
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2. QUASI BOUNDARY TRIPLES FOR ADJOINT PAIRS OF OPERATORS

Let throughout this section S and S be densely defined closed operators in a
separable Hilbert space $ such that

(Sf,9) = (f,Sg),  fedomS, gedoms§, (2.1)

holds. Note that this is the same as requiring S C S*or S C S*. Weshall call a pair
{5, 5} of operators with this property an adjoint pair (sometimes also the notion
dual pair is used in the literature). In this manuscript we are mainly interested in
the situation

dim(dom S*/dom §) = dim(dom S*/dom S) = oo, (2.2)
although our results do not formally require this condition. Note that in the special

case S = S the property (2.1) shows that S is a symmetric operator and (2.2]) means
that at least one of the defect numbers of S is infinite. In the following we shall
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work with operators T" C S* and T c S* in $ which (are typically not closed and)
satisfy

T=8 and T=5"
or, equivalently 7" = S and T* = S. In this situation, we shall say that T" and T
are cores of S* and S*, respectively.

Inspired by the notion of quasi boundary triples for symmetric operators in
[16] [I7] and typical applications in elliptic boundary value problems in the non-
symmetric situation (see, e.g., [64]), we extend the definition of boundary triples for
adjoint pairs in the abstract setting from [58] [73], see also [25] 26, 27, 53] [60, 6T}, [62].
At the same time we also formulate a slightly weaker density condition (D) than
usual (that is, (DD)) and it will turn out that for many situations this is sufficient
for a well functioning theory.

Definition 2.1. Let {5, §}~be an adjoint pair of operators in $) and assume T’
and T are cores of S* and S*, respectively. We shall consider ¢riples of the form
{G,(T0,T1),(T0,T'1)} for the adjoint pair {5, S}, where G is a Hilbert space and

Iy,T'y :domT — G, fo,fl :domf—>g7
are linear mappings. For such a triple {G, ([0, 1), (I'o, I'1)} we define the additional

properties
(G) the abstract Green’s identity

(Tf.9)s — (f,T9)s = (I'1f,Tog)g — (Tof,T19)g
holds for all f € domT and g € domT,
(D) the ranges of I'g : domT — G and Ty : domT — G are dense,
(DD) the ranges of (I'g,T'1)T : domT — G x G and (I'g,T'1)T : domT — G x G
are dense,
(M) the operators Ag :=T | ker T’y and ,ZO =T [ ker fo satisfy

Ab=Ay and Af = A,. (2.3)

If the triple {G, (T'o,I'1), (To,T1)} is such that (G), (DD), and (M) hold, then
{G, (T, T1), (T'o,I'1)} is said to be a quasi boundary triple for the adjoint pair {3, S}.

In the following, we shall formulate all results under minimal assumptions on
the triple {G, (I'o,T'1), (T, 1)}, tacitly assuming that {S, S} is an adjoint pair of
operators in §), and 7' and T are cores of S* and g*, respectively. We will refer to
condition (G) as abstract Green’s identity, condition (D) and the stronger condition
(DD) as density conditions, and (M) is a mazimality condition. From now on we
shall also suppress the index $) and G in the notation of the scalar products in $
and G, and simply use (-, ).

Note that condition (DD) implies that ranT'g, ranIT'y, ran f‘o, and ran f‘l are
all dense in G individually and, in particular, condition (DD) implies condition
(D) Furthermore, it is clear from (M) that both restrictions Ag = T' | kerI'y and
Ay =T [ ker FO are closed operators in §). Note that, for Ag closed, the first
condition A} = Ao in already implies the second condition Ar = AO and in
the same way, Ay closed and AO = Ay imply the first condition Aj = Ay in
Later in Section [3]and Section [] we will typically assume that the resolvent sets of
p(Ag) and p(Ay) are nonempty:; cf. Lemma

Remark 2.2. Note that if the triple {G, (I'o,I'1), (f;o, T'1)} has property (G), then
for the operators Ag =T | kerI'g and Ag = T | kerI'y one has

(Aof.9) — (f, Aog) = (T'f,9) — (f,Tg) = (T'1f,Tog) — (Tof,T19) =0



for f € dom Ag and g € dom Zo, and hence the inclusions

Ay C Ay and A C A
hold without further assumptions; thus property (M) for a triple is only required
for the inclusions Ag D Aj and Ay D Aj. Furthermore, if property (M) holds,

this implies that the cores T' C S* and T C S* are also extensions of S and S,
respectively, since Ag C T, Ag C T, lead to

S=T"CAy=AyCT and S=T"CA;=A,CT. (2.4)

We point out that the operators T' and T in Definition are not unique and
may also coincide with S* and 5*, respectively. However, in the special case
T = S* and T = S* the situation simplifies and reduces to the notion of ordinary
boundary triples for adjoint pairs; cf. Proposition Az}nd, e.g., 27, 62 58| [73].
It is not difficult to see that the mappings I'g,I'1,Tg,I'1 are not unique, for in-
stance, if the triple {G, (To,T'1), (T, T'1)} has the property (G), then also the triple
{G, (1, —Ty), (1, —T9)} has the property (G). Therefore, by imposing condition
(D) for T'; and fl and by requiring that the operators A; := T | kerI'; and
Ay =T I kerIy satisfy the analogue of property (M), that is,

Af=A; and A=A, (2.5)
the triple {G, (I'1, —T), (1, —Lo)} has the same properties (G), (D), and (M) as
the original triple {G, (To,T1), (T, T'1)}. In particular, if {G, (Io,T1), (To,I'1)} is a
quasi boundary triple and holds, then {G, (I'1, —T'), (fl, 71:0)} is also a quasi
boundary triple.

The next lemma shows that the density condition (DD) in Definition can be
concluded from the surjectivity of the maps Iy and L.

Lemma 2.3. Assume that the triple {g,(FO,Fl),(fo,fl)} for the adjoint pair
{S, S} has properties (G) and (M). Then the following assertions hold.
(i) If ranTy is dense in G and ranTy = G, then ran(To,T1)7 is dense in
gxg; o
(ii) If ranT is dense in G and ranT'y = G, then ran(Io,I'1)" is dense in
gxg.
In particular, if ranTy = ranly = G, then condition (DD) in Definition 18
satisfied and {G, (T, T1), (fo,fl)} s a quasi boundary triple for the adjoint pair
{s,5}.
Proof. (i) Assume that (p,¢')T € G x G is orthogonal to the range of (I'o,I';)7 :
domT — G x G and choose g € dom T such that fog = ¢'. Then we have

0= (I1f,¢") = (Tof, —) = (T1f,Tog) — (Tof. ) (2.6)
for all f € domT, and hence the abstract Green’s identity (G) becomes

(T'f,9) — (f.Tg) = (T1f,Tog) — (Tof.T1g) = (Tof, —p — L'19).

In particular, for f € kerI'g = dom Ag we have
(Aof.9) = (£.Tg) = (Tf.9) — (f Tg) =0

and therefore g € dom Af = dom A = ker fo, that is, ¢’ = fog = 0. Now ([2.6)
reduces to 0 = (I'o f, ) for all f € domT and as ranT'y is dense in G we conclude
¢ = 0. This shows that the range of (I'y, I‘l)T is dense in G x G.

(ii) can be proved in the same way as (i). It is also clear from (i) and (ii)
that under the assumption ranI'y = ran fo = G the ranges of both (T'y, Fl)T and
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(fo,fl)T are dense in G x G, that is, condition (DD) in Definition holds, and
hence {G, (T'o,T'1), (T0,T'1)} is a quasi boundary triple. O

We note that, in the situation of Lemmawith ranI'g = ran fo = G, the quasi
boundary triple {G, (I'g,T'1), (I'p,T'1)} can be regarded as a generalized boundary
triple in the context of adjoint pairs; for the case of symmetric operators this
concept appeared already in [37] and we also refer to the more recent contributions
21, 33, [35].

Lemma 2.4. Assume that the triple {g,(Fo,Fl),(fo,fl)} for the adjoint pair
{S, S} has the properties (G), (D), and (M). Then
dom S =kerT'oNkerI'y and dom S =kerTyNkerTy. (2.7)

Proof. We will verify the identity dom S = ker fo N ker fl; the second identity in
(2.7) can be shown in the same way. For this, let us consider some fixed g €
dom S = domT*. From Ay C T and the maximality condition (M) we obtain
T C Ay = Ao C T (see (2.4)), and hence g € dom Ay = kerI'y C dom7. The
abstract Green’s identity (G) yields

=(Tf,9) = (f,Tg)

= (' f,Tog) — (Tof,T1g)

= —(Tof.T1g)
for all f € domT and as ranT is dense in G by condition (D) it follows that also
g € kerI'y. Conversely, for g € ker I'g Nker I'; the abstract Green’s identity implies

(Tf.9)— (f.Tg) = (T1f.Tog) — (Tof,T1g) =0
for all f € domT. This shows g € domT* = dom S. (]

Lemma 2.5. Assume that the triple {g,(ro,rl),(fo,fl)} for the adjoint pair
{S, S} has the properties (G) and (DD). Then the mappings

<FO> :domT - G xG and EO :domf%gxg (2.8)
F1 Pl

are both closable with respect to the graph norm of T andf, ‘respectively. In par-
ticular, the individual mappings T'y,I'1 : domT — G and ['y,T'y : domT — G are
closable.

Proof. Consider a sequence f, € domT such that f, — 0 and T'f, - 0asn — oo
and assume that T f, — ¢ and Ty f,, — ¢, n — oo, for some ¢, ¢’ € G. Using (G)
it follows that

0= lim ((Tfn,9) = (fu, T9))
= lim ((I'1fa,Tog) = (Dofu;T19))
= (¢',Tog) — (¢, T19)

and as ran ([p,T;)7 is dense in G x G by (DD) we conclude ¢ = ¢/ = 0. This
proves that the first mapping in (2.8)) is closable and the same argument applies to
the second mapping in (2.8). O

Proposition 2.6. Let {G, (T'o,T1), (fo,fl)} be a quasi boundary triple for the ad-
joint pair {S,S}. Then the following are equivalent.



(i) T=5*% and T = S*;

(ii) ran (T'o,T'1)T =G x G and ran (I'y,I';)T =G x G.
Proof. (i) = (ii): Since ran (I'g, ;)T and ran (I'g,T;) T are both dense in G x G by
(DD) it remains to show that both ranges are closed. We will provide the argument
for ran (o, 1) T; the same reasoning applies to ran (I'p,'1) . Consider a sequence
(Cofn;T1fn) T, where f, € domT and assume that

Tofn =@ and Tif, — ¢ (2.9)

as n — oo for some @, ¢’ € G. Now regard (the graphs) S and T = S* as closed
subspaces of ) x £ and note first that by the inclusion S C T'= S* in (2.4) there
exists a closed sgbspace YV C $H x $ such that T'= 5 @ V; here V is the orthogonal
complement of S regarded as a subspace of T' with respect to the scalar product in

) x $ restricted to T'. Therefore, since dom S = ker 'y NkerI'; by Lemma it is
no restriction to assume that f,, € domT satisfy

<<1f;n) ’ (i)) =0, kedom§. (2.10)

Let (h,h’)T € $H x $ be arbitrary and observe that there exist ¢ € dom S* and

-5 ()

k € dom S such that
Using (2.10)), S = ZN“, and the abtract Green’s identity (G) we compute

PN (BN (I (59 4 (F
Tf,) \ W Tfn)’ q Sk
= (Tfnag) - (fnvg*g)
= (C1fn,Tog) — (Cofn, T19) = (¢, T0g) — (¢, T19)
as n — oo, where (2.9) entered in the last step. It follows that (f,,7f,)" is a
weak Cauchy sequence in $) x $) and hence weakly bounded and thus bounded.
This implies that there exists a weakly convergent subsequence, again denoted by
(fns Tfn) T with weak limit (f, f/)T € T. By assumption T = S*, and therefore T’

is closed, so that necessarily f and f! satisfy f' = Tf. Now we conclude for any
g € domT

(T1f.Tog) — (Tof.T19) = (Tf,9) — (f,Tg)
= lim ((Tfn,9) = (fa. T9))

n—oo

= lim ((T1fn,Tog) — (TCofn:T19))

n—oo

= (¢',Tog) — (¢, T19),

(7)) -

As ran (Io,I'1) T is dense in G x G by (DD) we obtain ¢ = I'yf and ¢’ = I'1f, in
particular, (¢,¢’)" € ran([y,I';)" and therefore ran (Ip,I';) T is closed.

that is,

(ii) = (i): Since T and T are cores of S* and S*, respectively, it suffices to verify
that 7" and T are closed. We will provide the proof for T'; the same argument
can be used to show that T is closed. Consider a sequence f, in dom T such that
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fn— fand Tf, — f' asn — oo for some f, f' € $. Let (v,9')" € G x G and
choose g € domT such that T'gg = ¥’ and I';g = —, which is possible by our
assumptions. Using (G) we compute

(@Ofc) ! (Zf)) = (T1fnTog) = (Tofus Tr9)
= (Tnf,9) — (f-Tg) = (f',9) — (f.Tg)

as n — oo. This shows that (I'of,,T1f,)" is a weak Cauchy sequence in G x G
and thus weakly bounded, and hence bounded. Therefore, there exists a weakly
convergent subsequence, again denoted by (I f,,, ['1 f) | with weak limit (¢, ') T €
g x G. By assumption there exists h € domT" such that I'vh = ¢ and I''h = .
Now it follows for g € dom T that

(f'.9) = (£, Tg) = lim ((Tfn.9) = (fa, T9))

= lim ((T1fn,Tog) — (Tofn,T19))

e
= (¢'.Tog) — (¢.T19)

= (T'1h,Tog) — (Doh,T1g)
= (Th,g) — (h, Tg),

and hence (h— f, fg) = (Th—f',g) for all g € dom T. This implies h— f € dom T+
and T*(h — f) =Th— f'. AsT* =S5 C T by (2.4) and h € domT we conclude
fe€domT and Tf = f’. We have shown that T is closed. O

The next result is of a slightly different nature: it provides a method to verify that
a pair of given operators T and T form a core of the adjoints of certain (minimal)
operators S and S , respectively. To emphasize this different point of view we shall
denote the additional properties of the boundary maps here by (G’), (D’) or (DD’),
and (M).

Theorem 2.7. Let $ and G be Hilbert spaces and let T and T be operators in 5.
Assume that

[o,T1:domT — G and Lo, Ty:domT — G (2.11)
are linear mappings such that
(G’) the abstract Green’s identity

(Tf,g) — (f,Tg) = (1 f,Tog) — (Tof,T19)

holds for all f € domT and g € dom T, _
(D’) the ranges of Tg: domT — G and T'g : domT — G are dense,
(M) the operators Ag:=T | kerTg and Ay :=T | ker Ty satisfy

A=Ay and Af = A,.
If, in addition, ker foﬂker fl and ker 'gNker 'y are dense in §, then the operators
Sf .= Tf, fedomS = ker Tg Nker 'y,
gg =Tg, g€ dom S = kerT'g NkerT'y,

are closed and form an adjoint pair such that T and T are cores of S* and g*,
respectively. Furthermore, if the mappings in (2.11)) satisfy the conditions (G’),

(DD") the ranges of (To,T1)T : domT — G x G and (To,T1)T : domT — G x G
are dense,
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and (M), then {G, (To,T'1), (fo, fl)} s a quasi boundary triple for the adjoint pair
{S,S}.

Proof. Observe first that by (G’) and the definition of S and S we have

(Sf.9) — (f,S9) = (Tf,9) — (f,Tg) = (T1f,Tog) — (Tof,T19) =0

for all f € dom S and g € dom S, and hence {S,S} is an adjoint pair. We will
verify the identity

T =S (2.12)
and the same arguments can be used to prove the identity T* = S. Note first that
from Ay C T and (M) it follows that T* C Aj = Ay C T. Therefore, if g € dom T*,
then g € dom Ay = ker Iy C dom T and (G’) implies

0= (Tf,9)—(f,T"g)
=(Tf,9) - (f,Tg)
= (I'.f.Tog) — (Tof.T1g)
= —(Tof,T19)

for all f € domT, and hence assumption (D’) shows Iy g = 0. Now it follows that
T*g = Z’g and g€ kerI'g NkerI'y, that is, T* C S. For the reverse inclusion let
g € kerT'g NkerT'y. Then it follows from (G’) that

holds for all f € domT. This implies g € domT™ and T*g = Tg, and hence we
obtain S C T*. We have shown (2.12)). It is also clear from that the operator
S is closed and T = T = 5% shows that T is a core for S*. In the same way
T* = S implies that S is closed and that T is a core for S*. Finally, note that
{G,(To,T1), (T, I'1)} is a quasi boundary triple for the adjoint pair {3, S} if the
conditions (G’), (DD’), and (M’) hold. O

We briefly illustrate the abstract theory developed in this section for the case of
strongly elliptic systems on Lipschitz domains following the presentation in [64].

Example 2.8. Let Q C R™, n > 2, be a bounded Lipschitz domain with outward
unit normal v and consider a linear second order partial differential expression

P==> 0jApd+> A0+ A

Jok=1 j=1
with matrix-valued coefficient functions Az, A;, A € L= (2, C™*™) such that A, A;,
4,k =1,...,n, are Lipschitz continuous, and its formal adjoint

P== Y 0;A1,00— Y 0;A5+A".
Gk=1

j=1
We define the operators T" and T in L2 (Q,Cm>™) by
Tf="Pf, domT = {f € H'(Q,C™ ™) : Pf € L*(Q,C™™)},
Tg=7Pg, domT={ge H(Q,C™™):Pge L*(Q,C™™)}.
Recall that the Dirichlet trace operator
mp : HY(Q,C™ ™) — HY2(9Q,C™*™) (2.13)
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is bounded and surjective. It follows from the considerations in [64, Lemma 4.3
and Theorem 4.4] that the conormal derivatives

fe Y vp(Bif) and g > vmn(Big), f.g€ H*(Q,C™™),
j=1 j=1

where Bjf = >}, AjxOf and Ejg = > p1 AL;Okg + Ajg, can be extended by
continuity to mappings

v tdomT — H-'/2(0Q,C™*™) and 7y :domT — H~Y/2(5Q, C™*™)
such that
(Tf,g9) — (f, Tg) = (—7x f,709) — (Tp.f, —7n°G) (2.14)

holds for all f € domT and g € domT; here (-, -} denotes the usual dual pairing
of HY2(9Q,C™*™) and H~'/2(9Q,C™*™). Now choose isometric isomorphisms
1y HEY2(9Q, C™*™m) — L2(0Q, C™*™) that are compatible with this pairing, so

that turns into
(Tf,9) = (£,T9) = (—t—Tnf,117Dg) — (t:TD f, —L—TNG). (2.15)

Next, define the operators S and S as restrictions of 7' and T onto ker 7p M ker 7y
and ker 7p Nker Ty, respectively. In a more explicit form we have

Sf="Pf,
dom S = {f € HY(Q,C™™): Pf € L*(Q,C™™),7pf = 0,7n f = 0},
and
Sg = Py,
dom S = {g € H'(Q,C™™) : Pg e L2(Q,C™™), 7pg = 0,7ng = 0}.

Let us now consider the triple
{L2(6Q, C™ ™), (147D, —L—TN), (147D, —L—TN) }. (2.16)

Observe that properties (D) and (G) hold by (2.13)) and (2.15). Furthermore, in
the present situation we actually have rant,7p = L?(99,C™*™). The operators

Ay =T | kerT'y and go =T | ker fo are given by the Dirichlet realizations
Aof =Pf, domAy={fe€ H(QC™™):PfeL*QC™™), 7pf =0}
and
Aog=Pg, domAy = {g e H(Q,C™™): Pg e L(Q,C™™), 7pg = 0};

they automatically satisfy Ay C Af and Ap C gﬁ (see Remark . If, in addition,
there exists \g € C such that \g € p(A4p) and \g € p(ﬁo)7 then one has 4y = gé and
As = Ay (see Lemmabelow), and hence condition (M) holds. Now Theorem
implies that {S, §} form an adjoint pair and that T = S* and T = S*. Note that by
Lemma the stronger density condition (DD) h(ilds7 and hence the triple
is a quasi boundary triple for the adjoint pair {S, S}.
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3. 7-FIELDS AND WEYL FUNCTIONS

In this section we introduce the notion of v-fields and Weyl functions following
the ideas in [16, B7, [33] in the setting of adjoint pairs; cf. [60, 61, [62]. In the
following we consider an adjoint pair {S S } in 9, cores T and T of S* and S*
respectively, and a triple {G, (T'y, T'1), (Fo, Fl)} as in Definition In addition, we
assume that the operators Ag = T | kerI'y and go =T [ ker FO have nonempty
resolvent sets p(Ag) and p(Ay), respectively. Note that A% = A, and AE; = Ap in
condition (M) imply A € p(Ap) if and only if X € p(Ay).

We provide a simple criterion for condition (M) to hold in the case that p(Ap)
and p(Ap) are nonempty.

Lemma 3.1. Let {G, (To,T1),(To, 1)} be a triple as in Definition such that
the property (G) holds. Let Ag = T | kerI'y and /TO =7 [ ker fo, and assume
that there exists \g € C such that \g € p(Ag) and \g € p(ﬁo) Then Ag = A and
A = Ay and, in particular, condition (M) is satisfied.

Proof. Since (G) holds we have Ay C Z* by Remark For Ag as in the assump-
tions one also has )\0 c p(A*), and hence it follows from Ay — Ay C A — o that
Ay = A and Af = A (since Ay is closed). O

In the following we shall introduce and collect some properties of the so-called -
fields v, 5 and Weyl functions M, M corresponding to the triple {G,(To,T1), (To, 1)}
Assume again that the resolvent sets of A9 =T | kerI'g and EO =T [ ker fo are
nonempty and recall first the direct sum decompositions

dom T = dom Ay + ker(T — \) = ker T'g + ker(T — \), A € p(Ayp),
dom T = dom Ay + ker(T — p) = ker [y + ker(T — p), 1€ p(Ap).

In fact, since Ag C T it is clear that the inclusion domT O dom Ay + ker(T — )
holds. To verify the inclusion domT" C dom Ay + ker(T" — X) consider f € domT
and choose g € dom Ay such that (T'— A\)f = (Ao — A)g holds; here we have used
X € p(Ap). Then h := f — g € ker(T — \), and hence f = g+ h with f € domT
and h € ker(T' — X). Note also that the sum is direct as otherwise A € o,(A4y). It

is clear that the direct sum decomposition of dom T in (3.1) can be proved in the
same way.

Definition 3.2. Let {G, (To,T1), (To,T1)} be a triple as in Definition and as-
sume that the resolvent sets of Ag =T [ kerI'g and A9 =T [ kerI'y are nonempty.

(i) The y-fields v and 7 associated with {G, (Tg,T1), (To,IT'1)} are defined by
() = (To Tker(T = X)) ™", A€ p(Ag),
F(n) == (Lo Tker(T— ), p e p(Ao),

where the inverses of Ty | ker(T — ) of Ty | ker(T — ) are defined on
ran 'y and ran fo, respectively.
(ii) The Weyl functions M and M associated with {G, (T, T1), (To,T1)} are
defined by
1

M) :=T1(To [ ker(T — X))~ =T1y(N), A € p(Ay),
M(p) =Ty (Do Tker(T — ) =TiF(),  pe p(dy).

Observe that for fy € ker(T'— A), A € p(Ayp), and g, € ker(T — 1), p € p(Ao),
one has

(3.1)

M\Tofy =T1fx and  M(u)Tog, = L1g,. (3.2)
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In the next proposition we collect some properties of the y-fields.

Proposition 3.3. Assume that the triple {G, (T'o,T1), (fo,fl)} has the properties
(G), (D), (M), and that the resolvent set of Ag or, equivalently, the resolvent set of
A is nonempty. Let v and 7y be the v-fields associated with {G, (To,T1), (To,T1)}.

Then the following assertions hold for all A € p(Ap) and p € p(Ap).
(i) v(A) and ¥(p) are bounded operators from G into $ with dense domains
dom~(A) =ranTy and dom7(u) = ranTy, and rany(\) = ker(T — \) and

rany(p) = ker(T' — p);
(ii) for ¢ € ranTy and ¢ € ranTy the functions A — v(N)¢ and p — F(pu)y
are holomorphic on p(Ag) and p(Ayp), respectively, and the relations

YA = (T + A =v)(Ag = N H)y(v), A, v € p(Ao),
F() = (I+ (p-w)(Ao— ) ™Aw),  pwe p(Ay),

hold:
(iil) y(A\)* and F(u)* are everywhere defined bounded operators from $ to G
and for all f,g € H one has

YA f=T1(Ag = N7 and F(u)*g =T1(Ao — )"y,

in particular, ran~y(\)* C ranT'; and ran5(p)* C ranTy.

(3.3)

Proof. (iii) Let A € p(Ao), ¢ € domy(A\) =ranTy, and f € $. Making use of the
condition (M) we obtain A\ € p(go), and hence there exists ¢ € dom ZO = ker fo
such that (EO —))g = f. By the definition of the y-field we have T'gy(\)¢ = ¢ and
now it follows from Ay C T and the abstract Green’s identity (G) that

(YN, ) = (YN, (Ao = N)g)
(M Ve 9) = (1N, Aog))
(Ty(N)e. 9) = (v(N)e. Tg))
(C1y(Ne, Tog) — (Tor(N)¢, T1g))

= (%ﬁ(xzo — X)_1f)~
Since this identity holds for all f € $ and ¢ € ranI'( (the latter is a dense subspace
of G as we assume (D)) we conclude domy(A\)* = $ and y(\)*f = T'1(Ag — \) 71 f
is valid for all f € $). From the fact that the adjoint operator is automatically
closed it follows that y(\)* is bounded. A similar computation leads to the identity
F(u)*g =T1(Ag — i)~ 1g for all g € $ and implies that ¥(u)* is also bounded and
everywhere defined on ).
(i) It follows from (iii) that v(X\)** = () and F(u)** = F(u) are everywhere defined
and bounded operators from G to ), and hence also the operators v(\) and F(u)
are bounded. The remaining assertions in (i) are immediate from the definition of

the ~-fields.
(ii) For A, v € p(Ap) we use (iii) and compute

YN =) =T1((Ag =N = (Ag — 7))
= (A —)1(Ag — 7)1 (Ag — M)
= (A =2)(¥)* (Ao — NN

Taking adjoints and using (M) leads to

TN =) = (A =v)(Ag = X)),
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and this implies the first identity in (3.3). The second identity in (3.3) can be
proved in the same way. O

Now we turn to the properties of the Weyl functions.

Proposition 3.4. Assume that the triple {G, (To,T1), (Do,T1)} has the properties
(G), (D), (M), and that the resolvent set of Ay or, equivalently, the resolvent set of

Ay is nonempty. Let~y,v and M, :]\Zf be the y-fields and Weyl functions, respectively,
associated with {G, (To,T1),(To,T1)}. Then the following assertions hold for all

A € p(Ao) and pi € p(Ao).
(i) M(A) and M(p) are operators in G with dense domains dom M () =
ranTy and dom M (p) = ranTg, and ran M(\) C ranTy and ran M (p) C
ranl’y; s
(i) M(\) € M(N)* and M(X\) C M(X\)* and one has the identities
M) = M) = (3 = @7 ()" (),
MN)* = M(p) = (A= p)y(N)F(n);
(iii) The functions X — M(X) and p — M(u) are holomorphic in the sense that
they can be written as the sum of the possibly unbounded closed operators

M(Xo)* and M(po)*, respectively, where Ao, pio € p(Ao) N p(Ao) are fized,
and a bounded holomorphic operator function:

M(X) = M(X)" +7(2)" (A = %) (I + (A = 2) (Ao = N) )7 (M),

M () = M (o)™ +v(p0)* (1 — i) (T + (1t = p10) (Ao — 12) ™) F(o)-
Proof. (i) follows immediately from the definition of the Weyl functions M and M.
(ii) Let ¢y € ranTy and 1, € ranT'y and pick f\ € ker(T'— \) and g, € ker(T — p)

such that I'g fx = ¢ and T'og, = ¥,. Then we have f\ = v(A)px and g, =F(u)¢,
and a straightforward computation leads to

(M(A)ox, u) — (oa, M(N)ﬂ’u) = (M(/\)Fofx,fogu) — (Tofa, M(u)fog#)
= ("1fx,Togu) — (Tofx. Trgy)
= (Tfr.9u) — (fr, Tgp) (3.5)
= (Mfasgu) — (s ngu)
= (A= mYN)ex, F (1))

For p1 = A this reduces to (M (X\)gx, 1/1)\) (pr, M ()x);/}x), and hence M(X) C M(\)*

and M(X) C M(X)* Furthermore, (3.5) implies the identities (3.4).
(iii) This is an immediate consequence of the formulas (3.4)) and Proposition 3.3 (ii).
]

(3.4)

4. ABSTRACT BOUNDARY VALUE PROBLEMS

Next we introduce two families of operators in ) as restrictions of T and T via
abstract boundary conditions in G. Let {S, S } be an adjoint pair of operators in
$ and let {G, (T'9,T'1), (To,T1)} be a triple for the adjoint pair {S, S} With linear
mappings I'g,I'y : domT" — G and fo, fl domT — G as in Definition where
T and T are cores of S* and S*, respectively. For linear operators B and Bing
we define

Agf:=Tf, dom Ap := {fedomT:BI‘lf:Fof},

~ - ~ SO ~ (4.1)
Apg:=Tg, dom Az := {gEdomT:BFlngog}.
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Note that the operator B may only be defined on a subspace of G, and hence
f € dom Ap means that I'y f € dom B and BTy f = I'gf; the boundary condition
Efl g = fog is understood in the same way. The goal of this section is to derive
conditions on the parameters B or B and the mapping properties of I'g, ', fm fl
or the corresponding Weyl functions such that Ag or A 5 have nonempty resolvent

sets, that is, for h,k € $ and A € p(Ap) or pu € p(Ap) the boundary value problem
(T =\ f=h, BUif=Tof, or (T —ug=k Blig=Tog,

admits a unique solution f = (Ag — \)"'h or g = (Zg — 1)k, which will be

expressed in a resolvent formula involving the resolvent of Ay, Ag and a perturbation

term consiting of the v-fields, Weyl functions and parameters B, B.

We start with a simple preparatory lemma that only makes use of Green’s iden-
tity (G).

Lemma 4.1. Assume that the triple {G,(To,T1), (To,I1)} for the adjoint pair
{S, S} has the property (G). Let B, B’ be linear operators in G and assume that
(Be,¥) = (¢, B'Y) (4.2)

holds for all ¢ € dom B and ¢ € dom B’. Then the operators Ap and Ap in (4.1)
satisfy N ~

Ap C (AB/)* and Ap C (AB)* (43)
In particular, if B is densely defined, then

Ap C (AVB*)* and AVB* - (AB)*
Proof. For f € dom Ap C domT and g € dom Ap: C domT it follows from Green’s
identity (G) that

(Asf.9) = (£, Amg) = (Tf,9) — (/,T9)
= (I'1f, f09) - (Fof,flg)
= (I1f, BT1g) — (BT1f,T1g)
=0,
where was used in the last step. This implies both inclusions in . O

In the next theorem we provide an abstract Birman-Schwinger principle in a
symmetrized form for operators of the type

ABlef = Tf, dOHlABlB2 = {f € domT : BlBgFlf:FOf}, (4 4)

g§1§2g:: fg, domgﬁlgz = {gedomfzélégflngog}, .

where B; B, and §1 Eg are (products of) linear operators in G; cf. (4.1)). The special
case Bo = B, By = I, or By = B, By = I, in which (4.4) reduces to (4.1)) will be
mentioned separately.

Theorem 4.2. Consider a triple {G,(To,T1), (To,T1)} as in Definition as-
sume that the resolvent sets of Ay and Ag are nonempty, and let M and M be
the associated Weyl functions. Then the following assertions hold for the operators

Ap,B, and géléz in @A), and all X € p(Ag) and p € p(Ag):
(i) XA € 0p(Ap,B,) if and only if ker(I — BoM(A)B1) # {0}, and in this case

ker(Ap, g, —A) = {fr € ker(T—X) : Lo fr = Biy, ¢ € ker(I — BoM(A\)By)}. (4.5)
(ii) p € UP(AVEIEZ) if and only if ker(I — BoM (1) By) # {0}, and in this case
ker(géljg2 —n)={gu € ker(T — p) : fogu = By, € ker(I — Egﬂ(u)él)}
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In the case B, = B, By =1, or ég = E, El = I, we have the following corollary.
Corollary 4.3. Consider a triple {G,(Ty,T'1), (fo,fl)} as n Deﬁm’tion as-

sume that the resolvent sets of Ay and Ay are nonempty, and let M and be the
associated Weyl functions. Then the following assertions hold for the operators Ap

and Ag in (A1), and all X € p(Ag) and p € p(Ao):
(i) XA € 0p(Ag) if and only if ker(I — BM (X)) # {0}, and in this case
ker(Agp — A) = y(A\) ker(I — BM(X)).
(ii) pe ap(gé) if and only if ker(I — BM (1)) # {0}, and in this case
ker(Ag — 1) = 7(u) ker(I — BM (p)).

Proof of Theorem[].3 (i) Assume first that A\ € 0,(Ap,B,) and let fy # 0 be a
corresponding eigenfunction. Then fy € ker(T — \) and Ty f # 0 as otherwise f) €
dom A Nker(T — A\) = ker(Ag — A) = {0}. Furthermore, f\ € dom Ap, , satisfies
the boundary condition 'y fy = B B2I'1 f), and hence we obtain BT’y fy # 0 and
B1BoT'1 fy € ranl'g = dom M (A). From the definition of the Weyl function (see
(3.2)) we conclude

Lifa = M(A)Lofy = M(A)B1BoT' fa
and therefore
0 = BoT'y fx — BosM(N\) By BoT'y f
—(I — BM(\)By) By fy
that is, BaI'y f € ker(I— B M (A)Bq) and, in particular, ker(I — Bo M (M) By) # {0}.
For the converse let us fix some ¢ € ker(I — BoM(A)B1), ¢ # 0, and note
that ¢ = BaM(A)Bip implies, in particular, Bip € dom M()\) = ranTy and
M (X)B1p € dom Bs. Furthermore, we have Byp # 0 and
Bip = B1BaM(\)Bip. (4.6)
Next, we choose fy € ker(T — \) such that T'ofy = Big. Since
Pifa = MM fy = M(A)Bip € dom By
we have BoI'y f\ = BaM(A) By, and hence implies
Lofx = Bip = B1Bol'1 fx.
The identity follows from the above considerations. U

In the next theorem we impose abstract conditions on f,g € §, the 7-fields,
Weyl functions, and parameters By, Bo, El, f?g, such that a Krein-type formula for
the inverses of Ap, p, — A and A BB, M applied to f and g, respectively, becomes
meaningful. These conditions will be made more explicit in Theorem [£.7] and the

subsequent corollaries.

Theorem 4.4. Assume that the triple {G, (To,T1), (To,T'1)} has the properties (G),
(D), (M), and that the resolvent set of Ay or, equivalently, the resolvent set of Ag
is monempty. Let v,y and M, M be the associated ~y-fields and Weyl functions,

respectively. Then the following assertions hold for the operators Ap,p, and Ag

in [{4), and all X € p(Ag) and p € p(Ap):
() If N € 0p(AB,B,) and f € 9 is such that
F(N)*f €dom By and Boy(\)*f € ran (I — BoM(\)By), (4.7)
then f € ran (Ap, B, — A) and the Krein-type formula

A,y — A7 f = (Ag = N fF+9(NBi (I — BuM(N)By) ' BoA(V)*f (4.8)

IEQ
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holds. In particular, if (A7) holds for all f € $, that is, ranJ(\)* C

dom By and ran Boy(A)* C ran (I — BoM(A\)B1), then Ap,p, — A is a
bijective ogerator n $.
(ii) If p & op(Ap, 5,) and g € 9 is such that

v(@)*g € dom f?g and Eg'y(ﬁ)*g €ran (I — EQM(,U/)El), (4.9)

then g € ran (A§1§2 — ) and the Krein-type formula
~ B ~ B . S~~~
(Ag, 5, —m 9= (Ao — ) 'g+3(w)Bi(I — B2M(u)B1)  Bay()*g
holds. In particular, if (4.9) holds for all g € 9, that is, ran~y(u)* C

dom By and ran Byy(i)* € ran(I — BoM(p)By), then g§1§2 —pis a
bijective operator in $).

In the same spirit as in Corollary we formulate the special case By = B,
B1 =1, or By = B, By = I, separately as a corollary.

Corollary 4.5. Assume that the triple {Q’,(FO,Fl),(fo,fl)} has the properties
(G), (D), (M), and that the resolvent set of Ay or, equivalently, the resolvent set of

/~10 is nonempty. Let v, and M, M be the associated v-fields and Weyl functions,
respectively. Then the following assertions hold for the operators Ap and Ag in

(1), and all X € p(Ao) and p € p(A):
(i) If A € 0,(Ag) and f € $ is such that ¥(A\)*f € dom B and By(\)*f €
ran (I — BM(X)), then f € ran (A — ) and

(Ap = N7 = (Ao = N7+ (I = BM) ™ B .
(ii) If p & O-IL(,A\V_,E) and g € $) is suc~h that v(f)*g € dom B and B~(f)*g €
ran (I — BM(p)), then g € ran (Agz — p) and
(A5 — )ty = (A — ) "tg +3(w) (I — BM (1))~ By(n)*g.

Proof of Theorem[{.]} (i) Let f € $ and observe that by the assumptions the
element h € $ given by

hi= (Ao — N f + 7N B (I = BaM(A\)By) ™ BoA(N)* f (4.10)

is well defined. In fact, the inverse (I — BoM (A\)By) ™! exists as A € 0,(Ap, B,) (see
Theorem (i)), and hence (4.7)) ensures that

(I — BsM(\)B1) ™ BoA(N)* f € dom (I — ByM(X)B,) C dom M(\)B;.
Since dom M (A) = domy(A) this together with the definition of the ~-field implies
Y(\)B1 (I = ByM(A)By) ™' Bey(\)* f € ker(T — A)

and, in particular, all products on the right hand side are meaningful. We claim
that h € dom Ap, p,. First it is clear that h € domT and dom Ay = kerI'y, the
definition of v and M, and Proposition (iii) imply

Loh =To(Ag — N) 7' f + Toy(A) By (I — B2M()\)Bl)7lBﬁ(X)*f (4.11)
— By (I — ByM(N)By) ™' Bey(\)* f

and
Ih=T1(A0 — )\)_lf +Tiy(N) By (I — BgM()\)Bl)_lBﬁ(X)*f

! S (4.12)
=FA)*f 4+ M) Bi(I — BaM(X\)B1)  Bay(A)*f.
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Since ¥(A)*f € dom By and (I — BoM(\)By) 'Byy(A)*f € dom BoM()\)B; we
conclude from (4.12) that T';h € dom By and
BoT'1h = Bo3(\)* f + BaM(A\)By (I — ByM(N)By) ™ Bey(\)*
-1 ~ Tk
= ((I = B2M(N)By) + BoM(N)Bi) (I = BeM(\)B1)  Boy(N)* f
-1 ~ TN
= (I = B2M(NB1)  B2A(\)f.
The above identity shows that BsI'1h € dom BoM (M) By C dom By, and hence
B1ByI'1h = By (I - BQM()\)Bl)ilBQ?(X)*f =Toh,
where (4.11]) was used in the last step. Therefore, h € dom Ap, g, and from Ap, g, C
T, Ay C T, and ran~y(\) = ker(T — \) we conclude
(Ap,B, = Nh=(T = XNh
= (T = N)(Ao = N7 + (T = Ny(N B (I - BaM(N)By) ™ BoA(N)* f
=/
that is, f € ran (Ap, B, — A). Now the Krein type formula (4.8)) follows from (4.10)
and h = (A3132 7)\)71f. O
Note that Theorem [£.4] provides criteria such that the extensions Ag, g, — A or
45,5, .
hence it does not follow automatically that Ap, g, or Az 5, are closed extensions

with a nonempty resolvent set. The next theorem is our first result in this direction;
it is an easy consequence of Theorem [£.4] and Lemma

— i are bijective, but here their inverses are not necessarily bounded, and

Theorem 4.6. Assume that the triple {G, (To,T1), (Do, T'1)} has the properties (G),

(D), (M), and that the resolvent set of Ao or, equivalently, the resolvent set of Ag
is nonempty. Let By, By, By, B} be operators in G that satisfy

(B1B2p, ) = (¢, BiByy), ¢ € dom BBy, 1) € dom B} By,

and consider the operators Ap,p, and AB;B; in (4.4). If there exists some A €
p(Ao) such that assumption (4.7) holds for X and all f € $ and assumption (4.9)
holds for A and all g € §, then

Ap,s, = (Appy)" (4.13)

is a closed operator in $) with nonempty resolvent set.

Proof. It follows from Theorem that both operators Ap, g, — A and A BBy, — A
are bijective. Moreover, Lemma implies

Ap, B, — A C (Appy)" — A (4.14)

and it is clear that (EB;BQ)* — A is closed. Furthermore, (AvBiBé)* — A is injective,
since we have

ker((ﬁBgBé)* — A) =ran (EBQB; - X)L = {0}.

Since Ap,p, — A is bijective it follows that the operators in (4.14]) coincide, and
hence we conclude (4.13). In particular, A € p(Ap, B,)- O

Now we provide more direct and explicit criteria on the Weyl function and the
parameter BBy such that Ap,p, becomes a closed operator with a nonempty
resolvent set. We do not formulate a variant of Theorem for the operators
A By By and we also leave it to the reader to formulate the corresponding versions
of Corollary and Corollary below. In concrete applications for differential
operators the conditions (i)-(v) below reduce to properties of the trace maps I'g
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and T'y, the parameter By B, specifiying the corresponding boundary condition,
and properties of the Weyl function at some point A\g € p(Ap).

Theorem 4.7. Assume that the triple {G, (To,T'1), (fo, fl)} has the properties (G),
(D), (M), and that the resolvent set of Ay is nonempty. Let v,% and M be the
associated ~y-fields and Weyl function, respectively. Assume that By and By are
closable operators in G and that for some \g € p(Ag) the following conditions hold:

(i) 1 € p(B2M(Ao)B1);
(ii) ran (BaM(M\g)B1) C ranT'g Ndom By;
(iii) ran (B | ranTy) C ranTy;
(iv) ran(Bg [ ranT'y) C ranTy;
(v) ran (T'; [ kerT'g) C dom By Bs.
Then Ap, B, in s a closed operator with a nonempty resolvent set and for all
A € p(Ag) Np(Ap, B,) the Krein-type resolvent formula

(Ap,p, — N7 = (A= N +yN)Bi (I - BQM(A)Bl)’lBﬁ(X)* (4.15)
is valid.

Proof. We verify the inclusion

ran (B2Y(Xo)*) C ran (I — BaM(Xo)B1). (4.16)
In fact, consider some 9 € ran (Byy(A\o)*). Then

¥ = BoA(No)"f = BaT'1(Ag — Xo) ' f
for some f € $ by Proposition (iii) and from dom Ay = kerI'y and conditions
(iv)—(v) we obtain % € ranT'g N dom B;. By condition (i)
= (I — B2M(Mo)B1) v (4.17)

is well defined and ¢ — ¢ = BoM(\g)Big¢ € ranTy N dom By by (ii). Hence also
¢ € ranl'g Ndom By and (iii) implies Bip € ranTy = dom M()\g). Therefore,

By M(Ag)B1yp = BaM (M) Bip and together with (4.17) we conclude
(I = B2M(Xo)Ba)y =,

which shows (4.16]).

It is clear from condition (i) and Theorem[4.2| (i) that Ao & 0,(AB, B,) and by the
above observation we can apply Theorem (i) for Ao € p(Ap). More precisely,
for any f € $ we have ¥(\g)*f € dom By by condition (v) and Bay(X\o)*f €
ran (I — BoM(A\o)B1) was shown in (.16]). Hence is valid for all f € $ and

(A, B, —X0) " f = (Ao — o) ' f+7(Xo) By (I—BzM(AO)Bl)_lBﬁ(XO)*f (4.18)

holds. Moreover, as By is closable and 5()\g)* is everywhere defined and bounded
(see Proposition [3.3] (iii)) it follows that Byy(Ag)* is closable, and hence closed and
everywhere defined, and thus bounded. Similarly, condition (i) and the assumption
that Bj is closable imply that By(I — BaM()\g)B1)~! is everywhere defined and
bounded, and hence the restriction By (I — BaM(\g)B1)~! is also bounded. Fur-
thermore, v(Ag) is a bounded operator by Proposition (i). Summing up we have

shown that
-1 ~rT v
Y(Xo)B1(I — BaM(Xo)B1)  Ba(Ao)
is a bounded and everywhere defined operator. The same is true for (4g—\g) ! and

from (4.18)) we conclude that (Ap, , — o) ! is a bounded and everywhere defined
operator, and hence closed. This implies that Ag, g, is closed and Ay € p(Ap, B,)-
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Now consider A € p(Ap,B,) N p(Ag). As above we have for any f € § that
F(A)*f € dom By by condition (v). We claim that

BQ’}/( ) f € ran (I BQM(A)Bl) (419)

For this we consider k = (Ap,B, — A)"'f and h = (Ap — \)"'f. Note that

By B>k = I'gk and, in particular, I'1k € dom By. Moreover, I'gh = 0 and from

(T — X\)(k — h) = 0 we conclude M (\)To(k — h) =T1(k — h). Therefore,
MA)B1BoT'1k = M(MTok = M(ANTo(k—h) =T1(k — h). (4.20)

AsT1k € dom By and T'1h =Ty (Ag— A) "L f =5(A\)*f € dom By by (v) we see that
M (X)B1BsT'1k € dom Bs, and hence the element

BoM (M) B, BoT'1k
is well defined. Now we use (#.20) and T';1h = 5()\)* f and compute
(I — ByM(A\)By) BoT'1k = BTk — Bol'y (k — h) = Bol'yh = BoA(A)* f,

which shows (4.19)). Therefore, both conditions in (4.7) are satisfied for all A €
p(Ap, B,) Np(Ap) and f € 9, and hence the Krein-type resolvent formula (|4.15))
follows from Theorem [£.4l 1

In the special case By = I and By = B one obtains the following statement.

Corollary 4.8. Assume that the triple {G,(To,T'1),(To,T1)} has the properties
(G), (D), (M), and that the resolvent set of Ag or, equivalently, the resolvent set of
AO is nonempty. Let v, and M, M be the associated ~v-fields and Weyl functions,
respectively. Assume that B is a closable operator in G and that for some Ay € p(Ao)
the following conditions hold:

(i) 1€ p(BM(Mo));

(ii) ran (BM(XAo)) C ranT;

(iii) ran (B [ ranTy) C ranTy;

(iv) ran(T'y [ kerI'g) C dom B.
Then Ap in is a closed operator with a nonempty resolvent set and for all
X € p(Ag) Np(Ap) the Krein-type resolvent formula

(Ap =07 = (A= N+ - BMOV)) BT (4.21)

is valid.

In the next corollary the special case ranI"y = ran Fo = G is considered. Recall
from Lemma that in this situation {G, (Tg,T1), (['o,I'1)} is a quasi boundary
triple (or even generahzed boundary triple) if also (G) and (M) are required.

Corollary 4.9. Assume that the triple {Q,(Fo,Fl),(fo,fl)} has the properties
(G), ranTy = ranTy = G, (M), and that the resolvent set of Ay or, equivalently,
the resolvent set of Ag is nonempty. Assume that By and By are closable operators
in G and that for some Ao € p(Ag) the following conditions hold:
(i) 1€ p(B2M(Ao)B1);
(ii) ran (BaM(Ao)B1) C dom By;
(iii) ran (T'; [ kerT'g) C dom By Bs.
Then Ap,p, in (4.4) is a closed operator with a nonempty resolvent set and for
all A € p(Ap) N p(Ap,B,) the Krein-type resolvent formula (4.15) is valid. In the
special case By = I and By = B the conditions (i)—(iii) reduce to
(i) 1€ p(BM(Xo));
(ii) ran (T | kerTy) C dom B;
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and Ap in (4.1) is a closed operator with a nonempty resolvent set and for all
A € p(Ag) N p(Ap) the Krein-type resolvent formula (4.21)) is valid.

We briefly return to the setting in Example 2.8 at the end of Section [2|

Example 4.10. Consider the triple in Example and assume that the resolvent
sets of the Dirichlet realizations Ao and Ay are nonempty. Then is a quasi
boundary triple for the adjoint pair {S, S } and the associated ~-fields and Weyl
functions are given by

YNe = falp), 9 € L*Q,C™™), X € p(Ao),
e = gu(¥), e L*(0Q,C™™), e p(Ao),

and
MN)p = —t_mn fr(p), o € L2(09Q,C™™), X € p(Ao),

)
M(p)d = —_Tngu(), € LX(09Q,C™ ™), ue p(Ay),

where fi(p), g, (¢) € H'(Q,C™>™) are the unique solutions of the boundary value
problems

(4.22)

Piale) =Af(e), wmpfale) =¢
and N

Pop(¥) = pgu(¥), 4709, (¥) =¥,
respectively. Note that

— TIM (N ey s HY2(09Q,C™™) — H7Y/2(9Q,C™*™), X € p(Ay),
— T M (e HY2(9Q,C™ ™) — H-Y2(09Q,C™™), e p(Ay),

are the Dirichlet-to-Neumann maps corresponding to the differential expressions
P — X and P — p, respectively. Note also that M () and M (y) in are defined
on L?(9Q, C™*™) and hence Proposition (ii) implies that M () and M(M) are
bounded operators in LZ(992, C™*™) for all A € p(Ap) and i € p(go)7 respectively.

It follows from Corollary [4.9] that if, for instance, B is an everywhere defined
bounded operator in L?(92, C™*™) such that 1 € p(BM (\g)) for some g € p(Ao)
(a situation that appears, e.g., when M(n) — 0 for n — —oo; cf. [19, 20] for
symmetric second order elliptic equations), then

ABf = Pfa
dom Ap = {f € H'(Q,C™™) : Pf € L*(Q,C™™), tyrpf + Bi_7n f = 0},

is a closed operator in L?(€, C"™*™) with a nonempty resolvent set; it is clear that
for A\ € p(Ag) and h € L?(Q,C™*™) the unique H'(Q, C™*™)-solution of the
boundary value problem

(P - A)f = ha L—‘rTDf + BL—TNf = 07

is given by f = (Ag — A)"'h. Furthermore, if X € p(A4g) Np(Ap), then the solution
can be expressed via the Krein-type resolvent formula . We leave it to the
reader to formulate a variant of this observation for Robin-type realizations of the
adjoint differential expression P.

APPENDIX A. THE SPECIAL CASE S =S

We provide a summary of our results in the special situation that S is a densely
defined closed symmetric operator, that is, {S, S} is an adjoint pair. In this case
one can choose T = T and Iy = fo, Iy = fl. The results below are known from
[16, 17, 20, 23] for the special case that {G, Ty, T'1} is a quasi boundary triple,
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but still remain valid under some of the weaker assumptions (&), (D), or (9); cf.
Definition which reduces to the following:

Definition A.1. Let S be a densely defined closed symmetric operator in § and
assume that 7" is a core of S*. We shall consider ¢riples of the form {G,T'¢,I'1} for
S, where G is a Hilbert space and

Fo,Fl :domT — G

are linear mappings. For such a triple {G, Ty, I'1 } we define the additional properties
(&) the abstract Green’s identity

(Tf,9)s = (f,Tg9)s = (L'1f,Tog)g — Lo f,T19)g
holds for all f,g € domT,
(®) the range of I'g : domT — G is dense,
(DD) the range of (I'y,T'1)" : domT — G x G is dense,
(9M) the operator Ag :=T | ker Ty is self-adjoint in $.
If {G,Ty,T1} is such that (&), (DD), and (9M) hold, then {G,I'y,I'1} is said to be
a quasi boundary triple for S.

Note, that in the present situation the natural counterpart of the maximality
condition (M) in Definition is the requirement in (91) that Ag =T | kerTy is
self-adjoint in $. We also mention that Ay is symmetric whenever (&) holds; cf.
Remark 2.2

Lemma A.2. Assume that the triple {G,To,T'1} has the properties (&) and (9M). If
ranTy = G, thenran (Ig,T'1) " is dense in Gx G and {G,T,T'1} is a quasi boundary
triple for S.

The statement in Lemma, is known from [37, Lemma 6.1]; in this situation
the quasi boundary triple {G, T, T'1 } is even a so-called generalized boundary triple
in the sense of [37, Section 6], see also [33] [35].

Lemma A.3. Assume that the triple {G,To,T'1} has the properties (&), (D), and
(9). Then
dom S = kerI'g NkerI';.

Lemma A.4. Assume that the triple {G,To,T'1} has the properties (&) and (DD).
Then the mapping

Iy

is closable with respect to the graph norm of T. In particular, the individual map-
pings I'g,I'y : domT — G are closable.

<F0) cdomT — G x G

Proposition is known for quasi boundary triples from [I6, Theorem 2.3],
where also a variant of Theorem is contained in the symmetric setting. Here
we only state the symmetric version of Proposition [2.6] which leads to an ordinary
boundary triple; cf. [I5] 36)

Proposition A.5. Let {G,T9,T1} be a quasi boundary triple for S. Then the
following are equivalent.
(i) T = 5%,
(ii) ran(Fo,Fl)T =G xg.
The ~-field and Weyl function corresponding to a triple {G,T'g,I'1} are intro-
duced in the same way as in Section [3| using the decomposition

dom T = dom Ao+ ker(T — \) = ker ['g+ ker(T — \)
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for A € p(Ap) as follows:

Y(A) == (To [ ker(T = A)) " and  M(A) := Ty (o | ker(T — X))~

In the symmetric situation Proposition [3.3] and Proposition [3.4] reduce to the
following statements.

Proposition A.6. Assume that the triple {G,To,T'1} has the properties (8), (D),
(M), and let v be the corresponding v-field. Then the following assertions hold for
all X € p(Ap).

(i) v(N\) is a bounded operator from G into $) with dense domain dom~(\) =
ranTy and rany(A\) = ker(T — \);
(ii) for ¢ € ranTy the function X\ — v(A)¢ is holomorphic on p(Ag) and
YA =T+ A =v)(Ao=N)T)y(v),  Avep(do),

holds;
(iii) y(A)* is an everywhere defined bounded operator from $ to G and for all
f €9 one has

T f=T1(A0 = N7,
in particular, rany(A)* C ranT';.
Proposition A.7. Assume that the triple {G,T9,T1} has the properties (8), (D),

(M), and let v and M be the corresponding v-field and Weyl function, respectively.
Then the following assertions hold for all A\, i € p(Ap).

(i) M(\) is an operator in G with dense domain dom M(\) = ranT( and
ran M(A) CranTy;

(ii) M(X) C M(N)* and one has the identities
MA) = M(p)" = (A= p)v()" (V)

(iii) The function A — M (X) is holomorphic in the sense that it can be written
as the sum of the possibly unbounded closed operator M (Xg)*, where Ao €
p(Ag) is fized, and a bounded holomorphic operator function:

M) =MNo)* + 7o) (A= 0) (I + (A= Ao)(Ao — A) 1)y (No).

Next we state the abstract Birman-Schwinger principle in Theorem in a
symmetrized form for the operator

ABlef = Tf, dOHlABle = {f €domT : B1B2F1f = Fof}, (Al)

where B1Bs is a (product of) linear operators in G. The special case Bs = B,
B; =1 is left to the reader.

Theorem A.8. Consider a triple {G,Ty,T'1} as in Definition assume that
the resolvent set of Ay is nonempty, and let M be the associated Weyl function.
Furthermore, let Ap,p, be the operator in and let X € p(Ag). Then X €
op(Ap, B,) if and only if ker(I — BoM(X)B1) # {0}, and in this case

ker(Ap, p, — A) = {fx € ker(T' — \) : To fx = B1yp, ¢ € ker(I — BoM(A\)B1)}.
Theorem [.4] has the following form in the symmetric case.

Theorem A.9. Assume that the triple {G,Ty,T'1} has the properties (&), (D),
(M), and let v and M be the associated v-field and Weyl function, respectively. Fur-
thermore, let Ap, g, be the operator in and let A € p(Ao). If N & 0p(AB,B,)
and f € $ is such that

YN)*f € dom By and Boy(M\)*f € ran (I — BoM(M\)By), (A.2)
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then f € ran (Ap,p, — A) and the Krein-type formula
(Ap,p, = N7 = (Ao = N7+ 9N Bi (I = BaM(\)B)~ Bay(V)' f
holds. In particular, if (A-2) holds for all f € $), that is, rany()\)* C dom By and

ran Boy(A)* Cran (I — BoM (M) By), then Ap, g, — A is a bijective operator in $).

In the special case that By Bs is a symmetric operator and {G,T'o,T';} is a quasi
boundary triple the next result is known from [23, Theorem 2.2 and Remark 2.5].

Theorem A.10. Assume that the triple {G,T0,T'1} has the properties (8), (D),
(M), and let v and M be the associated v-field and Weyl function, respectively.
Assume that By and Bs are closable operators in G and that for some Ao € p(Ap)
the following conditions hold:

(i) 1 € p(B2M(Ao)B1);
(i) ran (BaM(Xo)B1) C ranT'g Ndom By;
(iii) ran (B | ranTy) C ranTy;
(iv) ran(Bg | ranTy) C ranTy;
(

I
(v) ran(T'y | kerT'g) C dom By Bs.

Then Ap, B, in (A.1) is a closed operator with a nonempty resolvent set and for all
A € p(Ag) Np(Ap, B,) the Krein-type resolvent formula

(Ap,, =N ' = (Ao = N  +7(A)By (I = BaM(A\)By) ™ Boy(N)*

is valid. If, in addition, the parameter By By is a symmetric operator in G and the
conditions (i)-(v) hold for some Ao € p(Ag) NR or some s € C*, then Ap, p, is
self-adjoint in $.
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