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1 | INTRODUCTION

In mathematical physics, singular potentials supported on a set X of measure zero are often used as replacements of
potentials that have large values in a vicinity of £ and small values elsewhere, assuming that such idealized models have
similar (spectral) properties as the original ones. Nonrelativistic Schrédinger operators with §-potentials supported on
points were already considered in the early days of quantum mechanics [39, 55], see also the monograph [1], and then
later also Schrodinger operators with §-potentials supported on curves in R2 or R3, surfaces in R3, and similar structures
in higher dimensions were investigated, see, for example, [15, 19, 32], and the references therein. Concerning relativistic
Dirac operators with a singular §-potential, the one-dimensional case was first studied in the 1980s [1, 33], and further
investigated in [18, 22, 23, 36, 47]. Recently also two- and three-dimensional Dirac operators coupled with §-shell potentials
supported on general curves in R2 and surfaces in R? were treated; cf. [2, 3,10, 11, 24] and the discussion below.

In all of the above situations, it is necessary to justify that the differential operators with the singular interactions have
indeed similar properties as the original models with regular potentials. One way to do this is to prove suitable approx-
imation results: one constructs a family of potentials that converge to the idealized singular interaction and shows that
the associated differential operators also converge in the norm resolvent sense to the idealized operator—then also the
spectral properties of the approximating and the idealized models are approximately the same [38, 50]. For Schrédinger
operators with singular potentials this approximation problem has been solved under the assumption that the interaction
support is a sufficiently smooth hypersurface in R®, 8 > 1; cf. [4], and references therein.

The literature on the approximation of Dirac operators with singular potentials is less complete than for their nonrela-
tivistic counterparts. Choose units such that the speed of light c and the reduced Planck constant # are both equal to one.
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Then, the Dirac operator with a singular §-potential in R?, 8 € {1, 2, 3}, is formally given by

0
Jj=1

where 8y denotes the §-distribution supported on a point in R or the boundary £ of a bounded or unbounded domain in R?
or R3, V is a matrix-valued function on ¥ modeling the position-dependent strength of the singular interaction, m € R, and
ay, ..., g, and B denote the Dirac matrices defined in (1.15)-(1.16) below (in dimension 8 = 1 one can use the same choice as
for @ = 2). The first approximation result in dimension one goes back to Seba [51], where the norm resolvent convergence
for so-called electrostatic (i.e., V' = 71,) and Lorentz scalar (i.e., V' = TB) interactions supported on a point was proved.
In [51], it already turned out that one has to renormalize the interaction strength in order to obtain convergence, that is,
when v, — 7dy in the distributional sense, then —ia; 0, + mfB + v.I, does not converge to —ict; 0, + mp + nl,ds, but to
a similar operator, where the coefficient of 5 depends in a nonlinear way on 7; for Lorentz scalar potentials a similar
effect appears as well. Seba suggested that this renormalization is related to Klein’s paradox for the Dirac equation. Later
Hughes proved in [35, 36] strong resolvent convergence for general point interactions and also determined the exact form
of the renormalization in the one-dimensional situation. Recently, Tusek proved norm resolvent convergence in the one-
dimensional case for Dirac operators with general point interactions in [56]. In the two- and three-dimensional setting, the
approximation problem is not as well-studied as in dimension one and so far there exist only results on strong resolvent
convergence. In dimension three, the approximation of Dirac operators with purely electrostatic or Lorentz scalar §-shell
potentials that fulfill a certain smallness condition supported on boundaries of bounded domains was investigated in [42,
43]. The approximation of two-dimensional Dirac operators with electrostatic, Lorentz scalar, and anomalous magnetic
d-shell potentials supported on closed bounded curves and on a straight line was considered in [24] and [12], respectively.
We note that also in the two and three-dimensional setting a renormalization of the interaction strength was observed in
[12, 24, 43].

In this paper, we study the approximation problem for two- and three-dimensional Dirac operators with §-shell poten-
tials and improve the present state of art in the following three ways: under suitable conditions we show (i) norm resolvent
convergence on (ii) bounded and unbounded supports = with (iii) general position-dependent interaction strengths V.
More precisely:

(i) Instead of strong resolvent convergence we prove the norm resolvent convergence of the approximating family, which
has not been established in the multidimensional situation so far. This type of convergence ensures that the spectrum
of the limit operator Hy; can be completely characterized by the spectra of the approximating operators and it also
implies the convergence of the related spectral projections.

(ii) Instead of bounded curvesin R?, the straight line in R?, or bounded surfaces in R3, we treat a general class of bounded
and unbounded interaction supports ¥ which can be described by finitely many rotated graphs of C2-functions with
bounded derivatives (see Hypothesis 2.1) and which includes, in particular, graphs of C2-functions with bounded
derivatives and boundaries of bounded C?-domains.

(iii) Instead of considering only electrostatic, Lorentz scalar, and anomalous magnetic interactions (which can be
described by three real-valued functions) we allow general symmetric 2 X 2 or 4 X 4 matrix-valued functions as
interaction strengths in dimensions two or three, respectively, and provide an explicit formula for the nonlinear
renormalization when passing to the limit.

In the following, we explain the approximation procedure and our main result in more detail. For this some notation
needs to be fixed. We denote the space dimension by 8 € {2,3} and set N = 2 for@ = 2and N = 4 for 6 = 3. Let = c R?
be the boundary of a bounded or unbounded C?-domain Q, c R® that satisfies Hypothesis 2.1. The curve or surface X
splits R? into two disjoint parts Q, and Q_ := R%\ Q_+ and v is the unit normal vector field at ¥ pointing outward of Q.
Foru : R® — CN wewriteu, :=u | Q, and we denote the Dirichlet trace operator by t; t H(Qu;CN) > H 1/2(z; CN),
where H® are the L%-based Sobolev spaces. Moreover, oy, ..., &g, 8 € CN*N are the Dirac matrices defined in (1.15)-(1.16)
and we make use of the notations

0 0
. . _ 0
oc-V.—Zocjaj and a-x.—Zajxj, x = (x,...,x9) € C°.
Jj=1 Jj=1
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We introduce for m € R and V' € L®(Z; CNV*V) such that V(xs) = (V(x5))* for o-a.e. x5y € T in L>(R%; CN) the operator

Hypu 1= (—i(a - V) + mBlu, & (—i(a - V) + mPlu_,

domHy := {u € HY(Q;CM) @ H'(Q_;CY) @ i(ar - v)(tfuy —tsu ) + %(t;u+ +tu)= 0} ) 1.2)

This is a rigorous definition of the formal operator (1.1), whose self-adjointness and spectrum was studied under various
assumptions on the coefficients ¥ and the interaction support in [2, 3, 5, 6, 10, 11, 16, 24] by means of boundary triples and
potential operators. Furthermore, in [48, 49] a sufficient condition for the self-adjointness of Hj was derived for a wide
class of bounded and unbounded C?-smooth interaction supports and bounded C!-smooth interaction matrices. Under
the general assumptions that we are going to make in this paper even the self-adjointness of Hy; is not yet established, but
will follow as a byproduct of our main result below as Hy; is the norm resolvent limit of a sequence of self-adjoint operators.

It is the main goal of this paper to show that the operator Hyy in (1.2) can be approximated in the norm resolvent sense
by Dirac operators with strongly localized potentials. To introduce the latter operators, define the map

1:IXR - RO, (x5, t) 1= x5 + tv(xy), (1.3)
and for € > 0 the set

Q, :=1(EX(—¢¢), £>0. (1.4)

We call Q, tubular neighborhood of . Hypothesis 2.1 and Proposition 2.4 imply that there exists &; > 0 such that t|ry(_¢, ¢))
is injective and hence, all points in Q. can be uniquely described by the map ¢. To define the above mentioned strongly
localized potentials choose

1
g € L*°((-1,1); R) with / q(s)ds =1 (1.5)
-1

and

Ve wh(E;CVN) suchthat V(xy) = (V(xy))" for o-a.e. x5 € Z, 1.6)

where WL, denotes the first order L*-based Sobolev space and ¢ is the Hausdorff measure on Z. Since URx(—¢,e) 18
injective, we can define for € € (0, ¢;)

1 t .
-V(x -), ifx =u(xs,t) € Q,,
Vix) =4 ¢ ( Z)q<5) (x5, 1) € a7
0, ifx & Q,,
and for m € R and ¢ € (0, ¢;) the operator
Hu :=—i(a-V)u+mpBu+V.u, domH, :=HY(R%CV). (1.8)

Note that H, is self-adjoint in L2(R%; CV), as the function V, € L®(R?; CN*V) is symmetric and the unperturbed Dirac
operator H = H, — V, defined on H'(R%; CV) is self-adjoint in L>(R%; CN); cf. Section 2.3.

The sequence V, converges to VJy in the sense of distributions. However, as in [12, 24, 35, 36, 43, 51, 56] the sequence
H, does not converge to Hy,, but to a similar operator with a renormalized interaction strength V. In the present situation,
this renormalization is expressed with the help of the matrix-valued function

-1
S = sinc <%(a . v)V) cos <%(a . v)V) , 1.9)

where analytic functions of matrices are defined via the corresponding power series, or equivalently via the Riesz-Dunford
functional calculus. Now, we are prepared to formulate the main result of this paper.
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Theorem 1.1. Let q, V, and €, > O beasin (1.5), (1.6), and (3.11), and assume that for some z € C \ ((—o0, —|m|] U [|m], o))
the condition

IVllw scmay gl orp) <Xz (1.10)

holds with X, given by (3.30). Furthermore, assume that
cos( %(cx . V)V)_l e WL (z;CN*N) (1.11)

andsetV = VS, where S is defined as in (1.9). Then, the operator Hy; in (1.2) is self-adjoint in L2(R%CN), z € p(H,) N o(Hy)
foralle € (0,¢,), and for any r € (0,1/2) there exists C > 0 such that

I(H; =2~ = (Hy — 2)~ <Ce/Pr £ e(0,8y).

1
”LZ(RG ;CN)=L2(RO;CN)
In particular, H, converges to Hy; in the norm resolvent sense as € — 0+.

The main assumption in Theorem 1.1 is condition (1.10), which means that V has to be small in a suitable sense and
which also appears in a similar form in [43], where the strong resolvent convergence of H, for some special potentials
V was proved. The condition for V' can be optimized by choosing q = % X(-1,1)» Where y(_; ;) denotes the characteristic
function of the interval (—1, 1), but since for some applications also more general q can be useful, we keep the more general
formulation of (1.10); a more detailed discussion of (1.10) can be found in Remark 4.6. We shall show later in Lemma 3.13
that X, < %, if  is compact and smooth. Let us also mention that one can replace (1.10) by the more abstract conditions
(i) and (ii) from Proposition 3.12; cf. Remark 4.5.

In the following, let us consider the special choice

V =nly + 8 + di(a - v)B, (1.12)

where 7, 7,4 € WL (Z; R) are real-valued functions (or simply real constants) that model electrostatic, Lorentz scalar, and
anomalous magnetic interactions, respectively. Such potentials V are of special physical interest and the existing literature
on Dirac operators with §-shell potentials mostly focuses on this case. It turns out that for such V the renormalization
matrix in (1.9) has the simple form

S = % tan(@)IN,

where d = 5? — t2 — 22, and (1.11) simplifies, see (1.13). Note that analogous conditions and renormalizations are given in

[24, Theorem 2.6], [42, Theorem IV.2], and [51, Remarks]. In the present situation, Theorem 1.1 reduces to the following
corollary.

Corollary 1.2. Letq, V, and €, > 0 be as in (1.5), (1.12), and (3.11), respectively, with n,7,A € WL (Z;R), d = n?> — 12 = 12,
and assume that for some z € C \ ((—oo0, —|m|] U [|m|, 00)) condition (1.10) holds with X, given by (3.30). Furthermore,
assume

inf |2k + 1)’7? —d(xy)| > 0 (1.13)
Xzez,keNo

and let V = % tan(\/E/Z)V. Then, Hy in (1.2) is self-adjoint in L*(R%; CN), z € p(H,) N p(Hy) for all € € (0, ¢,), and for
anyr € (0,1/2) there exists C > 0 such that

I(H, — 2)™! = (Hy — 2) <, ee (0.

1
||L2(R9;CN)—>L2(R9;CN)

In particular, H, converges to Hy; in the norm resolvent sense as € — 0+.
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In the previous two results, we stated conditions on a given V ensuring that H, converges in the norm resolvent sense
to Hy. In the following corollary, we address the inverse question and state conditions on V such that Hy is the limit of
the operators H,.

Corollary 1.3. Let V € WL (Z; CV*N) such that V(xy) = (V(xz))* for o-a.e. xz € Z, &, > 0 be as in (3.11), and assume that
forsome given z € C \ ((—oo0, —|m|] U [|m], 00))

_ X
a- W , < 2tanh . i
||( ) ”Wgo():,CNxN) < llet - V“Wgo(E;CNxN)> ( )

holds. Moreover, set q = % X(-1,1) and

((0( . V)V)2n+1

V=2a-v) arctan(%(a V) =2(a-v) 2(—1)"m,

n=0

and let H, be the operator defined in (1.8) with these specific choices of g and V. Then, the operator Hy; in (1.2) is self-adjoint
in L2(R%;CN), z € p(H,) N p(Hy) foralle € (0,¢,), and for any r € (0,1/2) there exists C > 0 such that

I(H, —2)™! — (Hy —2)~ <Ce/2r, £e€(0,8).

1
||L2(R9;CN)—>L2(R5;CN)

In particular, H, converges to Hy; in the norm resolvent sense as € — 0+.

Let us briefly explain the strategy to prove Theorem 1.1 and the structure of this paper. First, in Section 2 we collect some
preliminary results regarding the geometry of Z, the free Dirac operator, and some associated potential and boundary
integral operators (see also Appendix C). In Proposition 3.2, we then prove the resolvent formula

(H — Z)_l =(H - Z)_l —A(2)Vqd + BE(Z)Vq)_ICE(Z),

where H is the free Dirac operator (see (2.8)) and A.(z), B.(z), C.(z) are suitable integral operators defined in (3.4) that
are bounded between various L?-spaces; cf. Proposition 3.1. This is a standard approach that has been applied in other
approximation problems for differential operators with singular potentials, see, for example, [1, 4, 43, 51]. Typically, the
convergence of A.(z), B.(z),C.(z) is analyzed in the corresponding L?-setting. In the situation of Dirac operators with
singular potentials, B.(z) converges only strongly in L? and hence, via this approach only the strong resolvent convergence
of H, can be shown; cf. [43]. Contrary to that, we investigate the convergence of A.(z), B.(z), C.(z) between Sobolev-type
spaces. For this, a certain shift operator, which allows to compare the values of functions in xs € ¥ and in x5 + esv(xy),
plays a crucial role; cf. Proposition 3.3. The condition (1.10) in Theorem 1.1 is needed to ensure that (I + B.(z)Vg)™! is
uniformly bounded in e. Finally, using the limiting behavior of A.(z), B;(z), C.(z) we compute in Section 4 the limit of
(H, — z)~! fore — 0+ and show that it indeed coincides with the resolvent of H;>. In Appendices A and B, we provide some
technical calculations that are necessary for the definition of the tubular neighborhood of ¥ and the convergence analysis.

1.1 | Notations

By 0 € {2, 3} we denote the space dimension and we set N = 2 for 8 = 2 and N = 4 for 6 = 3. Recall that the Pauli spin

matrices are
o = 0 1 o = 0 —-i and  o. = 1 O
1"\1 0/ 27 \i o) 37 \o -1/

With their help the Dirac matrices a, ..., g, § € CV*V are defined for 6 = 2 by

al = Gl’ az = 0'2, and ﬁ L= 0-3, (115)
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and for 6 = 3 by
0 o; I 0
- J - (12
aj <Uj 0) forj=1,2,3 and f: <0 _I2>, (1.16)

where I, is the 2 X 2-identity matrix. We will often make use of the notations
0 0
oc-V:=Zocj6j and a-x:=2ajxj, x=(x1,...,x9)e<[29.
j=1 j=1

The letter C > 0 always denotes a constant which may change in-between lines and does not depend on the space
variables or on ¢. The symbol | - | is used for the absolute value, the Euclidean vector norm, or the Frobenius norm of a
number, a vector, or a matrix, respectively. We write (-, -) for the Euclidean scalar productin C", n € N, which is anti-linear
in the second argument. Eventually, the application of an analytic function to a matrix A is defined via the associated power
series, whenever it converges. This implies, in particular, for two holomorphic functions f, g that f(A)g(A) = (fg)(A).
We will also make use of the equivalent definition of f(A) via the Riesz-Dunford calculus

=55 | r@a-2d 1

where Q C C is such that all eigenvalues of A belong to Q, f is holomorphic in a neighborhood of Q, and the integral is
understood as a complex line integral; cf. [27, Chapter VII, Section 4] and [31, Chapter VIIL.3.1].

Next, let H, G be Hilbert spaces and let A be a linear operator from H to ¢. The domain, kernel, and range of A are
denoted by dom A, ker A, and ran A, respectively. If A is bounded and everywhere defined, then we write ||A[l_¢
for its operator norm. If H = G and A is closed, then the resolvent set and the spectrum A are denoted by p(A) and
o(A), respectively.

Following [44, Appendix B], we call (H,, H;) a compatible pair, if H, and H; are two Hilbert spaces which are continu-
ously embedded in a bigger Hausdorff topological vector space. In this situation, one can construct with the K-method (or
various other methods, see [25, 26, 37, 44], which yield the same spaces with equivalent norms) a family of Hilbert spaces
[Hy, Hilz, T € (0,1), such that Hy N H, C [Hy, H,]; C Hy + H; forall T € (0,1). Assume that (G,, G ) is another compat-
ible pair of Hilbert spaces. Recall that for two bounded operators A, : Hy — Gy and A; : H; — G such that Aju = Aju
for all u € Hy N H;, there exists by [44, Theorem B.2] a unique bounded linear operator A, : [Hy, H1]; — [Go, G1]: such
that Aju = Aju = A;uforallu € Hyn H; and

1-7 T
1A 340 72,1 —160.01. < Mol 1AL, g, (118)

Finally, if k,n € N, U C R" is an open set and V denotes the space of real or complex scalars, vectors, or matrices,
then we write CZI)‘(U; V) for the space of all f € CX(U;V) such that f and all partial derivatives of f up to order k
are bounded. Moreover, D(U; V) is the set of all f € C*(U; V) with compact support. If f € C1(U;C¥), then the sym-
bol Df is used for the Jacobi matrix of f. The usual Bochner Lebesgue space of H-valued functions are denoted by
L*((—=1,1); H), cf. Section 2.2. For H = H"(Z; CN) we use the symbol |-l for the norm in L*((—1,1); H"(Z; C™). In
a similar way, we write ||-ll,_,» := II-ll 2111 oy - 210w cevyys 1oz 1= 2o mr vy -z as well as
”'”H—H” = ”'”H—>L2((—1,1);H"(Z;CN))'

2 | PRELIMINARIES

In this section, we provide some preliminary material that is needed in the main part of this paper to prove Theorem 1.1.
First, in Section 2.1 we formulate suitable assumptions on the hypersurface X that are convenient for our approximation
procedure, then in Section 2.2 we provide some definitions and fundamental results for Bochner Lebesgue spaces that are
used throughout this paper, and in Section 2.3 we introduce the free Dirac operator and a family of associated potential
and boundary integral operators.
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2.1 | Description of the boundary X and its tubular neighborhood

In this section, we formulate assumptions on the geometry of X which will allow us to construct the tubular neighborhood
of X in (1.4) in a similar manner as in [4, 43]. The presentation here differs slightly from [4], as in this paper we need
better properties of the trace map and the extension operator. The following assumption will be made throughout the

paper:

Hypothesis 2.1. Assume that Q, c R%, 8 € {2, 3}, is an open set with boundary ¥ := dQ, and that there exist open sets
Wi, ..,W, C R®, mappings {1, ..., $p € Ci(Re‘l; R), rotation matrices xy, ..., x,, € R and ¢, > 0 such that

O =cUL, Wi
(ii) if x € 0Q, = Z, then there exists | € {1, ..., p} such that B(x, gy) C Wj;
(iii) W, N Q, = W; N Q;, where Q; = {x,(x',xp) : x5 < {(X'), (x',xg) € R®}, forl € {1,..., p}.

Furthermore, we set £, 1= 8Q; = {i;(x’, &,(x)) : x € R®~1}, Q_ := R\ Q,, and denote the unit normal vector field at
¥ that is pointing outward of Q_ by v.

We note that Ci—hypographs and the boundaries of compact C?-domains satisfy Hypothesis 2.1. Moreover, the sets X;
are a cover of X, but in general one has X; ¢ 2. In the following, we fix notations regarding points and functions on
> satisfying Hypothesis 2.1 that will be used in the entire paper and recall the definition of Sobolev spaces on X and a
convenient variant of the trace theorem; cf. [20, 41, 44]. First, if U ¢ R®~! is open, then for r € [0, 2] the space H"(U;CV)
and also WL (U; V) with ¥ € {C, CN*N} are defined as in [44]. To transfer these definitions to X, we choose a partition of
unity ¢y, ..., ¢, € C*(R?) subordinate to W1, ..., W, such that each ¢, | € {1, ..., p}, has uniformly bounded derivatives
(see Lemma B.2). Next, we define

Xy RO ST, xp () t= (), $(X), (€AY
and for 3 € L*(Z; CV) we write

s (x)) 1= @10z, (X NPz, (X)), if x5, (X)) €2,
2 . 0, ifle(x/) ¢ 3.

Then, ¥y, € LA(R%1;CN) and 9(xz) = 3, . phaser, V2 (xgll(xz)) for xy € X. As usual, we introduce for r € [0, 2]

H'(Z;CN) 1= {p € L(Z;CN) @ ¢y, e H' (RO, CN) foralll = 1,..., p}

and endow this space with the inner product
P
@ Do) = 2, @op¥s)ypgorony  H¥ EH(ECY).
I=1

Sobolev spaces H'(Z; CN) with r € [—2,0] are defined, as usual, by duality. One can prove in the same manner as in
[44, Theorem B.11] that for r,r, € [-2,2] and r = (1 — T)r; + Tr,, 0 < T < 1, the interpolation property

H'(Z;CY) = [H"'(Z;,CY), H™(Z;€Y)] 22
holds with equivalent norms. Eventually, we set U := xg, L(Z n W)) and define for ¥ € {C; CN*N}

Wo(E V) :={F € L®(%;V) : (Foxy) | U € WL,(U; V) foralll =1,...,p}
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equipped with the norm

.- 1 .
1F s = max Foxs) 1 Uilly, 0 F € W V),

Note that if F € Wl (Z; V) and r € [0, 1], then by direct calculation (r € {0,1}) and interpolation (r € (0,1)) one obtains
forall ¢ € H'(Z;CN)

F$ e H'(ZCY) and  |IF@llgrsen) < CUFllyy s l¢lmreen), (2:3)

where C > 0 does not depend on F. In particular, ¢ — F¢ induces a bounded operator in H'(X; CV) and the operator
norm is bounded by C||F ||W(1n (s We identify F with this induced operator.

In the next proposition, we state a variant of the trace theorem suitable for our situation; cf. [41, Theorem 2] and [20,
Theorem 8.7].

Proposition 2.2. Assume that Q. and X satisfy Hypothesis 2.1 and let r € (1/2,1]. Then, there exists a unique bounded and
surjective operator

£ H'(Q.;CN) - HY2(z;CN)

such thatt;—'u = u|yforallu € H'(Q.;CN)n C(Q_i; CN). Furthermore, there exists a unique bounded and surjective operator
ts 1 H'(R%,CN) - H™1/2(z; CN)

such that tsu = uls forallu € H'(R%; CN) n C(R%; CN).

In the rest of this subsection, we summarize some statements on tubular neighborhoods of X given by (1.4) by making
use of the results in [4, Section 2.1]. Recall that the embedding ¢ is defined by (1.3) and that the set Q. for ¢ > 0is introduced
in (1.4). In the following definition, we introduce the Weingarten map (or shape operator) on X:

Definition 2.3. Let ., satisfy Hypothesis 2.1 and denote for xy = x5,(x") € Z, l € {1, ..., p}, the tangent hyperplane
of T in the point xy by the symbol T, := span{d;xs (x') : j =1,...,6 — 1}. The Weingarten map is the linear operator
W(xz) @ Ty, — Ty, defined by

W(x5)dxs,(x") = =0;v(x5,(x")), jefl,..,6—1%L

As mentioned in [4, Definition 2.2] and the text below, W (xs) is well-defined (i.e., it is independent of the parameteriza-
tion of X and the index I). Furthermore, in the following we denote the matrix representation of W(xy) corresponding to the
basis {0;x5,(x') : j =1,..,8 — 1} of T, by L;(x’). Moreover, note that if xy = x5, (x') = x5, (/) € Zwith [,k € {1, .., p}
and x’,y’ € R%!, then the eigenvalues of L;(x") and L,(y") coincide, see [4, Definition 2.2] and the text below. There-
fore, the expression det(I — tW(xy)) := det(Is_; — tL;(x")) for t € R is well-defined. In the next proposition, we state
important properties of t and W, and identify L'(Q,) with L1(Z x (—¢, €)).

Proposition 2.4. Let Q, > C R, 0 € {2, 3}, satisfy Hypothesis 2.1. Then, there exists €, > 0 such that the following is true:
(D) Usx(—e,,ep) I8 injective.

(ii) There exists C > 0 such that |1 — det(I —eW(xx))| < Ce <1/2 forall xs € Zand € € (—¢q, €7).
(iii) Fore € (—&;,¢;) one hasu € LY(Q,) if and only ifuot|sy(—ce) € LY(Z X (—¢,€)) and in this case

/ u(y)dy = / / u(ys + 5v(ys)) det(l — sW(ys)) do(ys) ds.
Q, —JX
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Proof. Let €4 be the number specified in Proposition A.2 and let ¢; € (0,e4). Then, by Proposition A.2 (ii) there exists
C4, > Osuch that

ll(xs, ) — Wys, 8)| > CZ}Z(PCZ —ysltlt=sD), (x5,0), s, 8) € X (=€, 6p).
Hence, t|5x(—¢, ¢,) IS injective, that is, item (i) is true.

Next, we show assertion (ii). For this, we introduce forI € {1,..., p}and x’ € R®~1 such that Xs, (x") € = the coordinate
matrices M;(x") and H;(x") of the first and second fundamental form, respectively. Their entries are given by

M) [, k] 2= (x5, (x"), Okxs, (X)) and - Hy(x") [ j, k] 1= (8x5, (xX'), =8v(xy,(x")))

for j,k € {1, ...,0 — 1}. It is well-known, see for instance [40, Chapter 3B], that these matrices are related to the coordinate
matrix of the Weingarten map at x5, (x") = x5 € T via the formula

6-1 6-1
H (. k] = (90, (2, W (g)iats, (1)) = 3 (805, (), Ly, k18,05, (D) = Y. My )L nLy () K]
n=1 n=1

= (M;(xX")L;(x")Jj, kI, j.kel{l,..,6 -1}

Furthermore, using the definition of xz (x’) one concludes M;(x') = Iy_y + V{;(x")(V{ (X’ ). The inverse of M;(x’) is
given by Ip_; — (1 + |V ™IVE () (VE(x))T . Hence,

Li(x") = (Io—1 = A+ VGG VGV ) Hi(x). (24)

Since ¢; € Ci(Rs_l; R) by Hypothesis 2.1, Equation (2.4) and the definition of H;(x") imply SUD 1, phexsi(s) |Li(x")| <
..... xlexy

oo. Now, recall that det(I — eW (xy)) = det(lg_; — eL;(x")) for x5 = x5, (x") € Z. Moreover, expressing the determinant as
the product of the eigenvalues one verifies the equation 1 — det(Is_; — eL;(x")) = €P;(¢), where P; is a polynomial in £ with
coefficients depending continuously on the entries of L;(x"). This shows that (ii) holds if¢; > 0 is chosen sufficiently small.

Finally, the claim in (iii) follows from [4, Proposition 2.6], since (i), (ii), and Proposition A.2 (i) show that ¥ satisfying
Hypothesis 2.1 also fulfills [4, Hypothesis 2.3]. O

2.2 | Bochner Lebesgue spaces

In this subsection, we summarize some results on Bochner Lebesgue spaces that will be used throughout this paper; for
details we refer to [37, Chapter 1]. We always assume that H and G are separable Hilbert spaces, O, O, @, are Borel sets
inR", n €N, and L(H, G) is the set of bounded linear operators from H to G.

Definition 2.5. We call f : O — H (weakly) measurable, if for all ¢ € H the mapping O 3 ¢ = (f(£), ¢),, is measur-
able with respect to the Lebesgue measure on . Furthermore, we call F : @ —» L(H, G) measurable, if O >t » F(t)h is
measurable for all h € H.

We also recall that a function f : @ — H is (strongly) measurable, if f is the pointwise limit of simple functions, and
that in the present situation both notions of measurability coincide due to the Pettis theorem, see [37, Theorem 1.1.20].
Moreover,if f : @ > Hand F : O — L(H, G) are measurable, then the function © 5 ¢t — F(t)f(t) € Gis measurable, see
[37, Proposition 1.1.28].

For a measurable function f : O — H such that ¢ = || f(¢)|l;, is integrable, the Bochner integral /0 f)dt e H is
defined in the standard way, see [37, Definition 1.2.1 and Proposition 1.2.2]. Many standard results for (usual) Lebesgue inte-
grals admit natural generalizations to Bochner integrals. In particular, we will make use of Fubini’s theorem for Bochner
integrals, see [37, Proposition 1.2.7]: If f : O; X O, — H is measurable and the integral / 0,%0, I f (¢, 9)l;, dtds is finite,

then the Bochner integral f o, f(¢,s)ds exists for a.e. t € @; and the function ©O; >t f o, f(¢,s)ds is measurable and
Bochner integrable.
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Next, we introduce Bochner Lebesgue spaces.

Definition 2.6. We define L?(©; H) as the space which contains all (equivalence classes of) measurable functions f :
O — H such that

/ IFOI2, dt < oo.
©

Furthermore, we equip this space with the scalar product
[ GOy, d fger©mn,
o

It is not difficult to show that L2(O; H) is a Hilbert space; cf. the comments below [37, Definition 1.2.15]. Next, duality
and interpolation properties of Bochner Lebesgue spaces are discussed. According to [37, Corollary 1.3.13 and Theorem
1.3.21] the identification of f € L?(©9; H*) with the functional defined by

LG H) 5 g / e .80, dt,
0]

where 3,+(+, -);, denotes the bilinear dual pairing on H* X H, induces an isometric isomorphism between L*(O; H*) and
the dual space of L?(©; M), that is,

L2 (O; H)* ~ L2(O; H™). (2.5)

If G is a Hilbert space such that (#, G) is a compatible pair (cf. the notations section), then also (L*(O; H), L*(O;0)) is a
compatible pair and

L*(O;[H,Cl,) = [LX(O; H),LX(0; Q)] , 1€ (0,1), (2.6)

°

with equivalent norms, see [37, Theorem 2.2.6 and Corollary C.4.2].

In this paper, we are particularly interested in the Bochner Lebesgue spaces L>((—1,1); H"(Z; CN)), r € [-2, 2], where
¥ c RY, 6 €{2,3}, is a hypersurface satisfying Hypothesis 2.1 and H"(Z; CV) is defined as in Section 2.1. We summarize
important properties of these spaces in Proposition 2.7, where (i) and (ii) follow from (2.6) and (2.5) and the properties of
H'"(Z;CN) in Section 2.1 and (2.2). Assertion (iii) follows from [37, Propositions 1.2.24 and 1.2.25].

Proposition 2.7. Let Q. , X C R, 8 € {2, 3}, satisfy Hypothesis 2.1. Then, the following is true:

) Ifte(0,1),r,r, €[-2,2]and r = (1 — T)r + 1y, then
LA((-1,1); H'(Z;,CV)) = [L2((=1, 1) H'(Z;,CY)), LA((=1, 1); H™2 (2, €M)

and the corresponding norms are equivalent.
(ii) For r € [0,2] there exists an isometric isomorphism between the dual space of L*((=1,1);H"(Z;CN)) and
L*((-1,1;H™"(2;C), that is,

L*((-1,1); H"(Z;CN))* = L2((-1,1); H"(Z; CN)).

(iii) For any a > 0 the identification of F € L*(Z X (—a, a); CN) with the function f : t — F(-,t) induces an isometric
isomorphism between the spaces L*(Z X (—a, a); CN) and L*((—a, a); L>(Z; CN)) and

</ f@® dt> (x5) = f®)(xs)dt foro-ae.xsy €Z.

—a

85U8017 SUOWILOD BAITea1D 3[edldde ayy Aq peusenob ae ssppiie YO ‘8sh JO e[ 10} Ariqi]8UIIUO AB[IAN UO (SUOIPUOD-PU-SLLBY/WIOD"AB | 1M AeIq 1 BUI|UO//:SdNL) SUORIPUOD PUe SWIB | 8L} 88S *[5202/80/yT] U0 AkiqiTauliuo A8|iMm * (ouleAnde) sqnopesy - 1puiieg SSnt Aq 7000, BUEW/Z00T 0T/I0p/W0d A8 | im A1 1 puljuo//Sdny Wwoj pepeojumod ‘g ‘GZ0Z ‘919222ST



, MATHEMATISCHE
BEHRNDT ET AL NACHRICHTEN 2509

The following identification turns out to be useful in our considerations: for @ € L*((—1, 1); C) and a bounded operator
Ain H'(Z;CN), r € [-2,2], we identify

Mg : L2(-1,1);H"(Z;CY)) - L2((-1L, 1 H'(Z;CN)),  (Mof)(®) := Q1) f (1),
and

My o (=11 H'(Z,CY) = (L1 H'(ZCY),  (MN@) = A(F(@),

with Q and A, respectively. Note that the norms [[Mgll _ . and [[M4]|
[IAll HF(S:CN)— Hr (5:CN ) respectively. We will also use the bounded embedding

are bounded by ||Q”L°°((—1,1);C) and

r—r

S H'(ZCY) = L((-L 1 H'(ZCY), (o)) =9, 2.7)

and its adjoint

1
F 1 L(L 1 H (G C) - (G CN), §f = / forn
-1

2.3 | The free Dirac operator and associated integral operators

Let m € R and recall that the Dirac matrices ay, ..., g, 8 € CV*V are given by (1.15)-(1.16). Then, the free Dirac operator
H is the differential operator in L2(R%; CV) given by

Hu := —i(a - V)u + mfu, domH := HY(R®;CM). (2.8)

With the help of the Fourier transform, one gets that H is self-adjoint in L2(R®; CV) and o(H) = (—co0, —|m|] U [|m], o),
see for instance [12, Section 2] for 6 = 2 and [54, Theorem 1.1] for 6 = 3. For z & o(H) the resolvent R, is

Ryu(x) :=(H —z) lu(x) = /

G,(x —yu@(y)dy, uelLl?R%CN), xeRE, (2.9)
R®

where G, is given for & = 2 and x € R? \ {0} by

G,(x) = ﬂK1<—i\/z2 - mﬂxl)% + %K0<—i\/z2 — m2|x|)(mﬁ + zl,) (2.10)

27
and for & = 3 and x € R3 \ {0} by

ei\/zz—mzlxl
; (2.11)

G,(x) = <zI4+mﬁ+i<1 —iVz2 _m2|x|)oc-x>

x| 4m|x|
see, for example, [10, 11, 54]. Here, K, and K; denote the modified Bessel functions of the second kind of order zero and
one, respectively, and the branch of the square root is fixed by Im \/5 > 0forw € C\ [0, o). Note that R, is bounded in
L2(R%;CN) and it can also be viewed as a bounded operator from L2(R%; CN) to H'(R?; CN). In fact, with the help of the
Fourier transform, it is not difficult to show that R, gives rise to a bounded operator from H*® (R®; CN) to HS*1(R?; CN) for
alls € R.

We move on to the discussion of potential and boundary integral operators associated with the free Dirac operator. In
the following, let z € p(H) = C \ ((—o0, —|m|] U [|m]|, o)) be fixed and let Q, and = c R satisfy Hypothesis 2.1. First,
we introduce the potential operator ®, : L*(Z; CN) — L*(R%; CN) by

D,p(x) 1= / G,(x —yp)e(ys)do(ys), ¢ € LA(Z;CN), x e RO (2.12)
b
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We note that @, is indeed well-defined and bounded, see [2, Lemma 2.1]. Further properties of @, are summarized in the
following proposition. For compact hypersurfaces X, these results are well known, see, for example, [11, Theorem 4.3],
but for unbounded X they were not treated in the literature so far. For completeness, we give a proof of these results in
Appendix C.

Proposition 2.8. Let z € p(H) = C \ ((—o0, —|m|] U [|m|, o)) and let ®, be given by (2.12). Then, the following is true:

(i) Foranyr € [0,1/2] the operator @, gives rise to a bounded operator

®, : H'(Z;CN) - H™+1/2(Q,;CN) @ H'/2(Q_; CN).

(i) Foro € H'/2(Z;CN) one has [(—i(a - V) + mf — zI\)®,¢], = 0.
(iii) The adjoint ®; : L*(R%;CN) — L*(Z;CN) of ®, acts on u € L>(R%;CN) as

Biulxs) = / G~ YOy = R, X € 213)
R

and @; gives rise to a bounded operator ®; : L>(R%;CN) — H'/2(Z; CN).

Finally, we introduce a family of boundary integral operators. Let z € p(H) = C \ ((—o0, —|m|] U [|m|, o0)). Then, we
define the map C, : HY/3(2;CN) — HY/2(Z;CN) by

1 -
Cp 1= St (@.0)y +£5(D20).), @ €HVA(ZCV). (214)

We remark that the operator C, can be represented as a strongly singular boundary integral operator, see, for instance,
[11, Equation (4.5) and Proposition 4.4 (ii)] for the case that Q, is bounded. However, for our purposes the representation
in (2.14) is more convenient. The basic properties of C, are stated in the following proposition. Again, for compact hyper-
surfaces X they are well-known, see, for example, [11, Theorem 4.3, Proposition 4.4, and Corollary 4.5]. For general (also
unbounded) hypersurfaces ¥ satisfying Hypothesis 2.1 we give a proof in Appendix C.

Proposition 2.9. Let z € p(H) = C \ ((—o0, —|m|] U [|m|, 00)) and let C, be given by (2.14). Then, the following is true:

(i) Foranyr € [—1/2,1/2] the map C, has a bounded extension C, : H'(Z;CN) — H"(Z; CN).
(ii) Foranyr € (0,1/2] and ¢ € H'(Z;CN) one has

i
Cp= iz(o{ V)P + t§(¢z¢)¢-

We note that item (ii) of the previous proposition is a version of the well-known Plemelj-Sokhotski formula, see for
instance [2, Lemma 3.3 (i)], where C, is represented as a singular boundary integral operator.

3 | RESOLVENT FORMULA FOR H, AND ANALYSIS OF THE ASSOCIATED INTEGRAL
OPERATORS

Throughout this section, let £; be the number specified in Proposition 2.4, so that ¢ acts as a bijective map from X X (—¢7, €7)
to Q. . Moreover, lete € (0,¢1),z € p(H) = C \ ((—00, —|[m|] U [|m|, 0)), G, be the function defined in (2.10)~(2.11),and =
be a hypersurface satisfying Hypothesis 2.1 with associated Weingarten map W (see Definition 2.3). This section is devoted
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to the study of the integral operators which formally act on f € L*((—1,1); L*(Z; CV)y) and u € LR, CN) as

1
Ac(2)f(x) = / / Go(x — ys —esv(y)) f($)(ys) detI — esW(yz)) do(ys) ds, (3.1a)
-1Jz

1
B.(2)f(1)(xs) = / / G, (xs + etv(xs) — vy — esv(ys)f(5)(vs) detll — esW(ys)) do(yy) ds, (3.1b)
—-1JX

Cut)(xy) = /

G (x5 +etv(xy) — y)u(y)dy, (3.10)
Re

forae.x e R% ae.t € (—1,1), and og-a.e. xs € Z. First, in Section 3.1 we define these operators rigorously and show their
relation to the resolvent of the operator H, in (1.8). Then, in Section 3.2 we introduce and investigate a shift operator
which plays an important role in the convergence analysis of A.(z), B.(z), and C,(z) in Section 3.3. Finally, in Section 3.4
we discuss the convergence of (I + B.(z)V¢q) L.

3.1 | Definition and elementary results on A,(z), B.(z), and C,(z)

First, we rigorously define the operators A.(z), B.(z), and C,(z) formally given by (3.1). Recall that Q, was defined in (1.4)
and introduce the mappings

I, : L*((—¢,2); L*(Z;CN)) - L2(Q;CN), I f(xs + tv(xy)) 1= f(£)(xz),
(3.2)
171 L2(Q;CN) — LA((—¢, ), LA(Z; ), I u(d)(xs) 1= ulxs + tv(xy)),

and
St (LD P CY) - (-6 PE ), Sig0) 1= ——g(5),

Ve (3.3)

Sl LA((=€,€); LA CN)) = LA((—1, 1) LA(Z; V), Slg(t) = eglet).

According to Propositions 2.4 and 2.7 (iii) for any ¢ € (0, ¢;) these mappings are well-defined, bounded, invertible, and

their inverses have the claimed form, see also [4, Equations (3.6) and (3.7)]. Moreover, set u, := X9 where Xo, is the

Ve

characteristic function for Q,, and define the operators
U, : L*(R%CN) = L2(Q;CN) and U} : L*(Q.;CN) —» L2(R%; CN)
acting on u € L2(R%;CN) and v € L*(Q,;CN) as

uL  in Q,

Uu=wu) | Q. and Ulv=
‘ ‘ ‘ ¢ 0 inR%\Q..

Recall that we use the notation R, = (H — z)~! for the resolvent of the free Dirac operator H given by (2.8). Then, we
define

A (2) := R UIL.S, : L*((—1,1); L*(Z; CN)) — L2(R%; CN),
B.(2) := S;'I;'UR, U LS, : L*((-1,1); L*(Z;CN)) - L2((-1,1); LA(Z; CV)), (3.4)

C.(z) := STYIZ'ULR, : L2(R%;CN) = L2((~1,1); L*(Z; CV)).

Note that by definition these operators are well-defined and bounded. In the next proposition, we show that these operators
coincide with the formal expressions in (3.1).
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Proposition 3.1. For the operators A.(z), B,(z), and C.(z) defined in (3.4) the representations in (3.1) hold.

Proof. First, we show the claim for A.(z). Let f € L*((—1,1); L>(Z; CV)). Using (2.9), Proposition 2.4 (iii), (3.2), and (3.3)
we find

A(2)f(x) = RUILS f)(x) = /

G,(x — Y)UL LS. F)(y) dy = / G, (x = YU NLS. F)(y) dy
RS

Qc

- / / Gz(X—(}’Z+SV(}’2)))%(185J)(}’2+SV(J’z))dEt(I—SW(yZ))dU(yZ)dS
—JX &

= [ [6u =35 = )11 (3) ) ettt = sW(rs) dotrs) s
—JX

1
- / / G, (x — ys — esv(ys)) f()(ys) det(l — esW (ys)) do(ys) ds
—-1JX

fora.e. x € R, which is the claimed identity. Next, to prove the claim for C.(z) we note forv € L2(R%;CN)ae.t € (-1,1),
and o-a.e. xy € X that

Ce(20(0)(xz) = (ST T ULR)(O(xx) = Ve(UeR )X + etv(xz)) = / ,Gelxe + etv(xs) — y)o(y) dy.
R

The representation for B.(z) follows by combining the last two calculations. O

Next, we show a resolvent formula for H, involving the operators A.(z), B,(z), and C,(z) which will be useful for the
convergence analysis. Using the identifications in the end of Section 2.2, we regard V q in the following as a multiplication
operator in L?((—1, 1); L>(Z; CN)). A similar formula is shown in [43, Lemma 3.1].

Proposition 3.2. Let A.(z), B.(z), and C.(z) be given by (3.4), let g and V be given by (1.5) and (1.6), respectively, and let H,
be given by (1.8). If -1 € p(B.(2)Vq), then z € p(H,) and

(st - Z)_l =R, - AE(Z)VQ(I + BE(Z)Vq)_lcs(Z)-

Proof. Let V, be given by (1.7) and set v, := \/EVE. Then, H, = H + v.u, and v,1.S, = u.1.S.Vq. Hence, due to the
invertibility of I + B.(z)Vq and (3.4) we obtain

(H, — 2)(R, — A.(2)Vq(I + B.(2)Vq)'C.(2)) = (H — z + v.u.)(R, — R,u.(I + u.R,v.)"'u.R,)
=I+v.u.R, —v,(I +uR,v.) 'u.R, — v.u.R,v.(I +u.R,v,) 'u.R,
=I+vu.R, —v,(I +uR,v.) 'uR, +v.(I +uR,v,) 'u.R, — v,u.R,
=1

A similar calculation shows that (R, — A.(z2)Vq(I + B.(z2)Vq)~'C.(2))(H, — z) = I is true. The latter two equations imply
the claim of this proposition. O

3.2 | The shift operator

In this subsection, we introduce and study a shift operator which turns out to be useful in the convergence analysis of
the maps A.(z), B,(z), and C.(z) in (3.4). For that, we first fix a C;-extension of the normal vector field v to R?, which
we also denote by v. In the following, we show how one possible choice of this extension can be constructed, which also
proves that such an extension exists. Choose ¢, € C'(R; R) with ¢,,(0) = 1 and compact support in (—¢;, ¢;), where ¢, is
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the number specified in Proposition 2.4. Since X is assumed to satisfy Hypothesis 2.1, it is not difficult to show that the
vector field defined by

RE S x v(xs)p, (1), ifx = x5+ tv(xs) € Q, With (x5,1) € Z X (—¢1,¢7),
0, ifx & Qg ,

isa Cé-extension of v which is supported in €, . Next, we define for § € R the shift operatorz; : L3(R%;CN) - L2(R%; CM)
by
Tsu(x) 1= u(x + 6v(x)), x € RC. (3.5)

Proposition 3.3. Let Dv be the Jacobi matrix of v and &, € (0, ||DV||Z°1°(R9_R@X9)). Then, for any r € [0, 1] the operators s,
§ € [—80, 8], are uniformly bounded in H'(R%; CN) and for r' € [0, r]

”Td - 1||Hr(R9;CN)_,Hr’(R8;CN) < C|5|r—r’ (3.6)
holds for all § € [—6y, 6y], where C > 0 is independent of 8.

Proof. Fix & € [—8,,0,] and observe first that Iy + §Dv(x) is invertible for all x € R® and the norm of the inverse is
bounded by (1 — |6, |||DV|| Lw(R@;Rex@))_l. The same bound holds for the modulus of the eigenvalues of (I + §Dv(x))~!
and hence we conclude

1
(L = 180DV e osgone) P

|det((Is + SDv(x))™1)| < x € RC. 3.7)

We start by showing the uniform boundedness of 75 for r = 0. Let u € L>(R%; CN). Then, a change of variables and (3.7)
lead to

/ |Tsu(x)|? dx = / lu(x + 5v(x))|? dx = / lu(x + 6v(x))|?|det(Is + SDv(x)) det((Iy + Dv(x))~1)| dx
RE RE RE

(3.8)
1

< = [ uoPdx,
(1 - |50|“DV“L00(R6;R6><9)) RO

and it follows that the operators 75, § € [, 8, ], are uniformly bounded in L2(R%; CN). To see the uniform boundedness
of the operators 75 in H'(R?; CN), let u € D(R?; CV) and compute in a similar way as above

(1 + 50||DV||L00(R9;R9><6))2

2 3y 2 2
/R@ |D(zsu)(x)|*dx = /[R@ [((Du)(x + dv(x))(Ig + 8DV(x))|=dx < a1z |50|”DV”L00(R6;R9><6))6 /R@ |[Du(x)|=dx. (3.9)

By density this estimate remains valid for u € H'(R?; CV). Therefore, the uniform boundedness of the operators 75 in
HY(R®; CN) follows from (3.8) and (3.9). Eventually, using interpolation one concludes that 75 is uniformly bounded in
H"(R%;CN) for any r € [0,1].

It remains to prove (3.6). Since we already have shown that 7 is uniformly bounded in H"(R%; CN), the claim in (3.6)
holds for r = ¥’ € [0, 1]. Next, we show (3.6) for ¥’ = 0 and r = 1. With the main theorem of calculus and the chain rule,

we find for u € D(R®; CN)
2 1) )
dx < /R < /0 |<nDu>(x>|2dt> ( /0 |v<x>|2dr> dx

/R@ |Tsu(x) — u(x)|?>dx = /[R@

é é
2 2 2 2
<1V e | DIyt < CIBT | DIy < CIOPI oy
0 0

s
/ Du(x + tv(x))v(x)dt
0
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where 7,Du is understood column-wise. By density this estimate remains valid for u € H'(R% CN) and hence
llzs — I||H1(R@-CN)—>L2(R9-CN) < C|é|. It remains to prove the claim in the case 0 < ¥’ < r <1 with (+/,r) # (0,1). We set

/
L €]0,1]. Then,

u=r—r e€(,1)andv =
1—(r—r")

F=Q-pov+u0 and r=01-pwo+pul
and consequently [44, Theorem B.7] implies
H" (R% CN) = [HP(R%; CN), HOR?; C)], = [HY(R%; CN), L2(R%; CV)],,
and
H'(R% CY) = [H'(R%; CY), H'R%; CV)],.

Applying (1.18) yields

Il - T5”HV'(RG;CN)_,HV"(RG;CN) <C|I- T5||[HU(RS;CN)’HI(RG;CN)]#_,[HU(RS;CN)’LZ(RG;CN)]#

<Cl—z5)1 K I - =5,

u
HY(RE;CN)—H(RE;CN) Tsll 1 moony— 12 mesc)

which is exactly (3.6). This finishes the proof of this proposition. |

We will also need a variant of the shift operator 75 that acts on functions defined on Q. . Since Q. satisfy Hypothesis 2.1
we can make use of Stein’s extension operator E : L*(Q,;CN) — L>(R% CN) which has the properties (Ef), = f for
f € L*(Q,; CN) and which has a continuous restriction E : H"(Q,;CN) — H"(R®;CN) for any r > 0, see [53, Chapter 6,
Section 3, Theorem 5]. We then define the shift operator for functions on Q. by

0% 1= (G5E()); 1 LX(Qy CY) - L2(Q,; CY). (3.10)
The following properties of T?t follow immediately from the properties of E and Proposition 3.3.

Corollary 3.4. Let Dv be the Jacobi matrix of v and §, € (0, ||DV||Z;(R9.Rexe))- Then, for any r € [0, 1] the operators T?i,
8§ € [—8y, 8y, are uniformly bounded in H"(Q; CN) and for r' € [0,r]

g 11 <cler~

HT(Q;CN)—H (Q4;CN)
holds for all 6 € [—6, 6], where C > 0 is independent of 8.

Eventually, we show that the map ¢t — 7,5u has a useful continuity property.

Proposition 3.5. Let Dv be the Jacobi matrix of v, §, € (0, ||DV||Z;(R9.R6><@)), § €[—8y,8,],r €[0,1], u € H(R%;CN), and
v € H'(Q,; CN). Then, the functions

fu:(=1,1) = H'(R%CN), two 1,5u, and  fr:(-1L,1)->H(Q,CY), t~ rgiv,

are continuous.

Proof. First, consider u € D(R%; CN)andlett,,t € (—1,1)such thatt, — t asn — co. Then, with dominated convergence
one gets

lim f,(t) = lim u(() +8t,v) = u(() +6tv) = f,,(t) in H'(R% CM).
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Since H'(R?; CN) is continuously embedded in H" (R%; CV), the assertion follows for u € D(R?; CN). If u € H"(R%; CN),
then there exists a sequence (u,),eny € D(R%; CN) such that u, — u in H"(R%; CV) as n — co. Applying Proposition 3.3
yields

IIfu(®) = f“n(t)”Hr(RS;CN) = |lts:(u — un)”Hr(Re;CN) <Cllu- un”Hr(Re;CN)

for all n € N and ¢t € (—1,1). Hence, f, () = f,(¢) uniformly with respect to ¢ in H'(R%;CN) as n - . Thus, f,, is
also continuous.

It remains to verify the claim for f7. Let t,,t € (—1,1) such that ¢, — t as n — co. Using the properties of Stein’s
extension operator E and the above observations, we get that f,(t,) = fg,(t) in H"(R%; CV). Moreover, the boundedness
of the restriction mapping gives us that f7(t,) = (t5:,EV)+ = (fEu(tn))+ converges to (fg,(£)s = fe@) in H'(Qg; cM.
This shows the continuity of f. O

3.3 | Convergence of A,(z), B.(z), and C,(z)

This section is devoted to the convergence analysis of the operators A.(z), B,(z), and C.(z) introduced in (3.4) for ¢ — 0+.
First, in Proposition 3.7 we study the convergence of C.(z), which allows us with a duality argument to investigate the
convergence of A.(z) in Proposition 3.8. Eventually, in Proposition 3.10 we consider the convergence of B.(z).

We define
. & 1
& i=min{ —, . 3.11
’ {2 2||Dv||Lw(Re;Rexe)} (31)

where ¢; is specified Proposition 2.4. Let W be the Weingarten map associated with X introduced in Definition 2.3. In our
analysis, the operator M, : L?((—=1,1); L>(Z; CN)) — L*((—1,1); L*(Z; CN)) acting as

M. f(t) =det(I — teW)f(¢) fora.e.t € (—1,1) (3.12)

will be useful. In the following lemma, which is an immediate consequence of Proposition 2.4 (ii), some relevant properties
of M, are stated.

Lemma 3.6. For any ¢ € (0, ;) the operator M, is boundedly invertible, and ||M,||,_,, < (1 + ¢C) and |M, —I||,_,, < €C.

To formulate the result about the convergence of C,(z), recall that the embedding J is defined in (2.7) and introduce
the operator

Co(2) := I : L2(R%;CN) > L2((-1,1); LA(Z; CV)). (3.13)

In fact, the properties of § and CD;, see (2.7) and Proposition 2.8, imply that C(z) gives rise also to a bounded operator
from L2(R%; CN) to L2((—1,1); HY/2(z; CN)).

Proposition 3.7. Letz € p(H), R, = (H — z)7}, 7(.y be the shift operator in (3.5), and € € (0, ;) with ¢, given by (3.11). Then,
for any u € L>(R%; CN) the relation

C.(2)u(t) =ty Ryu forae t € (-1,1) (3.14)

holds in L*(Z; CN) and ran C.(z) ¢ L*((—1,1); H/2(Z; CN)). Moreover, the operators C.(z) are uniformly bounded from
L2(R%;CN) to L2((—1,1); HY2(2; CN)) and for any r € (0,1/2) one has

ICe(2) — CO(Z)”LZ(RS;CN)_)O < Cel/?r, (3.15)
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Proof. First, we show (3.14) for u € D(R?; CN). By density and continuity, this implies (3.14) for all u € L(R%; CV). Recall
that R, : HS(R%;CN) - H5*(R%; CV) is bounded for s € R; cf. Section 2.3. Hence, by the Sobolev embedding theorem
R,u is continuous for u € D(R®; CV) and the same is true for 7,,R,u. Furthermore, as 7,,R,u € H'(R%; CN) we conclude
with Proposition 3.1 for t € (—1,1) and xy € Z that

tZTEtRzu(xZ) = thRzu(xZ) = /

G, (xz + etv(xs) — Y)u(y)dy = C(2)u(t)(xs).
RE

Hence, (3.14) is true.

Next, we show the inclusion ran C.(z) ¢ L2((—1,1); H/2(Z; CN)). Assume that u € L2(R%;CN). Then, by Proposi-
tion 3.5 and the boundedness of the trace ty : H'(R% CN) —» H/2(Z;CV) it follows that the function ty7().R,u is
continuous as a mapping from (—1,1) to H/2(Z; CN). In particular, t57()R,u is measurable as a mapping from (-1,1) to
H'/2(z; CN). Using again the boundedness of ts : H'(R%;CN) — H'/2(2; CV) and the uniform boundedness of the shift
operator in H'(R?; CN), see Propositions 2.2 and 3.3, respectively, we conclude

1 1
2 2 2
/1 ”tZTEtRZu”Hl/Z(Z;CN) dt < /1 C”Rzu”Hl(RS;CN) dt < C”u”LZ(RB;CN)

and therefore ty7().R,u € L*((~1,1); HY/2(Z; CV)). Moreover, this also shows that C,(z) is uniformly bounded from
LX(R®;CN) to L2((—1, 1); H'/2(Z; €V)).

Eventually, with Proposition 3.3 and the identity Cy(z) = SCD; = $tsR,, see Proposition 2.8 (iii), we have for r € (0, %)
and u € LA(R%;CN)

2 2 ! 2 ! 2
”Cz(z)u - CO(Z)u”() = ||tZTE(~)Rzu - SIERzu”O = / ”tZ(TE[ - I)RzullLZ(z;@N) dt < C/ ”(Tet - I)Rzu”Hr+1/2(R6;CN) dt
-1 -1
1

1

— 2 — 2 — 2

<C / let] " IRzl ey dE < C / e Ul -y At < CE2 Nl oo,y
-1 -1

which leads to (3.15). Therefore, all claims are shown. O

Using the convergence of C,(z), it is not difficult to show the convergence of A.(z). We define the natural candidate for
the limit operator by

Ap(2) 1= @, F*  LX((-1,1): L2 (% CY)) — LR CY).
Proposition 3.8. Letz € p(H) and € € (0, ¢,) with €, given by (3.11). Then, for any r € (0,1/2) one has
1A4:(2) = Ao@llo_. 2 goscny < CeV/2
and, in particular, the operators A.(z) : L*((—1,1); L*(Z; CY)) — L2(R%; CN) are uniformly bounded.

Proof. Let 1., S;, and M, be the operators given by (3.2), (3.3), and (3.12), respectively. One verifies by a direct calculation
using Proposition 2.4 (iii), (3.2), and (3.3) that (Z.S,)* = M, S I . Using this relation, we conclude from (3.4) that

(AE(Z)MF.'_l)* = ME_1(AE(Z))* = Mg_l(RzU;kIsSE)* = Ma_lMsse_lls_lUsRE = Se_lIE_lUsRE = Cs(E)-
Moreover, (Ay(z))* = (,F*)* = F®; = Cy(z). Hence, Lemma 3.6 and Proposition 3.7 yield

lA:(2) — AO(Z)”O_,LZ(RG;CN) = ”Aa(z)Ma_l(ME -D+ Aa(z)Mg_l - AO(Z)”O_,LZ(RG;CN)
< CellCc@l 2 mecvy—o + 1CZ) = Co@ 2 me.cnvy—o < Cel/2,

which is the claimed estimate. O
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Remark 3.9. For completeness we note that one can follow the proof of Proposition 3.7 to show
”Cs(z) - CO(Z)”LZ(RS;CN)_” < CEl/Z_r

for r € (0,1/2). Moreover, if T is C3 smooth, one can extend the result of Lemma 3.6 to spaces L>((—1,1); H'(Z; CN)),
t € [-1,1], and use this to verify

14:(2) =A@, _ aqgescny < C/2
for r € (0,1/2) in a similar way as in the proof of Proposition 3.8.
Next, we study the convergence of the operators B,(z). Define the limit operator by
By(2) : L*((-1,1); L*(%;CV)) — L((-1,1); L*(Z; CY))
which acts on f € L?((—=1,1); L*(Z; CN)) evaluated for a.e. t € (—1,1) as

By(2)f(t) := i(oc-1/)/lsign(t—s)f(s)ds+C /1f(s)ds (3.16)
0 . 5 B z . s .

where C, : L*(Z; CN) — L?(Z; CN) is the extension of the operator defined in (2.14) from Proposition 2.9. Using the map-
ping properties of C, in Proposition 2.9 (i), it follows that By(z) can also be regarded as an operator in L>((—1,1); H'(Z; CV))
for any r € [-1/2,1/2]. In the following proposition, we show that B,(z) converges to By(z). The proof of this result is
more complicated as the proofs of Propositions 3.7 and 3.8, and therefore some of the more technical calculations are

shifted to Appendix B.

Proposition 3.10. Let z € p(H) and ¢ € (0, £,) with €, given by (3.11). Then, the operators B.(z) are uniformly bounded in
L*((—=1,1); L*(Z; CN)) and for any r € (0,1/2) one has

|B:(2) — BO(Z)||1/2—>O < Cel/r

Proof. The proof is split into several steps. Let @, be as in (2.12) and let ‘L'(Q)i be defined by (3.10). We introduce the auxiliary
operators

B.(z) :=B.(2)M;' : L*((—-1,1); LX(Z; CY)) - L*((-1,1); L*(Z; CN)), (3.17)

which are, due to the properties of B.(z) and M, in (3.4) and (3.12), bounded and act on f € L?((—1,1); L*(Z;CN))
evaluated att € (—1,1) and xy € X as

1

B.@)f(O)(xy) = / / G, (xs + etv(xs) — ys — ey ()(vs) do(yy) ds. (3.18)
—-1J2

Moreover, we define
B.(z) : LX(-1,1); H/3(%;CN)) —» L*((-1,1); H/2(Z; CN))

actingon f € L?((—=1,1); HY/?(Z;CN)) fora.e. t € (—1,1) as

— ! ! Q
B@f0= [ £l @) dse [ el @), as (319)
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First, in Step 1 we show that B,(z) is bounded and converges to By(z), then in Step 2 we verify an alternative represen-
tation of B,(z). In Step 3, we use Appendix B to compare B,(z) and B,(z), and show that B,(z) is uniformly bounded in ¢.
In Step 4, we combine the results from Step 1 to Step 3 to conclude the claim of this proposition.

Step 1. First, we note that, due to Definition 2.5 and Proposition 3.5, the function

(-1 5 (t,5) = Ot — )Tt | € LH Q. CY), H Q43 C))

is measurable, where © is the Heaviside function. Hence, it follows with Definition 2.5 that the integrands in (3.19) are
Q.
O
Corollary 3.4, and Proposition 2.8, respectively, the integrands are bounded by C|| f(s)|| ;2 /2(z:CN) for (t,5) € (—1,1)%. In

particular, we conclude for f € L2((—1,1); HY/2(Z; CN)) that

measurable with respect to (¢, s) € (=1, 1)%. Moreover, by the mapping properties of tg, 7,7, and @, in Proposition 2.2,

1,1
_ Qo Q
/_1 /_1 0t = )t57, (@, f(5)- +O(s - t)tgrg(t*_s)(dbzf(s))+||zl/2(2;cN)dtds < oo.
Thus, Fubini’s theorem for Bochner integrals, cf. Section 2.2, yields the integrability of the integrands in (3.19) with
respect to s € (—1,1) and the measurability of t — B.(z)f(t). Furthermore, t_he bound for the integrands implies also the
inequality ||B.(2)fll,,, < ClIfll, , for f € L?((=1,1); H/2(%; CN)). Hence, B.(z) is well-defined and uniformly bounded
in L2((~1,1); H/2(Z; CN)). We claim that

IB:(2) = Bo(@)l, 5o < Ce/*" (3.20)

To see this we remark that with Proposition 2.9 (ii) we have the pointwise representation

t

1
Bo(@)f (1) = / (@, (s))_ds + / (@, /(5)). ds (3.21)
t

-1
fora.e.t € (—1,1)and f € L2((—1,1); HY/2(Z; CN)). Thus, r € (0,1/2) and direct estimates show

1 2

t 1
/ £ (o — D@ f()_ds + / L = D@, f(s)ds dt (3.22)
-1 t

L2(Z;,CN)

IB.2)f — Bo@)f Iy = /

1

1 t 1 2
—_, Q_ Q
< / 1( / Sy = D@, ds+ / ||t;<rg(:_s)—I)(cbzf(s)num@;w)ds) dt.

Employing Proposition 2.2, Corollary 3.4, and Proposition 2.8 yields for all 5,t € (—1,1)

o -
65Ty = D@L DN, o < CEP T Ol vy

Plugging this into (3.22) we obtain
1 2
1

t 1
IB.2)f - Bo@f I < et [ ( [ U Olnyds+ | ||f(s)||H1/z<z;CN)ds> dt
— -1 t

1
— 2 -
chza/z r)/ ||f(S)||H1/2(2;CN) ds = ce2(1/2 r)”f”i/z’

-1

which implies (3.20).
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Step 2. We show that the operator B.(z) in (3.19) has the alternative representation

1
B.(2)f (1)(xs) = / / G, (x5 + (t — )(xs) — y5) f(8)(vs) do(ys) ds (3.23)
—-1J%

for f € L>((—1,1); H/?(Z;CN)), a.e. t € (—1,1),and g-a.e. x5 € Z. Let f € L>((—1,1); H/>(Z;CN))and t,s € (—1,1) be
fixed such that ¢ > s. Note that the choice of £; in Proposition 2.4 implies ¢, < % < %A, cf. also Proposition A.2. Hence, by
Corollary A.3 we have xy + £(t — s)v(xs) € Q_ for all xy € Z. Moreover, we conclude from the representation of ®, given
in (2.12) and the form of the integral kernel G,, see (2.10)-(2.11), that @, f(s) is continuous away from X. Thus, we have for
g-a.e. Xy €X

570 (@2 f(5)_ (k) = (@of (kg +e(t — () = / G.(xx +e(t = ¥(xy) = yo)fS)p) do(yy).

z

Analogously, for t < s and o-a.e. xy € X
Bl (@ ()1 (k) = (@ f()0xs + et = s(xs) = / G.(xs + et = V() = y)f (5)(vs) do(vs).
b

Combining the previous two equations yields

t 1
[ el @r s+ [ el (@ ds

1

- / / G,(xs + £(t — sv(xs) — y5)f(5)(vs) do(ys) ds. (3.24)
-1JX

Moreover, as the integrands on the right-hand side in (3.19) are Bochner integrable (cf. Step 1), Proposition 2.7 (iii) shows
that the pointwise evaluation of the Bochner integrals in the definition of B.(z) in (3.19) coincides with (3.24), that is,

t 1
< [ e @ ase [ el @.fon ds>(xz)

t 1
-/ T @) s + [ £7% (@, £(5); (xx) ds.

This is exactly the claimed formula in (3.23).
Step 3. By the results in Appendix B the map B,(z) — B.(z) admits an extension to a bounded operator from
L2((=1,1); L3(Z;CY)) to L*((—1,1); HY/A(Z; €N)) and
1B<(2) — Be(2)llo—0 < [1Be(2) — Be(2)llo—12 < C( + £llog(e))!/. (3.25)
Moreover, we claim that B,(z) is uniformly bounded in L2((—1, 1); L*(Z; CN)). To see this, observe first that
1Be(2)l1/2-1/2 < 1B(2) = Be(2)l1 /22172 + 1Be(@)ll1 /212 < I1Be(2) = Be(@)llo—12 + 1Bl j21/2- (3.26)
Therefore, the estimate (3.25) and the uniform boundedness of the operators B,(z) in L2((—1,1); H/2(Z; CN)) shown in
Step 1 imply that B,(z) is also uniformly bounded in L2((—1,1); H'/2(Z; CN)). The same is true for B,(z) and hence also

the anti-dual

(B.@)) : L*((—=1,1); HY/2(Z;CN)) —» L2((-1,1); H/2(Z; CV))
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is uniformly bounded. We claim that (B,(z))’ is an extension of B,(z), that is,
B(2)f =B.@)f,  feL*(-1,1);L*(z;CN)). (3.27)

The identity (Z.S,)* = M.S; 11! and (3.4) yield for the adjoint of B,(z) in L?((—1, 1); L*(Z; CN))

B.(2))" = (ST'I7'URUSL.S,)* = M S I U R, U TS, M1 = M_B,(z)M . (3.28)
In turn, M, = (M,)* and B,(z) = B.(z)M " give us

(B:(@)* = B:@M; )" = M. '(B.(2))* = M;'MB.(2)M;" = B.(2)
and hence Proposition 2.7 (ii) implies for f € L2((—1,1); L3(Z; CV)) and g € L2((—1,1); HY/2(z; CN))
(B@) . 8) 121y 2oz ey = s Be@8) o ym-12memxi-1m e
= (f, B:@®)r2(-1neeny = Be@f Qrainweeeny) = BB 8) 211125 eN w21 1 H 2N

where (-, -) L2((—1, 1) H-Y2(S:CN YXL2((—1,1).HY2(SCN)) denotes the sesquilinear duality product, which is anti-linear in the sec-
ond argument. This implies (3.27) and since (B,(Z))’ and B.(z) are both uniformly bounded in L2((—1,1); H~/2(Z; CN))
and L%((—=1,1); HY/2(Z; CNY), respectively, an interpolation argument leads to the uniform boundedness of B,(z) in
LA((=1, 1); L*(Z; CVY).

Step 4. Using the results from Step I to Step 3 we will now complete the proof of Proposition 3.10. Since B.(z) =
B.(z)M,, Lemma 3.6 and the uniform boundedness of B,(z) shown in Step 3 imply the uniform boundedness of B,(z)
in L?((—1,1); L*(Z; CN)), proving the first claim of this proposition. Moreover, the uniform boundedness of B.(2), (3.25),
and Lemma 3.6 show that Es(z) also acts as a uniformly bounded operator in L?((—1, 1); L>(Z; CN)) and

IB<(2) = Be(2)lg_g < 1Be(2)(M; — Dllo_o + 1Be(2) = Be(2)llo_y < C (e + (€ + £[log(e)])/?) < C(e + ¢llog(e))!/%.
(3.29)
Combining (3.29) with (3.20) yields

1B=(2) = Bo@)l, 5 < 1B:@) = B@)l, 5 + 1Be(@) = Bo@)ly 1 < I1B:2) = Be@llgg + IB2(2) = Bo(Dl, /5
< C((e +ellog(e))V/? + €'/277) < cel/> .
This is the claimed norm estimate and finishes the proof of this proposition. O
Remark 3.11. Note that by combining (3.28) and Lemma 3.6 we obtain for € € (0, ¢,) the estimate

”BE(Z) - (BE(E))XH()_,O = ”Bs(z) - MEBs(Z)M‘g_lIl()_}O < ”(I - ME)BE(Z)HO_)O + ||MEBE(Z)ME_1(ME - I)”o_,o < Ce.

3.4 | Convergence of (I + B.(2)V¢q)™

Recall that B.(z) is defined in (3.4) and let ¢ and V be as in (1.5) and (1.6), respectively. In this section, we treat the
convergence of (I + B,(z)Vq)~! under suitable assumptions on g and V. The crucial assumption here, which is also needed
in our main result, Theorem 1.1, is that a suitable norm of Vg is bounded by

1
B max{supge(o’gz) ”BE(Z)”()_,(): ”BO(Z)Hl/z_,l/z}’

X, (3.30)

where ¢, is given by (3.11) and z € p(H) is fixed. After the convergence result in the next proposition, we provide more
information on X, in Lemma 3.13.
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Proposition 3.12. Let z € p(H), ¢5 € (0,¢,], and €5 > 0 be given by (3.11), and let g and V be as in (1.5) and (1.6), respectively,
such that the following conditions are fulfilled:

(i) TheoperatorsI + B.(z)Vq are bijective in L>((—1,1); L>(Z; CN)) for € € (0, ;) and their inverses are uniformly bounded.
(ii) The operator I + By(z)Vq is bijective in L*((—1,1); H/2(Z; CV)).

Then, for any r € (0,1/2) one has
10 + B2V = + B2Vl 50 SCV?, £ €(0,63).
In particular, this is true if e3 = €, and
IVl ey 10 on ey < X (331)
Proof. Since the conditions (i) and (ii) are fulfilled, we have
(T +By@V@) ™ =T +B(2)Vq) ™ )f =T + B.(2)Vq) ' (Bc(2) — Bo(2)VqU + Bo(z)Vq) ' f

for f € L((—=1,1); HY/3(Z;CN)) and ¢ € (0,¢5). Thus, with Proposition 3.10 and the fact that V¢ induces a bounded
operator in L2((—1,1); H'/2(Z; CN)), see (2.3) and Section 2.2, we find

T+ Bo(2)VQ) ™ = T + B2Vl 50 < 1T + B2V - l(B(2) = Bo(2)Vall, 5o lT +Bo@VD ™y 51,
/ / /2=1/

< ClIBo(2) = B2y /5 < Ce/*77, £ €(0,53),

which is the claimed result. Finally, note that if (3.31) is true, then

max{ sup 1BV llyo: 1Bo@Vll, oy } < max{ sup 1Be@llg-gs I1Bo@l oy o IV s e 191y
£€(0,e5) e€(0,2)

1
= Wl mevm e <1
shows that (i) and (ii) are fulfilled. |

In the following lemma, we give more explicit estimates for the constant X, in (3.30). Recall that E denotes Stein’s
extension operator. Moreover, we introduce Cy /5 _y/; := % > 1, where C, > C; > 0 are chosen such that
1

Cl”f”() < “f”[LZ((—l,l);H*I/Z(Z;CN)),LZ((—1,1);H1/2(E;CN))]1/2 < C2||f||0

holds for f € L?((—1,1); L*(Z; CN)); note that according to Proposition 2.7 (i) such a choice is possible. If B is a bounded
operator in L2((—1,1); L3(Z; CN)) that admits a bounded extension to L2((—1, 1); H~'/2(2; C")) and a bounded restriction
to L2((—1,1); HY/2(Z; CN)), then Proposition 2.7 (i) and (1.18) imply

1/2 1/2
1Bllo~o < C1ja1/20BI o IBIYY L (3.32)

Lemma 3.13. Let z € p(H) and let X, be as in (3.30). Then, the following assertions hold:

1

i) X, > z + O((g; + £,] log(e,)])}/?), where the constant
ty.Ez
sign
Cirbz = 2C12-1/ ts™ i ggniom)— 2@ BNt @ggniom) - 1 0o IRl 2 zi0m) i (@gnie)

) max
(sign,w)e{+,~x{z,z}

depends only on the geometry of £ and z € p(H).
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(i) If X is C*-smooth and compact and m > 0, then X, < %.

In particular, if ||V||W1 vy llgll LoRR) < 7 and ¢, is chosen sufficiently small, then the claim in Proposition 3.12
Cigbz

is true.
Proof. (i) First, by the definition of B,(z) and T?i in (3.19) and (3.10), respectively, and the Cauchy-Schwarz inequality we
have for f € L2((—1,1); H'/2(2;CN))and € € (0, ¢,)
5 2
— + 0
1B, < / ( / el @ FO) L, ds+ /t leges @), (w)ds> dt

2

! ! Ct}:EZ
< 5~ Sup ”T5||H1(R9 .CN)=HL(RE; CN)”f(S)”Hl/Z(E CN)dS dt

—1 2C1/2-1/2 56(-26, 26))

Ct E,z 2
< (=== sup |Itsllyme.cnmmme-cnlIfll > ,
<C1/2 172 be(oaeyrey T RECO-HIRECH T2

Hence,

Ct E.z
sup [1Be@llyjpmrjp € 5———  sup sl ecvymmgecn
ce(0n) € 1/2 1/2 C1/2 ~1/2 Se(oe;26)) HI1(RY,CN)-HI(RY,CN)

and a similar calculation using (3.21), the estimate || E|| g1 (g, .cv)—m1@re:cvy = 1,and Cp /5 1/, 2 1leads to

sign»

”BO(Z)lll/z_)l/z < CIZ,E,Z' (3-33)

Let us proceed with the estimate for EE(Z). Since by (3.8) and (3.9)

1+ 26 ”DV”Loo(RG;Rexe)

sup |75l CNYo ony < =1+ 0O(ey),
Se(oe,26)) H(R9;CN)—H!(R9;CN) - 252”DV”L00(R8;R6><9)) / 2
the results from (3.25)—(3.26) and Appendix B imply
Cisp,
sup [1Be(2)lh /2172 € G + O(e; + & log(ex)))'/?). (3.34)

e€(0,¢3) C /2,-1/2

It is clear that the estimates (3.33) and (3.34) hold also with z replaced by z. As in Step 3 of the proof of Proposition 3.10
we use again that the anti-dual (B,(z))’ of B.(z) in L*((—1,1); H~'/2(Z; CN)) is an extension of B,(z) that is bounded by
1B.(Z)Il1 /2-1/2- Hence, with (3.32) one gets

sup [1B:@)llo-o < sup Cipo1pll By B I,y = sup CippiapllB@ILS L IB@IYS
€(0,65) e€(0,e5)

e€(0,e,) £€(0,e

< Cy 5,z + O + 5] log(e))/?).
Thus, it follows from the definition of B.(z) in (3.17) and Lemma 3.6 that

sup |[Be(2)llg_g < Cry5,z + O(es + &5 log(e,))/?).
e€(0,e)

Together with (3.33) this yields the claim in (i).
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(ii) First, note that there exist ¢,, € H/2(Z; CN) such that

-0, asn— oo; (3.35)
Hl/Z(Z;CN)

1
||¢n||H1/2(Z;CN) =1 and H <—§IN + CZ>¢I’1

for z € (—m, m) this follows from [34, Corollaries 3.8 and 4.12], while for z € C \ R one may additionally use that [11,
Proposition 4.4 (iv)] implies that C, — C, is compact in H'/2(Z; CN). Define the functions f, € L2((—1,1); H/3(Z; CN))
by f,.(t) := exp(i(a - v)7t/4)p,, and compute with Proposition 2.7 (iii)

%(a ) /_1 sign(t — 5)f,(s)ds = % (/_Z %eXp (i(a . V)%s) o ds— /[1 %exp (i(a | ,,)%S) %dS)
= % (eXp (i(oc . v)%t) — cos ((a . v)%)) Pn = % (fn(t) - ?IN%) ,

where in the last step the identity cos((« - v)7r/4) = cos(w /4)Iy = %I ~» Which can be shown via the power series rep-

resentation of cosine and (« - v)? = I, was used. With a similar argument, one verifies that (a - v)sin((a - v)7/4) =

sin(z /)y = gI N> Which yields

./_1 Fa($)ds = /_1 exp (i(cc ) V)%S) pnds = %(CX - v)sin ((o{ . v)%) ®p = 4_\/550”.

T

Combining the last two displayed formulas with the representation of By(z) in (3.16), we conclude

i ! ! 4 1
B@1,0 = 3 [ st =9f@as+c. [ fds=2 (5,04 V23 ) o).

Hence, using (3.35), we find that

1Bo(2)fnlliy2 4

1Bo(2)ll1/2-1/2 = lim =
/22112 = Do I fnlli/2 U

and thus X, < %. O

4 | PROOF OF THE MAIN RESULTS

In this section, we prove the main results of this paper. For this we show in Proposition 4.1 that the resolvent (H, — z)~!
of the self-adjoint operator H, in (1.8) converges to the limit operator

L(z) := R, — Ay(2)Vq(I + By(2)V @)~ Co(2) (4.

whenever g and V in (1.5) and (1.6), respectively, satisfy the condition (3.31) for some z € p(H) = C \ ((—o0, —|m|] U
[Im], 00)). Lemmas 4.2 and 4.3 collect some auxiliary considerations that are needed in Proposition 4.4, where it is
shown that £(z) = (Hy — z)~! with Hy defined by (1.2). After these preparations we complete the proofs of Theorem 1.1,
Corollary 1.2, and Corollary 1.3.

Proposition 4.1. Letz € p(H) and € € (0, &,) with e, > 0 given by (3.11), and let g and V be as in (1.5) and (1.6), respectively,
such that (3.31) holds. Then, z € p(H,) and for any r € (0,1/2) one has

I(H, = 27" = L@ 2eiemy-r2@mesen) < CeV/27, £ €(0,6),

where the operator L(z) is given by (4.1). In particular, (H, — z)~! converges to L(z) in the operator norm as € — 0+.
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Proof. According to Proposition 3.2 and (3.31), see also Proposition 3.12, we have z € p(H,) and
(H; —2)7' = L(2) = —A(2)Vq{ + B(2)Vq) 7' C.(2) + Ay(2)Vq + By(2)V )" Cy(2)
= —A(2)Vq + B(2)V ) (Cc(2) = Co(2)) = A:(2)Vq( + B:(2)Vq)™' = (I + Bo(2)Vq) )Co(2)  (4.2)

— (A:(2) = Ap(2))Vq( + By(2)Vq) ' Co(2).

We note that by Proposition 3.8 and Proposition 3.12 the operators A,(z) : L*((—1,1); L>(Z;CM)) — L%(R%;CN) and
(I+B.(2)Vq)™ : L*((-1,1); L*(Z; CN)) — L?((~1,1); L*(Z; CN)) are uniformly bounded. Employing this and Proposi-
tion 3.7 we see that

I14:(2)Vq( + BA(2)V @)™ (Ce(2) = Co(@Dll2me.cn)—12meicny < ClIC(2) = Co(@l ame,cnyg < Ce/27 (4.3)

Since Cy(z) : L2(R%;CN) — L2((—1,1); HY/2(Z; CN)) in (3.13) is bounded, Proposition 3.12 yields

14:(2)Vq(U + B(2)V @)™ = (I + Bo(2)V @) )Co(2)ll 12 (mescM) - 12(@mescN)

<CI + B2V ™ = (I +Bo@V) 5 < Ce/7 o

Eventually, in a similar way as in (4.3) we find with Proposition 3.8 that
1CA:(2) = Ap@)V G + Bo(@)V §) ™" Co@ll 2(e.cvy o p2eseny < ClAE) = Ad@llypaggoicny < CEV/7. (45)
Combining (4.3)-(4.5) with (4.2) shows the claim of this proposition. O

The next goal is to show that the limit operator £(z) in (4.1) is the resolvent of Hy defined in (1.2). This requires some
technical preparations and we first introduce the operator

1

T : L*((-1,1);LA(Z; CY)) — L*((-1,1; LA(Z; CY)),  TAL) = % / sign(t — 5)f(s) ds, (4.6)
-1
and the function
t
Q) := —% +/ qg(s)ds, te[-1,1]. 4.7
-1

Note that Q satisfies Q' = g, Q(—1) = —%, and by (1.5) also Q(1) = % Moreover, for r € [0,1/2] the map T gives rise to a
bounded operator in L?((—1, 1); H"(Z; CV)).

Lemma 4.2. Let q and V be as in (1.5) and (1.6), respectively, let r € [0,1/2], and assume that cos(i(a . 7/)V)_1 €
Wi (Z; CV*N). Then, the following is true:

(i) I+ T(«a-v)Vqisboundedly invertible in L>((—1,1); H"(Z; CN)) and its inverse is given by the operator O in (4.10).
(ii) If f € rang (i.e, f isindependent of t € (—1,1)), then

I+ T(x- VgL f(t) = cos(%(cx . 11)V)_1 exp(—i(a - V)VQ())f(t) (4.8)
holds fora.e. t € (—1,1).

Proof. (i) It will be shown that the operator defined in (4.10) below is the inverse of I + T(« - v)Vq. Fix r € [0,1/2] and
define the operators

1
g : L2((=1,1);H'(3;CV)) » H'(5;CN), Ef = %cos(%(cx W) e - V)V/ exp(i(a - V)V (Q(s) — %))q(s)f(s) ds,
-1
(4.9)
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and

O : L*((-1,1); H"(Z;CY)) - L*((-1,1); H'(Z; CN))

t (4.10)
Of(t) := f(t) + exp(—i(x - VIVQU)ES —i(a - v)V / exp(i(a - VIV(Q(s) — Q(1)))q(s)f(s) ds.

-1

We will show that Z and O are bounded and that O = (I + T(c - v)Vq)~'. First, we verify that Z is well-defined and
bounded. Let f € L>((—1,1); H"(Z; CV)). Then, the integrand in (4.9) is measurable as a function from (-1, 1) to H"(Z; CV)

since (exp (i(er - V)V (Q() — é))q(')f(')’l'b)Hr(z-c:N) is measurable for all p € H"(Z; CV), see Definition 2.5. In fact, the
latter function is the pointwise limit of the sequénce of measurable functions

e (i@ V(R =) dOS O ) e, & (QW = 3) a0 DO Do

te Kl 2 k!

k=0 k=0
-1
Moreover, as Cos(%(a V) v,V e WL(E; CVN) it follows that

1
1

cos(5(a - V) (e vV / exp(i(ar - )V (Q(s) = 5))a(s)f (s) ds

_ 1
IEf e z.ovy = 5
Hr(z;CN)

1
<C /_ 1||exp(i(a VIV (Qs) - %))q(s) FO s, ds

anda - v,V € WL (Z; CV*N) also imply exp (i(er - )V (Q(s) — %) ) € W& (Z; CVN) via the power series of the exponential
function. Using g € L*((—1, 1); R), we conclude

1
IEf Nrsony < € /_ 1||exp((oc WV(QE) = 3)) iyt memory 1l oo a1 Ol rscon

1
<¢ [ W Olyen <CIfI,-
1

This shows that B is well-defined and bounded. Analogously one can check that O is well-defined and bounded. Hence,
in order to show (i) it suffices to prove

T+T(ax-v)Vq@)Of =0+ T(a-v)Vq)f = f (4.11)

for all f € L*((—1,1); L*(Z; CN)). By Proposition 2.7 (iii) and [37, Proposition 1.2.24] this is true, if for o-a.e. x5 € X the
relation

I +T(a-vV@Of()(xg) = 01 + T(a - )V f()(xz) = f(-)(xz)

holdsa.e.on (—1,1).Let f € L*((—1,1); L?>(Z; CV))and x5, € T befixed suchthatp = p(x5) := f(-)(x5) € L*((-1,1);CN)
and set A = A(xs) := (a - v(x5))V(xs). Then, we have for a.e. t € (—1,1)

t

I +T(a - MVPOf(£)(xz) = @(t) + exp(—LAQ(DE f(xz) — iA / exp(iA(Q(s) — Q(£)))g(s)p(s) ds
1

X (4.12)

+ % / sign(t —s)Aq(s)<¢(s) + exp(—iAQ()Ef(xz) — 14 / exp(IA(Q(r) — Q(s)))g(Ne(r) dr) ds.
-1 1
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With a direct calculation we find that

1

! / sign(t — 5)A exp(—AQ(s)q($)ES (xs) ds
1

1/ 1
=3 ( / 1A exp(—iAQ(s))q(s) ds — / 1A exp(—iAQ(s))q(s) ds> Ef(xz)
-1 t

= —exp(—iAQ())Ef(xs) + % <exp <_71A> + exp <%A>> Ef(xs) = —exp(—iAQ(t))Ef(x5) + cos (%A) Ef(xs).

Furthermore, integration by parts gives us

1

1 [ sign(e - ages)ia [ expGAQ) drd
! /_ sign(t - 94q(0) / expA(Q() - QN)arIp(r)drds

i
2

t N
af 1 & (expt-inaw) [ expAQgNIR() drds

i

1 N
24 /t %(eXP(—iAQ(S))) /_ xPAQUG(rIp(r) drds

t . 1
A exp(-iQ) [ expiaQ()a0prdr- 34 [ exp (iA <Q(r) - %)) ap(r) dr
-1 -1

, 1
_%A /_1 sign(t — s)g(s)e(s) ds

1

t .
iA exp(—iAQ(t)) / exp(iAQ(r)q(r)p(r)dr — %A / sign(t — s)q(s)e(s) ds — cos <%A> Ef(xs).
-1 -1

A combination of the last two calculations with (4.12) yields
I+ T(a - V@O (1)(x5) = @(1).

One verifies in a very similar way that O is also the left inverse of I + T(«x - v)V q. Consequently, (4.11) is true.
(ii) Let f € ran , that is, f is independent of t € (—1,1). Instead of inserting f in (4.10) we find it more convenient
and easier to verify this claim directly by showing

I+ T(x-v)Vq) cos(%(oc . v)V)_1 exp(—i(a - »)VQ)f = f.

Similar as above it suffices to prove

(I +T(a vV cos(2(a-»V) " expl-ita - VL) xx) = f()oxx)

for o-a.e. xs € £ a.e.on (—1,1). Thus, we again fix x5 € T and use the same abbreviations as in the proof of (i). Since here
f is constant with respect to ¢ also ¢ = f(t)(xy) is independent of . We then compute

1
I+ T(x-v)Vg)cos <%(a . V)V> exp(—i(a - V)VQ)f(t)(xx)

1 L1 -1
= cos <1A> exp(—iAQ(t))p + L / sign(t — s)Aq(s) cos <1A> exp(—iAQ(s))pds
2 2/, 2
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-1

-1 1
= cos <%A> exp(—iAQ(t))p — % cos < A> /_ X sign(t — s)% exp(—iAQ(s)) dsyp

N

-1 -1 . .
= Ccos (%A) exp(—iAQ(t))p — %cos <%A> (2 exp(—iAQ(t)) — exp <%A> —exp <_71A>> o=0p=f(t)(xx)
for a.e. t € (—1,1), which shows (4.8). O

In the next lemma, we study relations connecting the coefficient matrix V defined in (1.6) and the matrix V = V'S with

-1

S = sinc <%(oc . v)V> cos (%(a . v)V)

Lemma 4.3. Let z € p(H), g and V be as in (1.5) and (1.6), respectively, assume that cos(%(cx . 1))V)_1 e Wl (z;cVxN),
and set V = VS, where S is as above; cf. (1.9). Then, the following is true:

() S,V e WL (=Z;CNN) and, in particular, the multiplication by V gives rise to a bounded operator in H'/2(Z; CN).
(i) §*q cos(%(oc . 7))V)_1 exp(—i(a - V)VQ)F = S.
(iii) (I + By(2)Vq)I + T(a - v)Vq)'§ = U + C,V).
(iv) If (3.31) holds, then I+ By(z)Vq and I + C,V are boundedly invertible in the spaces L*((—1,1); H/2(Z; CN)) and
H'Y/2(z; CN), respectively, and

I+By@V'F =T+ T(x- V) IFUI +C, V)L

Proof. (i) From & - v,V € W (Z; CNV) we conclude sinc(%(cx -V)V) € Wk (Z; CV*N) using the power series of sinc. The
assumption cos(i(a V) e WL (Z;CNVN)implies S € WL (Z; CV*N)and hencealso V = VS € WL (Z; CN*N). Even-

tually, since the multiplication by any B € W (Z; CN*N) gives rise to a bounded operator in H/2(Z; CN), the same is true
for V; cf. (2.3).
(ii) Recall that ¥ is defined by (2.7) and that its adjoint acts as

1
gf = / fOdt,  f e (=1, HYX(E;CV).
-1

As in the proof of the previous lemma we use the abbreviation A = (a - v)V. Then, with Proposition 2.7 (iii) we get for
P € L*(Z;CN)

-1

-1 1
s*qcoseA) exp(-i4Q5Y = [ cos(%A) eXp(—AQNI(HFH(s) ds
-1

-1 .1/2 -1 .1/2
= cos <%A> /_ exp(—iAr)drp = cos <%A> /0 2 cos(Ar)dryp

1/2
-1
= sinc lA cos lA =Sy
2 2 )
This shows (ii).

(iii) Using the definition of § and J*, see (2.7), and the representation of By(z) in (3.16) one sees

By(z) = T(a - v) + FC, 5+ (4.13)
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Hence, for 3 € L*(Z; CV) item (ii) above and Lemma 4.2 (ii) imply
I+ BoV U + T(e - vVQ) ™' P = FP + FCF*VqU + T(ee - v)Vg) "' Y
= 39+ FC.F Vacos(3(a V) exp(—ie - VY
=3P+ JCVSY = JU+ V.
(iv) First, (3.31) and Proposition 3.12 imply that I 4+ By(z)Vq is boundedly invertible in L2((—1,1); H'/2(Z; CN)).

Moreover, as cos(%(cx . 1/)V)_1 e Wi(z;C¥N) by assumption, the operator I+ T(a-v)Vq is bijective in
L2((=1,1); H/2(2; CN)) according to Lemma 4.2 (i). Thus, it follows from (iii) and §*J = 2I that

1
53U+ T(a- VYU + B2V ™'
is the left inverse of I + C,V and, in particular, I 4+ C,V is injective. To show that I + C,V is surjective consider ¢ €
HY2(%; CN). Then, there exists a unique f € L*((—1,1); HY/2(Z; CN)) such that
I +By@VUI +T(a- V)~ f = Fe. (4.14)
Define

Y= —CF VeI +T(a-v)Vg) ' f.

Since V € Wk (Z; CN*N) we conclude together with Proposition 2.9 (i) that » € H'/2(Z; CV). Using (4.13) and (4.14) we
see that

3¥ =3¢ - JC:FVqU +T(a- VY~ f =T +By(2)Vq - FC.FVPU+T(x-»Ve~'f = f.
Thus, we conclude with (iii) that
SU+CVp =T+ B2V +T(a - vV~ I = Fo

and therefore also (I + C,V)y = ¢. Hence, the operator I + C,V is surjective and thus bijective. Finally, the formula for
the inverse follows directly by applying (I + By(z)Vq)~" from the left and (I + C,V)~! from the right to the identity in

(iii). O
In the next proposition, we use the results from Lemmas 4.2 and 4.3 to show that under the assumption in (3.31) the

operator Hy in (1.2) is self-adjoint and satisfies (Hy — z)~! = £(z), where L(z) is given by (4.1).

Proposition 4.4. Let z € p(H), g and V be as in (1.5) and (1.6), respectively, assume that cos(%(a . 7/)V)_1 e WL (z;CN*N)

and setV = VS, where S is given by (1.9). If (3.31) holds, then the operator Hy; in (1.2) is self-adjoint in LA(R%;CN), z € p(Hyp),
and one has

(Hy —z)™' =R, — Ag(2)VqU + By(2)Vq) ' Co(2) = L(2).

Proof. The proof of this proposition consists of two steps. In Step 1, we show that for the given z € p(H) satisfying (3.31)
the operator

L(z) =R, — Ay(2)VqU + By(2)Vq) ' Cy(2)

fulfills £(z) = (H, — z)~* for a self-adjoint operator H, and in Step 2 we prove Hy, = Hy.

Step 1. First, we check that ran £(z) is dense in L2(R%; CN). Recall that H is the free Dirac operator defined by (2.8),
let u € D(R® \Z;CN) c HY(R%;CN) = domH and set v := (H — z)u, which is equivalent to u = R,v. Then, it follows
with (3.13) and Proposition 2.8 that

Co(z2)v = FtsR,v = Ftsu =0
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and hence,

u = R,v — Ay(2)VqU + By(2)Vq) ' Cy(z)v = L(z)v.

We conclude that D(R® \ £; CV) ¢ ran £(z) and therefore ran £(z) is dense.

To show that £(z) is the resolvent of a self-adjoint operator, we first consider the case z € C \ R C p(H) such that (3.31)
holds. Note that, by Proposition 4.1, £(z) is the limit in the operator norm of (H, — z)~! as ¢ — 0+, which are resolvents
of self-adjoint operators. Moreover, (H, — z)~! converges to £(z)* as ¢ — 0+. Thus, as ran £(z) is dense in L2 (R%; CN), we
conclude from [50, Theorem VIIIL.22] that there exists a self-adjoint operator H,, in L2(R%; CN) such that z € p(H,) and
L(z)=(Hy-2)".

Eventually, consider z € R N p(H) such that (3.31) holds. Then, £(z) is self-adjoint, as it is the limit of the bounded and
self-adjoint operators (H, — z)~!. Moreover, since ran £(z) is dense in L(R%; CN), we have ker £(z) = (ran £(z))J' = {0},
which shows that £(z) is injective. Hence,

Hy:=z+(L(z)7!
defines a self-adjoint operator with z € p(H,) and (H, — z)~! = L(=2).
Step 2. We show that Hiy = H,. Since D(R? \ 2; CV) c dom Hy, the operator Hy is densely defined. Moreover, as V' =
V* we compute for u, v € dom Hy using integration by parts (see (C1))
(Hypu, V)2ro.cny — (u, Hyv)2re.cny
1 _ , _ 1. _ —
= i(t;u+ +tsu_,ie - Vv, — v ) sen) — E(I(O( ) (tuy —tsu) o, + v )2
1 = _ 1 - _ —
= —Z(t;u+ +tgu_, V(tfv, + 150 ) asony + Z(V(t;qu +tou ) i, + 10 )seny =0,
where the jump condition for u,v € dom Hy in (1.2) was used in the last step. Therefore, Hyy is symmetric and to see
Hy = H, it suffices to prove Hy C Hyy. Let z € p(H) such that (3.31) holds and let u € dom Hy = ran £(z). Then, there
exists v € L2(R%; CN) such that
u=_Hy—z)"'v=L(2)v=R,v—Ay2)Vq + By(z2)Vq) ' Cy(2)v. (4.15)
We show that u € H'(R® \ 2; CN) = HY(Q,;CN) @ H'(Q_; CN). By (3.13), Lemma 4.3 (iv), and (4.8) we get
. -1 ~
(I +By(2)Vq) 'Cy(z)v = I + T(ax - v)Vq) ' FU + CZV)—lcb;u = cos(%(a V) exp(—i(a - MVQIU + CZV)_ldJ;U.

With Ay(z) = ®,5*, Lemma 4.3 (ii), and VS = V we conclude from this

Ag(2)VqU + By(2)Vq)~'Cy(z)v = @,VF*q cos(%(oc . V)V)_l exp(—i(a - V)VQ)FUT + czfi)-lcp;u
(4.16)
=o,VSU + czfi)—l@;u =0, V(I + czfi)—lap;u.

Proposition 2.8 and Lemma 4.3 (i), (iv) imply ®,V({I + CZV)_ld);v e H'(R® \ z;CN), and since R,v € domH =
HY(R%; CN) we conclude from (4.15) and (4.16) that u € H'(R® \ £; CN). Next, we show that u satisfies the transmission
condition in dom Hy. Note that R,v € dom H = H'(R?; CN). This, (4.16), (2.13), (2.14), and Proposition 2.9 (ii) (applied to
the function ¢ = V(I + CZV)_ldD;v) yield

%(t;u+ +tsu) +ila - vV)(ttu, —tu ) = 17<D§v -V, va + CZI7)_1<DZiv — i - v)(—i(er - V)VUI + CZV)_ld);v =0.
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Hence, u € dom Hy. Finally, we get with (—i(at - V) + mf — zIy)R,v = v and Proposition 2.8 (ii) that
[Hy — 2)uly = (—i(a - V) + mB — zIy)u,
= (—i(a - V) + mB — zIN)(R,V), — (—i(a - V) + mf — zIN)(P, VI + CZV)_1¢;v)i
=v, = [(Hy — 2)ul,.
Therefore, Hy C Hy; and the proof is complete. |

Proof of Theorem 1.1. Combining the results from Propositions 4.1 and 4.4 we find that Hy; is self-adjointand for r € (0,1/2)
we have

I(He = 2)™! = (Hy — 2) " lr2me.ony—r2we:cny = I(He — 2)™' = R, + Ag(2)V (I + Bo(2)V Q)™ Co(@) I r2(re:cn)-12(rE:CN)
S CEl/Z—r.
Hence, Theorem 1.1 is proved. O
Remark 4.5. We point out that Proposition 4.1, Lemma 4.3 (iv), and Proposition 4.4 remain valid if the condition (3.31) is
replaced by assumptions (i) and (ii) in Proposition 3.12. In particular, Theorem 1.1 remains valid if one assumes that (i)

and (ii) in Proposition 3.12 hold.

Now, we prove Corollary 1.2, where the special case V = nly + 78 + Adi(a - v)§ with real-valued functions 5,7,1 €
WL (Z;R) is considered.

Proof of Corollary 1.2. Let d = n*> — 72 — A2. Then, ((a - v)V)? = dIy and the appearance of only even powers in the power
series representations of cos and sinc yield

cos (%(oc . v)V) = cos (@)IN and sinc <%(o¢ . v)V> = sinc (@)IN.

-1
Hence, the condition cos(%(cx V) € Wi(E;CV¥) in (1.11) reduces to

inf |2k + 1)*7% —d(x5)| > 0

xy€X,keNy
-1
and S = sinc(%(a -v)V) cos (%(oc V) = % tan(\/a /2)Iy. Therefore, Corollary 1.2 follows immediately from Theo-
rem 1.1. O

Proof of Corollary 1.3. First, we mention some identities for functions of matrices that will be useful. For A € CN*V with
|A| < 1, the series

o)

arctan(A) = Z(—l)”

n=0

A2n+1
2n+1

converges absolutely with respect to the matrix norm (in our case the Frobenius norm), and with the help of (1.17) (see
also [27, Chapter VII, Section 4] and [31, Chapter VIIL.3.1]) one finds that cos(arctan(A)) is invertible,

sin(arctan(A)) cos(arctan (A))_1 =A, and cos(arctan (A))_1 = cos(arctan(A))(Iy + A?). (4.17)
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Now, set

V =2a-v) arctan(%(oc V).

It suffices to show that V fulfills the assumptions of Theorem 1.1, that is, (1.10) and (1.11), and V = SV, as then the claim
follows from Theorem 1.1. The assumption (1.14) implies ||(« - v)I7||W1 EeNy < 2. Therefore, the power series defining

arctan(%(a -v)V) converges in W, (Z;C¥V) and hence also V € W, (Z; CV*V). Pointwise application of the results

mentioned above and %(oc WV = arctan(%(a -»)V) show that cos(%(oc V) = cos(arctan(%(a -v)V)) is invertible o-
a.e. and (4.17) yields

-1

cos G(cx - v>v> = cos (%(a : v)V> <IN + 3 v)Vf) c-ae onX.

Asa-v,V,V, cos(%(cx V)V € WL (Z; CVN*N), this implies that also COS(%(O( . V)V)_l € WL (Z; CN*N), Similarly, we get
with (4.17)

-1

VS = Vsinc (%(cx . v)V) cos <%(a . v)V) =2(a-v) (@ 'Zv)V sinc <%(cx . V)V> cos <%(cx . v)V)

1
= 2(a - v) sin (arctan <%(<x . v)V)) cos <arctan <%(oc . V)V>> =V.

Finally, we verify that (1.10) is satisfied. By (1.14) and the definition of V we have

-1

2n+1

(a-v)V)
22n+1(2n + 1)

o0
1
§||V”Wéo(2;CN><N) <lla- V”Wgo(z;q:NxN) Z
n=0 W&(Z;CNXN)

(e - VIV Il (gaomn
= ”O( . ‘V”Wcl)o(zchxN)artanh ( ;VOO(Z’ ) < XZ.

Hence, (1.10) is fulfilled with g = % X(-1,1)- This finishes the proof of Corollary 1.3. O

In the following remark, we comment on the condition ||V, @em gl LoRR) <Xz in (1.10), which is the main
restriction in Theorem 1.1, and explain that it is sharp (in a certain sense).

Remark 4.6. Consider the operator Hy; in (1.2) for a so-called critical interaction strength in the purely electrostatic setting
with m > 0 and X compact and smooth, that is, we set V=+2I ~- In this case, it is known that the operator H defined on
functions from H 1(QJr; CcMy @ HY(Q_;CN) that satisfy the transmission conditions in dom Hy; is essentially self-adjoint,
but not self-adjoint, and one has aeSS(H_g) N (—m, m) # @; cf. [11,17], and references therein for more details. In particular,
Hy or Hy; cannot be the norm resolvent limit of self-adjoint operators Hy, as 0egs(H;) = (—00, —m] U [ m, c0) for all € €
(0,¢,], see, for example, [54, Theorem 4.7 and (4.53)] for the case 8 = 3. However, to construct approximating operators
with potentials V, Corollary 1.3 would suggest the specific choices g = % X(-1,1) and

V =2(a-v) arctan(%l(cx . v)2IN) = 2 arctan(1)Iy = i%IN,
and in this situation

T
”V”Wéo(Z;CNXN) “q”Loo(R;R) = e

85U8017 SUOWILOD BAITea1D 3[edldde ayy Aq peusenob ae ssppiie YO ‘8sh JO e[ 10} Ariqi]8UIIUO AB[IAN UO (SUOIPUOD-PU-SLLBY/WIOD"AB | 1M AeIq 1 BUI|UO//:SdNL) SUORIPUOD PUe SWIB | 8L} 88S *[5202/80/yT] U0 AkiqiTauliuo A8|iMm * (ouleAnde) sqnopesy - 1puiieg SSnt Aq 7000, BUEW/Z00T 0T/I0p/W0d A8 | im A1 1 puljuo//Sdny Wwoj pepeojumod ‘g ‘GZ0Z ‘919222ST



2532 %ﬁggﬁ%ﬁ%ﬁ“ BEHRNDT ET AL.
[NACHRICHTEN |

which is exactly the upper bound for X, from Lemma 3.13 (ii). Hence, this critical case cannot be treated by Theorem 1.1
and the upper bound for X, in Lemma 3.13 (ii) is sharp in the sense that it does not allow electrostatic interactions being
larger (in absolute value) or equal to the critical values +2.
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APPENDIX A: PROPERTIES OF THE MAP (
In this section, we investigate the map

1 IXR > RY, (xs,t) := x5 + tv(xs), (A1)

defined in (1.3). The goal is to show that for some ¢4 > 0 the mapping ¢ and their local counterparts ¢; defined below
in (A2) are bi-Lipschitz on % x (—¢4,£,4) and R~ x (—ey4, £,4), respectively, provided that ¢4 is sufficiently small. Recall
that x5, (x") = x,(x",§,(x")) for X’ € R® and I € {1,..., p}, where x; is a rotation matrix in R®*® and ¢; € C}(R%; R); cf.
Hypothesis 2.1 and (2.1). Besides the map ¢ in (A1) we shall also make use of the maps

y:RTIXR - RO, u(x’, 1) 1= x5,(X)) + ty(x), (A2)
where [ € {1, ..., p} and the unit normal vector field v; on %; is given by

K(=V$(xX), 1)
V14 [VE(xN|?
Note that if x’ € R®! is such that x5,(X') = x5 € Z, then v(xy) = v(x') and 4(x', t) = ((xz, t) for all t € R.

First, we provide a variant of the mean value theorem for vector and matrix-valued functions, which will be used
frequently in the following.

v(x") = x' e RO-1,

Lemma A.1. Let k,I,n € N, U C R" be an open set, and A € C;(U; Cle). If x,y € U and the line segment connecting x
and y is contained in U, then

1/2
|A(x) — AY)| < Sl[lp <Z [(0;A)(x + u(y — x))I2> lx -yl < \/5 sup 1(8;A)(x + u(y — x)||x =yl
uelo,1 B
In particular, if U = R" and | = 1, then

JAGS) = AQ)| < DAl oo genscioany X = Y1, %,y € R,

Proof. Recall that | - | denotes, depending on the argument, the absolute value, the Euclidean vector norm, or the Frobenius
matrix norm. The fundamental theorem of calculus and the Cauchy-Schwarz inequality lead to

|A(x) — AY)| =

(a A+ py — ) (x - y) du' / Z 18;A)(x + u(y — )I(x = y), | du

1/2
< sup}(Zl(aA)(x+ﬂ(y X))Iz) Ix—yIS\/Z sup 1(6;A)(x + u(y — x)I1x — yl.

Jj=1

The estimate for the special case U = R" and [ = 1 is an immediate consequence of the above estimate. O
Now, we turn to the properties of the mappings ¢ and ¢; in (A1) and (A2), respectively.

Proposition A.2. LetQ,, % C R% 6 €{2,3}, satisfy Hypothesis 2.1, and lettand ¢, € {1, ..., p}, beasin (Al) and (A2). Then,
there exists e, > 0 and constants C 4 1,C 4, > 0 such that the following holds:

(i) Forallx',y' e R~ andt,s € (—e4,c4) we have foralll € {1, ..., p}

CLUX =Y I+ 1t =sD) < (X, ) =4 ) < Cag(Ix =Y/ + ]t = s]).
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(ii) Forall xs,ys € Zandt,s € (—e4,4) we have
C;}z(lxz = ysl + 1t =s]) < |llxg, 1) = t(yz, $)| £ Caz(lxz — ys| + |t = s]).

Proof. (i) Let x’,y’ € R%! and t,s € (—e,4,¢4) be fixed, where £, > 0 is, at the moment, a fixed number. Using (A2),
x5, (x") = 1(X", (X)), x5,(0") = (3", §1(3")), and Lemma A.1 we find

(1) = 4y, 9] < |5, () = x5, )] + 19 = sm)] < [, () = x5, 0]+ el ) = )] + [t = s
<X = Y1+ GG = GO+ ealv) = v + e 5]
<Ix =Y+ VG e omtomy X = V1 + €DV o oot osceony X = ¥ |+ 1 = 5]
< (14 1Vl ponqo-t oy + EAlIDVI on oosigponceny ) (X = V[ + 12 = s1).

Now, the second estimate in (i) follows if we fix 0 < ¢4 < 1 and choose

Cap 21+ lelz{lll%fp}(”Vé’l”Lw(Re_lzRe_l) + ”Dvl”Loo([R@—l;RGX(B—I)))a

which is finite since we assumed in Hypothesis 2.1 that {; € Cg(IRQ_l; R)foralll e {1,..., p}.
Next, we prove the first inequality in (i). We start by rewriting

lu(x’, 1) = 4y, 9)1? = |x5,(X") = x5,V + 2(x5, (x") = x5, tvi(X') = sv,(0)) + [ty (x) —svi(PDIP. (A3)

We are going to estimate all three terms on the right hand side separately. For the first one, we find with x5 (x') =
(X', §i(x), x5, (0") = 13", $1(3)), and as x; is unitary that

x5, (") = x5, I> = X =Y P +15(X") = LONIP > ¥/ = y'|% (A4)
Next, we consider the second term on the right-hand side of (A3). We start by observing

t<x, -y, =V§GND) + §(x) - $0) .
V1+ VN2

The mean value theorem shows ¢;(x") — &) = (x' — ¥, V& (X" + u(y’ — x'))) for some u € [0,1]. Using Lemma A.1,
the above expression can be further estimated by

I = (x5, (x") = x5,0"), v (X)) =

7< sup (22X VOED — VGG + kO - X))

pel0,1] VIF VGG

<eqlx’ —y'|2IIDVY, ||Leo(Re—1;R(ef1)x(971))-

< sup eqly’ =X u@’ = X)) ||DV§Z”Lm(R@—l;R(Q—l)x(S—l))
uelo,1]

Similarly, one has
|(le (x") - X3, O s (YN L ealx’ = y,|2”DV§l”Loo(R@—l;[R(@—l)x(@—l)),
and thus

2<le(x’) - le(y,), (X)) = sy (y)) > —4eylx’ - y,|2”DV§Z”Loc([Refl;R(@—l)x(S—l))- (A5)
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Eventually, to estimate the third term on the right-hand side in (A3), we use Lemma A.1 as well as (a — b)? > %az —b?
for a, b > 0 and calculate

[t (X") = svI? = I(¢ = s (x) = s (Y") = viG)IP = (It = s| = s (") = wi(x"))])?
1 1 5 , (A6)
> §|f =5 = s*[n(y") = v(NI? > §|t — s> —e|x' - J”|2||DVI||LW(R9—1;Rex(e—1))-

By combining (A4)-(A6) in (A3) we obtain

2 2
[t — S|2 +|x' - y,|2(1 - 45A||DV§I||Loo(Re—1;R<e—1>x(s—1)) - A”Dvl“Loo([RS—l;[R@X(Q—I)))'

N

lyGx’,6) = 4y, 8)1* >

As before we conclude from §; € Cg(lRe_l; R) that fore, > Osufficiently small and C, ; > 0 sufficiently large also the first
inequality in (i) is fulfilled.

(ii) We fix x5, ys € Z and ¢, s € (—g4,€4). Let us first assume that xs, ys € X, for some [ € {1, ..., p}. Then, there exist
x',y’ € R%1 such that x5 = xz,(x") and yy = x5,(3"), and therefore «(xz, t) = y(x’, t) and «(yz, s) = y(3’, s). In this case,
we see

Ixz — sl = VIx! =y 2 + 1) = $ON12

and therefore combining

2
I = Y1 < x5 = ysl < 1% = V13 1+ IVE oo

with (i) yields (ii). It remains to consider the case where x5, ys € X and there is no [ € {1, ..., p} such that x5, ys € .
Then, (ii) and (iii) from Hypothesis 2.1 imply |x5 — ys| > €, Where ¢, is the number specified in Hypothesis 2.1. Choose
€4 < €y/6. Then, |xs — ys| > 6¢4, [tv(xs) — sV(¥s)| < 2e4, and |t — s| < 2e4 yield

4 4
[t(xs, 1) = t(ys, 9| < x5 —ys| + 264 < §|xz —ysl £ §(|xz —ysl+ 1t =s))

and

[xs — ysl te, = |xX5 — ysl
2 A 2

1

§(|X2 —ysl+t—s]) < +3e4 — 264 < |x5 — ys| — 264 < |(xg, 1) — 1(y5, S),

which imply (ii) also in this case. O
Eventually, we state a useful consequence of Proposition A.2.

Corollary A.3. Assume that %,Q, C R®, 6 € {2,3}, satisfy Hypothesis 2.1 and let €, be as in Proposition A.2. Then, the
following holds:

(i) Forany xs € Zandt € (0,e4) one has x5 + tv(xs) € Q_.
(ii) Forany xs € Zandt € (—¢ey4,0) one has xs + tv(xs) € Q.

Proof. We show item (i), the proof of assertion (ii) follows the same lines. The claim will be verified by an indirect proof.
Assume that there are xy € X and ¢ € (0,¢,4) such that xy + tv(xy) & Q_. Since v is pointing outward of Q, , we have for

small u > 0 that x5 + utv(xs) € Q_. By continuity, this implies that there exists u, € (0,1] such that x5 + yytv(xy) € Z.
However, we obtain from Proposition A.2 for all yy € Z with a constant C4 , > 0 the inequality

x5 + potv(xs) — vzl = Chuet > 0;

this is a contradiction. O
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APPENDIX B: PROOF OF THE ESTIMATE (3.25)

Let ze€ p(H) and B.(z) : L2((-1,1); LA(Z;CN)) - L2((-1,1); LA(Z;CN)) and B.(z) : L3((-1,1); HY/3(z;CN)) -
L2((=1,1); HY/2(2;CN)) be the operators defined by (3.17) and (3.19), respectively. In this Appendix, we show that
B.(z) — B.(2) can be extended to a bounded operator from L2((—1,1); L3(Z; CN)) to L2((—1,1); H/2(Z; CV)) and that

I1B:(2) = Be(2)ll5., , < Cle + ellog(e) )"/ (B1)
for some C > 0, which is used in (3.25) in Step 3 in the proof of Proposition 3.10. With (3.18) and (3.23) one obtains for

f € L*((=1,1); H'/?(z; CN))

1
(B.(2) - B.@)f (1)(xs) = / / (s — ys + etv(xg) — e59(y5)) — Go(xs — Vs + £t — WO FS)ys) do(ys) ds
—-1J2
(B2)

fora.e.t € (—1,1) and for o-a.e. x5y € %, where G, is the integral kernel of R, = (H — z)™}; cf. (2.10)~(2.11). Thus, in order
to show (B1), we proceed as follows: we prove in Proposition B.3 that for fixed ¢t # s € (—1, 1) the operator formally acting
onyp € L*(Z;CN) as

bt s (2)P(xz) = /(Gz(xZ =¥z tetv(xy) —esv(ys)) — Go(xz — ys + et — s)v(x:)P(ys)do(ys), x5 €Z, (B3)
>

gives rise to a bounded operator from L*(Z; CN) to H 1/2(z; CN) and we prove an estimate for its operator norm. Then,
we show in Lemma B.4 that the map (s, t) = b, s (z) is measurable and use (B2) to transfer the results from b, ;(z) to
Eg(z) - BE(Z)'

In the following, we always assume ¢ € (0, €,) with £, > 0 given by (3.11). Recall that ¢; and €4 are the numbers that are
specified in Propositions 2.4 and A.2, respectively. Since €; < €4, see the proof of Proposition 2.4, we conclude from (3.11)
thate, < %A Define for t # s € (—1,1) and x5,ys €

AG,(x3,5,t,8) = G (x5 — yy + tv(xy) — esv(yy)) — G(x5 — Yy + €(t — s)v(xy)). (B4)

Moreover, we introduce for t # s € (—1,1) and x5, ys € X the quantities

Zo(Xz, Y5, t,8) 1= X5 — Yy + etv(x5) —esv(ys) = (xs, et) — W(ys, €9),
Z1(X5, Y5, 1,8) 1= Xz — Yy + &(t — $)v(Xg) = (x5, &(t —5)) — 1(y5, 0),
ZM(Xz, Vs, L, S) = :uZO(xE’ Vs, , S) + (1 - ,LL)ZI(XZ, Vs, £, S) = L(th (,L{Et + (1 - M)E(t - S)) - [(yZ’ ,MES) for M € (0’ 1)’
L(x3,y5,t,8) 1= |xg — ys| + |e(t — ).
Then, AG, (x5, Y5, t,5) = G,(2¢(xs, Y5, t,5)) — G,(21(X3z, Vs, t, 5)). It follows from Proposition A.2 (ii) that for u € [0, 1]
C,Z,lzL(xZ’yZ’t»S) < zu(xz, y5, 6, 8)| < CapL(xs, Y5, t,5) (B5)
holds. To shorten notation, we also set
w :=ImVz2—-m2C,, >0, z€ p(H). (B6)

Furthermore, until Lemma B.4 we fix t # s € (—1, 1) and hence omit the arguments ¢, s in the functions L, AG,, z, Zy,
and z;.

Lemma B.1. Let G, be the integral kernel of R, in (2.10)-(2.11), AG, as in (B4), L € {1, ..., p}, and x5, as in (2.1). Then, the
following is true:
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(i) There exists C > 0 which does not depend on ¢, t, and s such that
|AG, (x5, y2)| < Ce(L(xs, ys) + L(xs, y5 ) ~9)e~@Llxz.yz)

forall xs,ys € %.
(ii) There exists C > 0 which does not depend on ¢, t, and s such that

d o - :
WAGZ(XEZ(XI),YE) < Ce(Lxz, (x), ys) + L(xz,(x"), y5) e @L0xg (x).yx)

k
forallk €{1,...,6 =1}, ys €%, and x' € xgll(Z).

Proof. Before we prove (i) and (ii) we show useful estimates of the difference zy(xz, ys) — z1(x5, yz) and 9,G,, j € {1, ..., 6}.
Since ¢, < 2 it follows from Proposition A.2 (ii) that

letv(xs) — esv(ys) — et — Hv(xz)| = gls||v(xz) — v(ys)l

1Zo(X5, ¥5) — z1(x5, y3)|
(B7)

IA

c 1+ CA,Z 1+ CA,Z
g(|xz = ysl + llxs, &) — ¥z, &2)]) < TEPCE —ysl £ TEL(xz,yz)

for all x5, ys € Z. Next, we estimate 9,G,, j € {1, ..., 6}. For 9;G, we obtain for 6 = 2 and x € R2 \ {0} from (2.10)

ajGZ(x):C ( mm)( j M)

2 | x| |x|3

2

I (y (<ivzE ] ) 4 K (-2 =l ) ) R

iy 4 |x]?

+ﬂ ( iVzZ— m2|x|> —(mp + zI,),

27

where we used K| = —K; and K| = —%(KO + K); cf. [45, §10.29(i)]. For 6 = 3 and x € R? \ {0} we obtain from (2.11)

[x|?

T

iVz2—m2|x
<zI4+m/3+1(1—1\/22 m2|x|>| |2)< VzZ—mijlxl—xj>>e i

Ar|x)?

By the well-known asymptotic expansions of the modified Bessel functions from [45, Sections 10.25 (ii) and 10.30 (i)], there
exists R > 0 such that for all x € R® \ {0} with |x| < R one has

Kn<_iM|x|>| < C{ [log|x||, n=0,

[x|™", ne{l,2}
and for all x € R? \ {0} with |x| > Rand n € {0,1, 2}
Kn<—ivz2 - m2|x|)( < CeTImvzi-milx],

Using this in the above formulas for 9;G, one concludes that

sup 18;G,(x)| < C(1 + |x|~®)e~mV-mixl - x e R\ {0}. (BS)
jedl,.. .0}
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(i) Applying Lemma A.1, (B7), (B8), and (B5) yields

|AG (x5, y2)| = |G(20(x5, ¥5)) — G (21 (x5, y2))| < C [ ]SUP{ o 10,G,(z,(x5, ys)lzo(X5, ¥5) — Z1 (x5, y5)|
uelo,1],jefl,. .,

<C sup 10;G,(z,(xs, ys))eL(x5, ¥5)
wel0,1],jElL,.. 6}

= Sl[lp ](1 + |Zu(x2,y2)|_6)e_1m Zomlzz el (xg, yy)
nelo,1

< Ce(L(xg, ys) + L(xg, ys)'~)e @0z =)
for all x5, ys € X, where w is defined in (B6) and C > 0 is a constant which does not depend on ¢, ¢, and s. Hence, the

claim in (i) is shown.
(ii) Forke{l1,..,6 —1}L,ys € Z,and x’' € xgll(Z) we compute

;L,AGZ(XEZ(X/%}}E) = L,(Gz(Zo(xEl(X’),yz)) — G,(z1(x5,(X"), ¥5)))
X, dxk
S d o d
= 21(5 sz)(ZO(le(xl),YZ))W(ZO(XZZ(JC,),YE)) = z{(a sz)(Zl(le(X’),yz))g(a(xz,(X’),yz)) j
= k = k

0
= ((aj Gz)(zo(le (x"),y) — (aj G;)(z, (le (x), yz)))i,(zo(le (x), yZ))j
j=1 dxk

6
+ 3 6800,62)(z i, (). )= (),
=i i

where v)(x) = v(xz[(x’ )) was used in the last step. To estimate the second sum we use (B5), (B8), ¢, € Cg(lRe_l; CN), and
1+a® <2(a+a?) fora > 0and obtain

6

d
Y e5(8,G)(z1 (x5, (X)), y£)) = (X ));| < Ce sup [(8;G)(z1 (e, (x"), D IDVI | oo o-1.onio-n
=1 dx; JElL,...0} " )
jg=r 7k 0 JE

< Ce(l + L(xg,(x'), ) 0)e L= 0092) < Ce(L(xs, (x'), ys) + Lxs, (x'), yg)~0)e L0 0z),

For the remaining part given by
]
D ((8;G)(z(xx, (X', ¥5)) — (8,G2 )21 (x5, (x’),yz)))ddT(Zo(le ("), y5)); (B9)
j=1 k

we proceed in the same way as in the proof of (i). Using Lemma A.1 and {; € C;(Rs_l; R) one can show that the absolute
value of the expression in (B9) is bounded by the term

c sup Ianasz(Zy(xZ‘,l(x’)9yZ))IEL(le(x,)’yZ)-
uelo,1],n,jef1,...,6}

Moreover, in a similar way as in (B8) one can prove

sup  10,0,G,(x)| < C(1 + |x| ™8~ De mVZ2-mixl - x € RO\ {0}.
njel,...o}

Combining these observations with (B5) yields the claim in (ii). O
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To estimate the operator norm of b, ; .(z) in Proposition B.3 we will make use of a partition of unity for £ subordinate

.....

,,,,,

,,,,,

Proof. According to [52, Appendix A, Lemmas 1.2 and 1.3], there exists a sequence (x,,),eny € R, M €N, 0 < 8 < %0 and

a sequence of real-valued C®-functions (¢,,),en such that (B(x,, 8)),cn is an open cover of R®, (¢,,),.en is a partition of
unity for R® subordinate to this open cover, supp ¢,, C B(x,, 8) for all n € N, every point x € R? is contained in at most
M of the sets B(x,,, §), and the derivatives of the functions ¢,, are uniformly bounded. Next, we define the set Y := {x,, :
B(x,,8) N T # @}. Note that for all x,, € Y there exists ! € {1, ..., p}such that B(x,, §) C W,. In fact, since B(x,,5) N Z # @,
there exists ys € B(x,,d) N X and thus, item (ii) in Hypothesis 2.1 implies B(ys, &,) C W, for an | € {1, ..., p}. Hence, for
any y € B(x,,d) one has

[y =ysl <1y = xn| + 1%, — ys| <25 <&,
which shows B(x,,,8) C W,. Next, we define I, :={n : x, € Y,B(x,,6) C W} and forl € {2, ..., p} we introduce I; :=
{n: x, €Y,B(x,,6) Cc W,B(x,,5) ¢ Wi,k €{1,...,1 — 1}}. Then, it is not difficult to see that ¢; = Zneh ¢, is a partition

of unity having the claimed properties. O

Proposition B.3. Let t # s € (—1,1) and € € (0,¢,). Then, the operator formally defined by (B3) gives rise to a bounded
operator b, .(z) : L*(Z;CN) — H'/%(Z;CN) and there exists C > 0 which does not depend on ¢, t, and s such that

1
1/2
”bt,s,E(z)||L2(Z;CN)_>H1/2(Z;CN) < C(E + EllOg(Elt - Sl)l) / m (BIO)
Proof. We split this proof into four steps. In Step 1, we verify the preliminary estimate
. 1+ |log(elt —s|)|, j=1-06,
sup [ (Lxs.s) + Llxs.ys) e do) < €4 1 ’ (B1D)
XZEZ > Ell—Sl’ ] = _6’

which will be used in Steps 2 and 3 to obtain bounds for b, ; .(z) viewed as an operator from L?(Z; CV) to L3(Z; CN) and
from L(Z; CN) to H'(Z; CV), respectively. Finally, we conclude with an interpolation argument (B10) in Step 4.

.....

from Lemma B.2. Using the definition of the boundary integral, we can write

/ (L(xs.5) + L(xs, ys) e do(y)
>

)4
=) / (x5, ) + Lz, x5, ()02 0 g (o, DV +IVE GNP Y
5@

n=1<x

Hence, 0 < ¢, <1,¢, € CZ(R*;R), and x;' () ¢ R%! yield

/ (L(es. ys) + Lxs, yp)Ne 15598 do(yp) < € max / (L(xs, X5, (7)) + L(xz, X5, (0 )] e L0207 gy
> R

1., 6-1

<C max (WL(xg, xg (V) + @ L(xg, x5 (¢)))e L0z, 0 gy,
nefl,...pt Je-1 " "
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where C > 0 does not depend on Xy, t, s, and €. Next, let n € {1,..., p} and fix x/, € R%"! such that |xy — Xs, (x| =
minyepo-1 |Xs — x5, (v)]. With this choice we obtain for all y’ € RO-1

1 1 1
zlxé =)' < zlxzn(x;ﬁ) - x5, < E(lxz — Xz, O] + x5 — x5, (X)) < x5 — x5, NI
This implies for any y’ € R~!
@
wL(xz, x5, (1)) = w(|xg — x5, )| +elt —s]) > Elx;ﬁ — V'] + welt —s].

Moreover, a — (a +a')e @, a >0, is a monotonically decreasing function and therefore we get with p(x;l,y’ )=

>l =yl
/ (LCxs. y)+L(xs, ye) e b3 do(ys)
>
<O }/ (pCxp ") + et = s1) + (p(x), ¥') + ozt — s[))yePCinyDmeeli=s] gy
D R6-1

(o]
<c / ((p + welt — 1) + (p + el — s]))eP241=51 092
0

o o . 1+ |log(elt —s|)|, j=1-6,
= C(/ o le P dp + / pl+0=2¢ dp) < C{ 1 & J - ¢
wel|t—s| we|t—s| J=-0,

glt—s| ’

where C > 0 does not depend on Xy, ¢, §, and ¢. This proves (BI1).
Step 2. In this step, we verify the estimate

1t 562l 2(ziev) < Ce(l+ lloglelt — sDDIPllaeny, P € LA(E;CN). (B12)

In fact, with the help of the Cauchy-Schwarz inequality, Lemma B.1 (i), and (B11) we obtain for ) € L*(Z; CN) and x5y € =

2
b s (@) (xx)]* = S/|AGz(xz,yz)|dU(J’z)/|AGz(xz,)’z)||¢(YE)|2 do(ys)
z >

/ AG, (x5, y)(ys) do(ys)
>

<ce / (L(xg, ys) + L(xg, ys)'~0)e @Hy%) do(yy) / (L(xs, y5) + L(xg, y5) =)L) |3 (yy) > do(yy)  (B13)
> >

< Ce*(1 + [log(elt — sPI) /(L(xz,yz) + L(x, y5)'~)e =) |g(ys)|? do(vs).
z

Now, Fubini’s theorem and (B11) show

/ Ibys (29 (xs) 2 do(xs) < CeX(1 + [loglelt — sI) / / (L(xs, ys) + L(xs, y) =06 L3 [(py)|? do(yy) do(xs)
> >JX
= CeX(1 + log(elt — s / / (L(xs, ys) + L(xg, ys)1 =)L) do(xy) (e[ do(ys)
>JY

< Ce(1 + [log(elt — s / I do(rs),
>

which yields (B12).
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Step 3. Next, we prove the estimate
1
1Bt 5. (@)Dl 1 ziony < Cm”“;b“LZ(Z;CN)’ P € L*(Z;CN). (B14)

Let ) € L*(Z;CN) and xy,(x') = x5 € = with x’ € R°~!. By Lemma B.2 the function ¢; and its derivatives are bounded.
Thus, with ¢; := ¢,oxy, we have

j—,(@(x’)(bz,s,g(z)ab)(le(x
Xk

2 2
d
< C<‘W(bt,s,s(z)¢)(le(x/)) + by s (2)p(xs, (X’))|2>~
k
Using the dominated convergence theorem and the properties of AG, stated in Lemma B.1, one obtains

MG (s, (), Y )9(3) do ).

d ,
7 s s () = / =

Hence, we get with the Cauchy Schwarz inequality, Lemma B.1 (ii), x5 = xy,(x'), and (B11)

2

‘%(bt,s,g(zw)(le(x
X

</,

<ce? /(L(XZ,YZ) + L(xz, yp)~9)e @L0=2) do(yy) /(L(XE,J’Z) + L(xg, y5) e @LC=r2) [ih(ys) |2 do(ys)
z s

- / dd,AGz(le(x’) Y0 dolys)

& AG, (x5, (). y5) ¥ (s Pdo(ys)

dx / AGz(le (x"),y5)

ys) + L(xz, y2)~9)e @0y | (ys) |2 do(yy).

According to (B13), we can estimate
by s (2P (x5, (X' DI? < Ce*(1 + [log(elt — s]I) /(L(xZ:yZ) + L(xs, y)' = )e L2 |g(ys)|? do(yy),
b
where x5 = le(x’). Moreover, a + a'=® <2(a+a 9 fora>0and 1+ [log(b)| < C% for b € (0, 2¢,) yields

|bes (20 Ceg, (X )I? < y5) e D [y (yy)|* do(ys).

/ 5 ®

< _ !
= Cm/ . / (L0, (x"), yg) + LGxz, (x7), y5)~0)e™H2 0D 19(y5) 2 do(ys)dx’
Sl OHRD))

Thus,

2

(i, (Wb @) ()|

dx,

T //(L(xz,YZ) + L(xs, y5)~0)e@L=ys) |ih(ys) |2 do(ys )do(xs).
s Js

Therefore, Fubini’s theorem and (BI11) yield

/ 5 @

This estimate, the definition of the norm in H'(Z; CV), see Section 2.1, and (B12) imply (B14).

dd (@l(le(X’))b”E(z)gb)(x) dx' <C
x

| |2”¢”L2(2 CN)*
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Step 4. By combining H'/2(Z; CN) = [L?(Z; CN), HY(Z; CN)], /5, see (2.2), and L*(Z; CN) = [L2(Z; CN), L*(Z; CN)], /, we
conclude from the bounds (B12) and (B14) together with (1.18) that

1/2 1/2 1
1Bese@2em—mraen)y < Cllbese@ sen - pamem 1Prse @l oo o eny < C(E + €lloglelt — sI)I)l/zm.
This completes the proof of Proposition B.3. O

Lemma B.4. Let € € (0,£,4). Then, the operator-valued function

bisc(2), if t # s,

F: (1,1 - LIAE;CN), HYA(Z;CN)),  Flt,s) = { o0 iftes

is measurable.

Proof. It suffices to prove that (F(:, )¢, $);1/2(5.cn) is measurable on (-1, 1)2 for all € L2(2;CN) and y € HY/2(z; CN);
cf. Definition 2.5. For this, we prove that (F(-, -)qo,lp)Hl/z(Z;CN) is continuous on O := (=1,1)* \ {(¢,) : t € (—1,1)}. Let
(t,8) € O be fixed and consider the case ¢t > s. Choose a sequence ((t,S,))nen C © which converges to (t, s). It is no
restriction to assume that %(t,1 —Sp)>t—s5> %(t,, —s,,) holds for all n € N. Then,

L(X35, Y5, tn,8p) = |Xg — ys| + €|ty — s, < |xg —ys| + 2¢|t — 5| < 2L(X3, Y5, t,5)

and in a similar way
) 1-6
L(x25y2’tn5sn)l_6 < <§> L(XE,YZ,t,S)l_e-

Moreover, as |t,, — s,| > 0= |t —s| — |t — §] > |t — s| — 2, one has

e~ @L(xzys tnssn) < g=@(Ixg—yzl+eli=sD+2we < g2weg g=wL(xg,yets),

Combining Lemma B.1 (i) with the latter three displayed formulas yields the existence of a constant C > 0 which is
independent of x5, ys, ¢, s, t,,, S,, and € such that

|AGz(xZ’ Vs tna Sn)l < CE(L(st Vs tn’ Sn) + L(xZa Vs [n’ Sn)l—e)e—wL(xz,yz,[n,sn)
(B15)
< CE(L(st Yz, t, S) + L(Xz, Y5, t, S)l_e)e_wL(xz,yz’t’S) =: M(xz, yZ)

We claim that (b, (2)@)nen converges weakly to b,  ((z)p in L*(Z; CN). Let y € L*(Z; CV) be fixed, then

((btn,sn,s(z) - bt,s,a(z))go’ V)LZ(Z,CN) = / / <(AGz(xZ9 Vs, tn! Sn) - AGz(x29 Vs, £, S))GD(YE)’ Y(x2)> dU(yz) da(xZ)-
? zJZ

The integrand on the right-hand side converges pointwise almost everywhere to zero, as n — co. Moreover, (B15) shows
that the integrand is bounded by 2M (x5, ys)|e(¥s)||y(xs)|. Applying the Cauchy-Schwarz inequality twice, Fubini’s
theorem, and the symmetry relation M(xs, ys) = M(ys, X5 ) yields

2 2

( [/ M(xz,J’z)|fP(YE)||7(xz)|dO'(yz)dU(xz)> </ ( / M(Xz,YZ)|§0(yz)|d0'(J’2)> do G722,
2JZ z z

< [ [ MG 9)lo09) dotrs) [ MCxs,ys) dotys) doGes)lr s
2Jx )

Xy EX

2
§C<Sup /M(XZayZ)dG(YZ)> ||¢||i2(2;CN)”7“1242(2;CN)-
z
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Furthermore, with (B11) we see that Sup, e /z M(xs,ys)do(ys) < Ce(1 + |log(e|t — s])|) < oo. Hence, dominated con-
vergence yields ((b;, s, (2) — by (2)p, )/)L2 @ony ~ 0 for n — o0. Since, y € L*(Z; CV) was arbitrary, we conclude that

(by, 5, £(2)P)nen converges weakly to by s .(z)g in L*(Z; CY).
Next, we show that (b, -(2)@)nen converges weakly to b, ;(z) in the space H/2(Z; CV), which proves the claimed

continuity. For this, we note that Lemma B.3 and %(tn —5,) >t — s> 0imply that (b; s (2)@),en is abounded sequence

in HY/2(Z; CN). Let us assume that (b, ; .(2)@),en does not converge weakly to b, s ((z)p in H/2(Z; CV). Then, the H/2-
boundedness implies that there exists a weakly convergent subsequence (btnk,snk,s(z)¢)keN which converges to some ¢’ €

HY2(Z;CN) with ¢’ # b,  .(z)¢. However, in this case (br,, 5., .(2)P)en Would also converge weakly to ¢’ in L2(Z;CN)
which contradicts the first part of the proof. Hence, (b; s, (2)®),en converges weakly to b .(z)p in H 1/2(z; CN) and
therefore, ((b;, s, (2)¢, ¢)H1/2(Z;CN))”€N converges to (b, .(2)p, ¢)H1/2(E;CN)' O

After all these preliminary considerations, we are prepared to prove (3.25).
Proof of (3.25). Let f € L*((—1,1); L>(Z;CM)) be fixed. Using Proposition B.3, the Cauchy-Schwarz inequality, and
Fubini’s theorem we obtain

2 2

1 1
/_ 1 ( / 1 ||bt,s,g(z)f(s>||H1/2(Z;CN,ds) dt<c / ( / (et elloglelt =DV — 1/2 ||f<s)||L2(ZCN)ds> dt

/ ( / (¢ + <llogelt = sD* e ds / (& ellogele = D2 17 >||L2(ZCN)ds>d

<c sw ( / (& +elloglele ~ s — ) / 1A e, ds

se(-1,1)

< Ce(1 + [log@DIIfII2.

Combined with Lemma B.4 and the discussion below Definition 2.5 this shows that /_11 bis:(2)f(s)ds € H/?(Z;CN)
exists for a.e. t € (—1, 1) and that the function t — /_11 bis.(2)f(s)dse H 1/2(3; CN) is measurable. Hence, the mapping

1
B LX((-1,1); L*(Z;CV)) —» L2((-1,1; HY/2(Z;CN),  Bf() := / b, s:(2)f(s)ds,
-1

is well-defined, bounded, and ||Bl|o_1/> < C(e + e|log(e)])!/2. By (B2), (B3), and Proposition 2.7 (iii) we also have

1
(B.(2) = B(2))f (1) = / bse(2)f(s)ds = Bf (1)

-1

for all f e L?((-1,1);HY/?(Z;CN)). Hence, B.(z)-— B.(z) can be extended to a bounded operator from
L2((-1,1); L3(Z; CV)) to L2((—1,1); H/2(Z; CN)) and (3.25) is true, that is, all claims are shown. O

APPENDIX C: PROPERTIES OF &, AND C,
This Appendix is devoted to the proofs of Propositions 2.8 and 2.9, which are inspired by the abstract notion of boundary
triples, their y-fields and Weyl functions from the extension theory of symmetric operators in Hilbert spaces; cf. [7, 13, 14,
21, 28-30]. Here, we follow a similar strategy as in [11], where similar results for bounded X were shown. We also refer to
[8-10, 16, 46] for related considerations in the context of two- and three-dimensional Dirac operators and to [22, 23] for
one-dimensional Dirac operators.

Throughout this Appendix, let m € R and let = ¢ R satisfy Hypothesis 2.1. We define in L>(R%; CV) the operator T by

Tu := (—i(a- V) + mBu, & (—i(a - V) + mPu_, domT := H'(R®\ Z;CN) = H'(Q,;CN)® H'(Q_;CN),
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and the mappings Ty, T; : dom T — HY/2(Z;CN) by
. 1
Tou :=i(e-v)tfu, —t;u_) and  Tyu:= §(t§u+ +tsu).
Recall that v is pointing outward of Q, . For u,,v, € H'(Q,;C") integration by parts implies

((a- V)ui, Ui)LZ(Qi;CN) = _(uis (a- V)vi)LZ(Qi;CN) + (o - v)ui, vi)LZ(E;CN)

and one finds in the same way as, for example, in the proof of [11, Theorem 4.3 (i)] that
(Tu, U)LZ(RG;CN) - (u, TU)Lz(Re;CN) =Ty, FOU)LZ(Z;CN) = (Tou, I v)LZ(z;CN) (Cy

holds for all u,v € dom T. Note that (C1) implies that T | ker I'y is symmetric. Furthermore, H'(R%; CN) c ker I',. Since
the free Dirac operator H in (2.8) is self-adjoint, this implies that

T | kerTy =H. (C2)
Now, we are prepared to prove Propositions 2.8 and 2.9.

Proof of Proposition 2.8. First, Fubini’s theorem shows the representation in (2.13). Hence, the mapping properties of s
and R, prove assertion (iii).
To verify item (i), we note first that by (iii) and anti-duality ®, has the bounded extension

@, := (@) : H/2(Z;CN) - LA(R%; CN) = HO(Q,; CN) @ H(Q_; CN). (C3)

Next, we show the statement for r = % If we manage to do that, then the claim for r € [0,1/2) follows from (C3)

and interpolation.
To prove the claim for r = % we note that with (C2) one can show for z € p(H) the direct sum decomposition

domT = dom H+ ker (T — z) = ker [+ ker (T — z),
which allows us to define the auxiliary operator
®, := (T, | ker (T —z))~. (C4)

We remark that this is the usual formula for the y-field corresponding to a (quasi or generalized) boundary triple. Note
that the properties of the trace operator in Proposition 2.2 imply that ran T, = H/2(Z; CN) and we also have dom T =
HY(R® \ %;CN). Thus, ®, is a linear operator from H'/2(; CN) to H'(R® \ ; CN). Next, we show that ®, is a restriction
of @,. To see this, we observe for v € L2(R%;CN), p € H/2(Z;CN), and u = Rzv = (H — 7) 'v € domH = ker I, with
the help of (C1) that

(@,0, 0)12me;cny = (B0, (H = D) p2recony = (D0, Hu)page,ony — (20,9, ) 2(wocn)y
= ((ﬁzgo, TU)LZ(RG;CN) — (T&)z(p, U)LZ(RS;CN) = —(F@Zgo, FOM)LZ(E;CN) + (F(@Zgo, Flu)Lz(Z;CN)

= (§0, rlREU)LZ(Z;qjN) = (CD, (D;U)LZ(E;CN) = (q)z¢; U)LZ(RS;CN)-

Since this holds for all v € L2(R%; CN) we conclude ®,p = ®,¢, that is, , = ®, | H/2(Z; CN). In particular, ®,¢ €
ker (T — z) by (C4), which yields item (ii). Eventually, we show that this restriction of ®, is bounded from H'/2(Z; CN) to
HY(R? \ 2;CN). To see this, we show that @, is closed with respect to these spaces. But this follows from the L? bound-
edness of @, and the fact that H'/2(2; CN) and H!(R® \ Z; CN) are continuously embedded in L2(Z; CV) and L2(R%; CN),
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respectively. Thus, the closed graph theorem shows that
o, =@, | HY/2(z;CN) : HY/2(3;CN) - HY(Q,;CY) @ H(Q_;CN)
is bounded, which finishes the proof. O

Proof of Proposition 2.9. (i) First, it follows from Proposition 2.8 (i) and (2.14) that C, is a bounded operator in H 1/2(z; CM).
Next, we show that the anti-dual C% of Cz, which is a bounded map in H ~1/2(3; CN), is an extension of C,. To see this, let

@, € H'/2(Z;CN). We use (C1), Proposition 2.8 (ii), (C4), and the definition of C, to obtain

0= (T&)Zgoa &)E¢)L2(R9;CN) - ((/I\)zgo’ T&)E¢)L2(R9;CN) = (ngo’ lp)LZ(z;CN) - ((0, CE¢)L2(Z;CN)

= G D yramenan o) = (P G uamenyan een) = (€ = COPP) v anssony’
where (-, +) ;-1 J2(5:CN Y H/2(5:CN) denotes the sesquilinear duality product, which is anti-linear in the second argument, on
H™1/2(z;CN) x HY/2(z; CN). Hence, Cé is an extension of C, which is bounded in H~/2(Z; CN), that is, the claim is true
forr = —%. By interpolation, we conclude that C, gives rise to a bounded map in H"(Z; CV) for any r € [-1/2,1/2].

(ii) First, for ¢ € H'/2(Z;CN) the definition of C, in (2.14) and the relation (C4) imply

1 1 L+ ~(®
C2p = 36:(P:0)s + 315(229)- = F(5(2:0), ~ 6(D20)) + 5(®:0);
(cs)

i ~ i
= £5(a - MLP;¢ + 5(0:9), = £5(a - V)P + (0.,

which is the claimed identity for o € H'/2(Z;CN).If o € H'(Z; CV) and r € (0,1/2), then the assertion follows from (C5)
by continuity and density. O

Remark C.1. We note that the results stated in Propositions 2.8 and 2.9 are not optimal in the sense of the maximal possible
range of Sobolev indices r; the stated mapping properties can be proved for a wider range of Sobolev indices in a similar
manner as in [11, Proposition 4.4 and Corollary 4.5], but the present formulation is sufficient for the proof of Theorem 1.1.
More precisely, Proposition 2.8 (i) can be extended tor € [—1/2,1/2] and (ii) also remains valid for ¢ € H"(Z; CV) withr €
[-1/2,1/2]. Furthermore, the Plemelj-Sokhotsky formula in Proposition 2.9 (ii) can be generalized to all r € [—-1/2,1/2].
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