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Abstract. One of the most important contributions of Heinz Langer in the area
of operator theory in Krein spaces is the introduction of the notion of definiti-
zable operators and the construction of the corresponding spectral function. In
this note we obtain a new characterization for the subclass of non-negative oper-
ators in Krein spaces which is based on local sign type properties of the spectrum
and growth conditions on the resolvent. Based on these local properties, a notion
of local non-negativity for self-adjoint operators in Krein spaces is defined and
it is shown that such classes of operators appear naturally as perturbations of
non-negative operators.
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1. Introduction

Spectral theory of self-adjoint operators in Krein spaces is a challenging and ad-
vanced field in modern mathematical analysis with various applications to differen-
tial equations and mathematical physics, see, e.g., [15, 36, 37, 38, 46, 47, 48, 67,
68, 73, 74, 75, 84] for the Klein-Gordon equation, [2, 3, 30, 41, 42, 57, 60, 61, 64,
65, 66, 69, 70, 71] for operator pencils and related problems, [8, 9, 11, 12, 13, 14,
25,26, 27, 28, 29, 31, 50, 51, 52, 53, 79, 81, 85] for ordinary and partial differential
operators with indefinite weights, and in the context of completeness of the system
of eigenfunctions and associated functions of indefinite Sturm-Liouville problems,
[1,7,22,23,24,25,26,27, 32, 33, 34, 35, 54, 55, 76, 80].

Heinz Langer is one of the pioneers in this area and has shaped the field
with his groundbreaking contributions going back to the habilitation thesis [58] in
1965, where the fundamental concept of definitizable self-adjoint operators in Krein
spaces was introduced, and the spectral calculus for this important class of operators
was developed.
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Let us familiarize ourselves with the subject by starting with more special
types of operators and then generalizing to the class of definitizable operators and
beyond. In fact, first of all it is important to realize that an arbitrary self-adjoint
operator A with domain dom A in a Krein space (#,[-,-]) is a very general object
with little intrinsic structure: although its spectrum ¢ (A) is symmetric with respect
to the real axis, it need not be real and may even coincide with the entire complex
plane.

Therefore, in order to establish a fruitful theory, additional conditions are
needed. A particularly simple, but still natural and interesting case, appears if one
assumes that the self-adjoint operator A is non-negative with respect to the indefinite
metric [-,-], i.e.

[Af,f]>0 forall fedomA

and the resolvent set p(A) is non-empty. Such an operator admits a spectral function
with possible singularities at the critical points 0 and oo, the spectrum is contained
in R and possesses some additional sign properties, namely, the spectral points in
(0,00) are of positive type and in (—o0,0) of negative type; this goes back to [56],
see also [4, 20, 62]. A straightforward generalization of the class of non-negative
operators are operators with finitely many negative squares, that is, the form [A-,-]
is non-negative only on a subspace of dom A with finite codimension. The next step
brings us to the class of definitizable operators and the fundamental contributions
to operator theory in Krein spaces by Heinz Langer in the 1960s. Recall that a self-
adjoint operator A in a Krein space (H,[-,-]) is definitizable if there exists a real
polynomial p # 0 such that

[p(A)f,f]120 forall fedom p(A)

and the resolvent set p(A) is non-empty. Such an operator admits a spectral func-
tion, and with the help of this spectral function the real points of the spectrum ¢ (A)
can be classified in points of positive and negative type, and a finite set of critical
points. Furthermore, the non-real spectrum consists of at most finitely many pairs of
eigenvalues (which are symmetric with respect to the real line) and the growth of the
resolvent of A towards real points is of finite order. The classical paper [62] is an ex-
cellent source for an introduction into the theory of definitizable operators and their
applications, which also provides the derivation and the construction of the spectral
function; we also refer the reader to the very recent monograph [39] for more de-
tails and further references. Another substantial major step forward was taken in the
paper [65], where spectral points of positive and negative type for self-adjoint op-
erators in Krein spaces were characterized via approximative eigensequences (see
Definition 2.1), which paved the way to local spectral analysis and will play an
essential role here.

The main objective of this note is to view non-negative self-adjoint operators
in Krein spaces in a local spirit. In this context we provide in Section 3 a complete
characterization of non-negative operators via local spectral properties and resolvent
growth conditions near 0 and oo, as well as an additional non-negativity condition
related to the spectral point O; cf. Theorem 3.1. To the best of our knowledge such
an explicit characterization focusing on local spectral properties is not contained in
the mathematical literature. In the case that O is not a singular critical point, our
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conditions simplify and actually reduce to a non-negativity condition for the root
vectors in Theorem 3.2. If, in addition, oo is also not a singular critical point and the
geometric and algebraic eigenspaces at 0 coincide, that is, kerA = kerAZ, then A is
similar to a self-adjoint operator in a Hilbert space; cf. Theorem 3.3. This situation
is often treated in the mathematical literature in the context of differential operators.

Our point of view is particularly convenient for perturbation problems. More
precisely, it is clear that non-negativity is not stable with respect to (relatively)
bounded additive perturbations, but intuitively one may still expect some similar
spectral behaviour outside sufficiently large compact sets in C if the perturbation is
bounded or at least relatively bounded in a suitable sense. In fact, this naturally leads
to classes of self-adjoint operators in Krein spaces that are non-negative outside a
compact set, and these operators can be characterized in a convenient way by our
local analysis; cf. Section 4 for more details.

In Section 5 we then interpret and illustrate the concept of local non-negati-
vity in the context of perturbation theory for self-adjoint operators in Krein spaces.
E.g., the simplest and well studied case is when the unperturbed operator A is funda-
mentally reducible (that is, A commutes with some fundamental symmetry) and the
additive perturbation V is bounded and self-adjoint. Then Theorem 5.1 in Section 5
states that A +V is locally non-negative outside a capsule-shaped region around zero,
where the shape is determined by V, for details see Section 5. This type of results
have a long history and go back (at least) to the paper [59] by Heinz Langer, see
also [63, 65, 82, 83] and [12, 40, 77] for more recent generalizations. However,
the fundamental decomposition that reduces A is typically unknown in applications,
and more advanced estimates and techniques are required to obtain the perturbation
results we present here as Theorem 5.3 and Theorem 5.4 which are taken from [12]
and [77], respectively. Such abstract perturbation results can be applied, e.g. to sin-
gular Sturm-Liouville operators with indefinite weight functions and L”-potentials;
cf. [12, 77] for more details.

Notation. C* (C™) denotes the open upper half-plane (the open lower half-plane,
respectively) and R ( R™) the set of positive (negative, respectively) real numbers,
i.e. R*:=(0,00) and R~ := (—00,0). The compactification Ru {oo} of R is denoted
by R and the compactification Cu {co} of C by C.

Let T be a linear operator in a Hilbert space. The domain, kernel, and range
of T will be denoted by dom 7', kerT, and ranT7, respectively. For a closed linear
operator T, we denote the spectrum by 6(7T) and the resolvent set by p(7). A
point A € C belongs to the approximate point spectrum 6,,(T) of T if there exists
a sequence (fy)ney in dom T with | f,]| =1 forneNand (T-A1)f, - 0 as n - oo.
Note that both the point spectrum and the continuous spectrum of 7" are contained
in 6,,(T).

Acknowledgments. This research was funded in part by the Austrian Science Fund
(FWF) 10.55776/P 33568-N. FMP gratefully acknowledges support from the Ger-
man Research Foundation (DFG), project numbers 554600805 and 519323897. The
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2. Preliminaries on self-adjoint operators in Krein spaces

Let (H,[-,-]) be a Krein space, let J be a fixed fundamental symmetry in A, and
denote by (-,-) the Hilbert space scalar product induced by J, i.e. (-,-) = [J-,-].
The induced norm is denoted by |- |. For a detailed treatment of Krein spaces and
operators therein we refer to the monographs [5, 19, 39].

For a densely defined linear operator A in H the adjoint with respect to the
Krein space inner product [-,-] is denoted by A*. We mention that A* = JA*J, where
A* denotes the adjoint of A with respect to the scalar product (-,-). The operator
A is called symmetric (self-adjoint) in the Krein space (H,[-,-]) if AcA* (A=A",
respectively). Occasionally, we write [-,-]-symmetric or [-,-]-self-adjoint. The latter
is equivalent to self-adjointness of the operator JA in the Hilbert space (H, (-,-)).

As mentioned in the Introduction, the spectrum of a self-adjoint operator A
in a Krein space is symmetric with respect to the real axis, but is in general not
contained in R. Furthermore, it is known that its real spectral points belong to the
approximate point spectrum o,,(A) (see, e.g., [19, Corollary VI1.6.2]):

c(A)nRco,,(A). 2.1)
The following definition can be found in, e.g., [49, 57, 65].

Definition 2.1. Let A be a self-adjoint operator in the Krein space (H,[-,-]). A
point A € 0,,(A) is called a spectral point of positive (negative) type of A if for
every sequence (f;) in dom A with | f,| =1 and (A-1)f, = 0 as n - oo we have

timinf[ £, £2] >0 (limsup[f,, /] <0, respectively ).
n—oo

n—oo

The set of all spectral points of positive (negative) type of A will be denoted by
0. (A) (0-(A), respectively). A set A c C is said to be of positive (negative) type
with respect to A if each spectral point of A in A is of positive type (negative type,
respectively), and it is called of definite type with respect to A if it is either of positive
or of negative type.

The sets 6, (A) and 6_(A) are contained in R, open in 6(A) and the non-real
spectrum of A cannot accumulate to 6, (A) UG_(A), see [6, 49, 65]. At a spectral
point Ay of positive or negative type of a self-adjoint operator A in a Krein space the
growth of the resolvent of A is of order one in the sense of the following definition;
ct. [6, 49, 65].

Definition 2.2. Let A be a self-adjoint operator in the Krein space (H,[-,-]).

(i) We say that the growth of the resolvent of A at Ay € R is of order m > 1 if there
exist an open neighborhood U c C of Ay and M >0 such that i/ "R c p(A) and

M
[TmA|™’

[(A-2)7"] < A eUR. 2.2)
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(i) We say that the growth of the resolvent of A at co is of order m > 1 if there
exist an open neighborhood U of oo in C and M > 0 such that Y ~\R c p(A)
and

M|l|2m_2

A-)7 <« =
421 <

AeUNR. (2.3)

It is clear that if the growth of the resolvent of A at some point Ay € R is of
order m, then it is also of order n for n > m.

Remark 2.3. Typically, the two separate resolvent growth conditions (2.2) and (2.3)
appear in the literature in the summarized form
(L+]A)>2

[ImAm
see, e.g. [45, 46, 49]. However, for our purposes it is slightly more convenient to
treat finite points and oo separately as in (2.2) and (2.3).

lA-2)"" <M AeUNR,

We briefly recall the notion of locally definitizable self-adjoint operators. Such
classes of operators appeared first in a paper by Langer in 1967 (see [59]) without
having a name at that time. Later, in a series of papers, Jonas studied these operators
and introduced the notion of locally definitizable operators; cf. [44, 45, 46, 49]. In
the following definition let Q be some domain in C symmetric with respect to the
real axis such that QN R # @ and the intersections of Q with the upper and lower
open half-planes are simply connected.

Definition 2.4. Let A be a self-adjoint operator in the Krein space (H,[-,-]) such
that 6(A) N (Q\R) consists of isolated points which are poles of the resolvent of A,
and no point of QN R is an accumulation point of the non-real spectrum of A in Q.
The operator A is said to be definitizable over Q, if the following holds.

(i) Every point u € QN R has an open connected neighborhood I in R such that
both components of 7,,\{t} are of definite type with respect to A, respectively.

(ii) For every Ag € QR the growth of the resolvent of A is of finite order.

The points in 6(A) NQNR that do not belong to o, (A) uo_(A) are called critical
points of A in Q. If oo € Q, then oo is called critical point of A if both 6, (A) and
0_(A) accumulate at oo, and one component of I, \{co} is of positive type, and the
other component of I, \{oo} is of negative type with respect to A.

Let A be definitizable over Q. Then A possesses a local spectral function A —
E(A) on QnR, which is defined for all Borel subsets A of QN R whose R-boundary
points are of definite type with respect to A and belong to QN R, [49, Section 3.4 and
Remark 4.9]. For such a set A we collect some properties of E(A) in the following
theorem, see [49, Section 3.4 and Remark 4.9].

Theorem 2.5. Let A be a self-adjoint operator in the Krein space (H,[-,-]), assume
that A is definitizable over Q, and let A~ E(A) be the local spectral function on
QnR. Then the spectral projection E(A) is a bounded [-,-]-self-adjoint projection
with the following properties:
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(a) E(A) commutes with every bounded operator which commutes with the resol-
vent of A.

(b) o(AIE(A)H) c 6(A)NnA.

(¢) If A is of positive type, then (E(A)H,[-,-]) is a Hilbert space. Similarly, if A
is of negative type, then (E(A)H,—-[-,-]) is a Hilbert space.

(d) o(A|(I-E(A))H) c o(A) \int(A), where int(A) denotes the interior of A
with respect to the topology of R.

(e) If. in addition, A is a neighborhood of oo (with respect to the topology of R),
then A|(I - E(A))H is a bounded operator.

The local spectral function of a definitizable operator A over Q allows forn
an equivalent definition of spectral points of definite type which is used in [62]: A
real point A € 6(A) NQ belongs to 6, (A) (6-(A)) if and only if there exists an
open interval A c R, A € A, such that E(A) is defined and (E(A)H,[-,-]) (resp.,
(E(A)YH,-[-,-])) is a Hilbert space, see, e.g., [6, Proposition 25].

In the sequel we shall often view restrictions

A'=AE(A)H  and A" =A|(I-E(A)H

of alocally definitizable operator A to spectral subspaces as operators acting in these
subspaces, in which case we write

A" 0 ;
=y 4) HeE@HEIG-E@)
however, sometimes it is also convenient to interpret restrictions of A as operators
in the same space H, so that, e.g. the sum A = A|E(A)H +A|(I-E(A))H is well-
defined.

Next, we classify the critical points of A in Q as regular or singular.

Definition 2.6. Let A be a self-adjoint operator in the Krein space (H,[-,-]), assume
that A is definitizable over Q, and let A — E(A) be the local spectral function on
QnR. A critical point u € QR is called regular if there exists C > 0 such that
|E([u—¢,u+€])| <C for all sufficiently small € > 0. If oo € Q is a critical point,
then oo is called regular if there exists C > 0 such that |[E(R \ [-r,r])| < C for all
sufficiently large r > 0. Critical points, which are not regular, are called singular.

By [49, Theorem 4.7], a self-adjoint operator A is definitizable over C if and
only if A is definitizable in the classical sense of Heinz Langer [58, 62], that is, the
resolvent set p(A) of A is non-empty and there exists a real polynomial p # 0 such
that p(A) is a non-negative operator in H, i.e.,

[p(A)f,f]>0 forall fedom p(A). (2.4)

It was already shown in [58, 62] (see also [21]) that a definitizable operator pos-
sesses a spectral function on R with a possible finite set of singularities (which are
the singular critical points), and the spectral projections are defined for all Borel sub-
sets A of R whose R-boundary points are of definite type (see also [39, Chapter 11]).
This spectral function coincides with the (local) spectral function mentioned above,
and hence has the properties in Theorem 2.5.
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3. Spectral characterization of non-negative operators

A self-adjoint operator A in a Krein space (H,[-,-]) is said to be non-negative if
p(A) + @ and
[Af,f]20, forall fedomA. 3.1

If, for some 7> 0, [Af, f] > 7| f||* holds for all f € dom A, then A is called uniformly
positive. Note that a self-adjoint operator A is uniformly positive if and only if A is
non-negative and 0 € p(A).

The next theorem characterizes non-negativity of a self-adjoint operator in a
Krein space in terms of its local spectral properties. The interesting and new ob-
servation here is the sufficiency of the conditions (i)—(iii) below for A to be non-
negative; their necessity is known. In fact, as A is definitizable with definitizing
polynomial p(&) =&, & €RR, (see (2.4)) it possesses a spectral function E on R as in
Theorem 2.5 and (i)—(iii) can be observed as special cases of properties of definiti-
zable operators from [62] and the spectral points of definite type [65] together with
[6, Proposition 25]; note also that the only possible critical points of A are 0 and co
(see [4, 43, 56, 58] for more details). However, there exists also an elementary direct
proof for the necessity part, which we will present here.

Theorem 3.1. A self-adjoint operator A in the Krein space (H,[-,-]) is non-negative
if and only if the following conditions are satisfied:
(i) o(A)cRand 6(A)nR* co.(A).
(i1) The growth of the resolvent of A at oo is of order 2.
(iii) The growth of the resolvent of A at 0 is of order 2, and for each sequence (f,,)
in dom (A2) with A% f, /|| f| = 0 as n — oo we have

liminf[Af,, f,] 0.

Proof. Let us assume that A is a self-adjoint operator that satisfies the above condi-
tions (i)—(iii).

Step 1. We observe in this first step that A is definitizable over C in the sense of
Definition 2.4. In fact, from (i) it is clear that for every point u € R* (u € R™) there
exists an open neighborhood in R* (R™) which is of positive type (negative type,
respectively), and for 0 and oo there exist neighborhoods where both components are
of definite (but different) type. Furthermore, it is well known that the growth of the
resolvent of A near spectral points of positive or negative type is of order one (see,
e.g. [65]), and according to conditions (ii) and (iii) the growth of the resolvent of A
near 0 and oo is of order 2. Thus, A is definitizable over C and hence definitizable
in the classical sense of Langer, see [49, Theorem 4.7].

Step 2. Let E be the spectral function of A and consider the self-adjoint operator
Ao =AlE((-1,1))H.

It is clear that the conditions (i)—(iii) hold also for Ag and, in addition, A is bounded.

In this step we prove that Aj is non-negative. For this it is convenient to set A, =
11

[— r ;] and to consider the bounded self-adjoint operators

AlE(AH, AolE((-1,-1)H, and AoE((1,1))H, neN,
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which also satisfy conditions (i)—(iii). We use [78, Lemma 2.5] (with k =n =2) to
estimate

4(M+ HAO ”) (3.2)
n

[(AOlE(An)H)?| < 4(M + [ Ao|E(An)H | )r(AolE(An)H) <
where M > 0 is some constant independent of n and r(Ag|E(A,)H) denotes the
spectral radius of Ag|E(A,)H. Now, let f € E((—1,1))H be arbitrary, and define

un:zE(An)fa VnI=E((—1,—%))f, and WH:E((%ﬂl))f7 neN.

As the intervals (—1,—%) are of negative type and the intervals (%, 1) are of posi-
tive type, it follows from Theorem 2.5 (c¢) and the functional calculus for definitiz-
able operators (see, e.g. [62, Corollary to Theorem 3.1]) that Ag|E((-1, —%))’H and
AolE ((%, 1))H are both non-negative. Then the sequences [Agv,,, v, | and [Agw,, wy, ]
are both non-negative, and thanks to (3.2) we obtain

= |u1||(Ao|E(An)q_l)zun| < w’

2 Un

Jun |
which tends to zero as n — oo. Therefore, condition (iii) yields liminf,,_, - [Aun, u,,] >
0, and from

[AOfa f] = [AOunaun] + [AOVmVn] + [A()men]
we conclude [Agf, f]20.

Step 3. It remains to consider the self-adjoint operator
Avo =A|E(RN (-1,1))H

and to check that A, is non-negative. It is clear that the conditions (i)—(iii) hold
also for A, and, in addition, A is boundedly invertible. It follows from [49,
Lemma 2.4] that condition (i) remains valid for A!. Now, observe that 0 ¢ oy AazH
and hence we can apply [62, Corollary 3 of Proposition I1.5.2] (note that the implica-
tion in [62, Corollary 3 of Proposition I1.5.2] also holds if ¢ = 0 is not a critical point
but divides the spectra in positive and negative type) to conclude that A7} is non-
negative. From the non-negativity of A7 we obtain that also A, is non-negative.
Now, observe that with respect to the decomposition

H=E((-L,D))H[+]ERN (-1,1))H

the operator A can be written in the form

(Ay O
A—(O Am), (3.3)

where A is non-negative by Step 2 and A is non-negative by Step 3. This implies
that A is also non-negative and completes the first part of the proof.

Now, we prove the necessity of the conditions (i)—(iii). Assume for this that
A is a non-negative operator in H. Then it is well known that the spectrum of A is
real, see, e.g. [19, Chapter VII, Theorem 1.3]. Next, let A € 6(A)NnR™ and let (f,,)
be a sequence in dom A with | f,| = 1 such that (A—A1)f, — 0 as n - oo. Choose
€¢€(0,4) and set
P:=E((-¢,¢)),
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where again E denotes the spectral function of A. Let
gn:=Pf, and h,:=(-P)f,, neN

From (A-A)g, > 0 as n > oo and A € p(A|PH) it follows that g, — 0 and thus
[ ] = 1. Since 0 € p(A|({ = P)H), the operator A|(I — P)H is uniformly positive
and thus, for some y > 0,

Al ha] = [Abps 1] = [(A= 2 nyha 2 V] = [(A =2 ) A, .
This implies
liminf[£,, £,] = iminf [, k] > 7/A > O.
n—oo n—-oo
By a similar reasoning we see 6(A) "R~ c 6_(A), and hence (i) follows.

Next, we verify the growth of the resolvent of A at 0 and oo in (ii) and (iii).
For this we consider the bounded non-negative operator

A =AlE((-1,1))H
and we set B := JAp, where J is a fundamental symmetry in . Then B is self-
adjoint and non-negative in the Hilbert space (#,(-,-)) with (-,-) = [J-,-], and,
hence, B'/2JB'/? is self-adjoint in (7, (-,-)). Recall that for bounded operators §
and T one has 6(ST)\ {0} = o (TS)~ {0} and
(ST-2)""=A71(S(TS-2)"'T-1), 2Aep(ST)~{0}.
Therefore, setting S = JB'/2 and T = B'/? gives Ay = ST and thus p(Ag) ~ {0} =
p(B'2JB'/?)~ {0}. For A € p(Ap) ~ R we estimate
H (Ao—l)_l H _ HA_I(JBI/Z(BIﬂJBI/Z —}1,)_131/2 —I) ”
1
<o (1821 (BB - ) [|B'2] +1)
[A|
L
T AImA| A T [ImAZ  [ImA|
Thus, the growth of the resolvent of Ay at 0, and hence that of A, is of order 2.
For the growth of the resolvent of A at co let

Ao =A|E(RN (=1,1))H,

(34)

and observe that Ao, is non-negative, boundedly invertible, and AZ! is also non-
negative. For A € p(Aoo) R we have Ao, — A = -A (A7} ~171)A, and hence

(Ao—=2)""=-27'A0 (AL -2 =A@ -
Using the estimate (3.4) for (AZl —=271)~! we find for some C > 0
11 o) 1 AP 1 A2

Aco=A) N € ot o s = < :
Ao =21 < 1+ R T = 2] CTimAP < i CimAP

Choose U := {ze C: 7| > 1}, then U is an open neighborhood of co in C and we
conclude for A e/ \R

|ImA|+CIA[>  |A|+CIA]2  (C+1)A)?
< <

-l
[ =21 =02 < AR S [mAR
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which implies that the growth of the resolvent of A, and hence that of A, at oo is
of order 2. Thus, we have shown the resolvent growth in (ii) and (iii).
Finally, note that the second part in (iii) is clear as A is non-negative. O

In the next theorem we simplify condition (iii) in Theorem 3.1 under the as-
sumption that 0 is a regular critical point by replacing the approximative eigense-
quences by vectors in the algebraic eigenspace. Note that a growth of the resolvent
of A at 0 of order 2 implies kerA> = kerA? (and hence kerA"*! =kerA” for n>2). In
fact, if A3f=0and A € p(A), then —(A —A1)A%f = LA’ f and hence

A2 F=A(A-A) AT = AAF+ AP (A=) TTAF = AAF+ AT F+ AR (A- Q)7L
Thus, for A =in, n >0, we have |A%f| ST]|\Af||+172||f|\+n3%||f|\ —-0asn{0,s0

that f € kerA2. As a consequence, the algebraic eigenspace of A at 0 coincides with
kerAZ.

Theorem 3.2. A self-adjoint operator A in the Krein space (H,[-,]) is non-negative,
and 0 is not a singular critical point of A if and only if the following conditions are
satisfied:
(i) c(A)cRand 6(A)nR* co.(A).
(i1) The growth of the resolvent of A at oo is of order 2.
(iii) The growth of the resolvent of A at 0 is of order 2 and ' 0 is not a singular
critical point of A, and [Af, f]> 0 for f € kerA?.

Proof. Assume that (i)—(iii) are satisfied. As in Step 1 of the proof of Theorem 3.1,
it follows that the operator A is definitizable with the only possible critical points 0
and oo. By assumption, 0 is not a singular critical point. The same arguments as in
Step 3 of the proof of Theorem 3.1 show that

Ao =AIE(RN (-1,1))H
is non-negative. Therefore, it remains to prove that the bounded operator

AO :A|E((_17 1))7-[

is non-negative. Since 0 is not a singular critical point of A, we may apply [62,
Theorem I1.5.7], which shows that the spectral function E of A admits an extension
to Borel subsets of R with O in their R-boundary. Therefore, with respect to the
decomposition

E((-LIN)H=E{ODH[+HE((-1,1)~{0HH

the operator Ag can be written as a diagonal operator matrix

Al 0
Ag={"7 ) ) (3.5)

(¥
where A = A|E({0})H and A] =A|E((~1,1)~ {0})H. Note that E({0} )H = kerA>
(cf. [62, Theorem I1.5.7]). Therefore, A, is non-negative by (iii). Moreover, A{ is

'Note that conditions (i), (ii), and the assumption that the growth of the resolvent of A at 0 is of order 2
in (iii) already imply that A is definitizable (cf. Step 1 of the proof of Theorem 3.1). Thus, the notion of
critical points is meaningful, and we may exclude O as a singular critical point in (iii).
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non-negative by [62, Corollary 3 of Proposition I1.5.2]. Hence, Ay is a non-negative
operator, and thus A is non-negative.

Conversely, if A is non-negative and 0 is not a singular critical point of A, then
(1)—(iii) follow from Theorem 3.1. a

The next theorem discusses the important special case that the non-negative
operator A in (H,[-,-]) is similar to a self-adjoint operator in a Hilbert space. Re-
call that a linear operator 7 in the Krein space (H,[-,-]) is said to be similar to
a self-adjoint operator in a Hilbert space if there exists a bounded and boundedly
invertible operator V in H such that VTV~ is self-adjoint in (#,(-,-)). This is
in fact equivalent to T itself being self-adjoint in a Hilbert space (H,{,-)), where
(-,-) induces the Krein space topology. Indeed, it is straightforward to verify that
for a bounded and boundedly invertible operator V in %, VTV ™! is self-adjoint in
(H,(-,-)) if and only if T is self-adjoint in (H,(V-,V+)).

Theorem 3.3. A self-adjoint operator A in the Krein space (H,[-,-]) is non-negative
with 0 and oo not being singular critical points of A and kerA = kerA? if and only if
the following conditions are satisfied:

(i) o(A)cRand 6(A)NR* co.(A).

(ii) A is similar to a self-adjoint operator in a Hilbert space.

Proof. Suppose that A is non-negative with 0 and oo not being singular critical
points and kerA = kerAZ2. Then, by Theorem 3.1, (i) follows and it remains to show
(i1). For this, we set

Ho=E((-1,1))H and Heo =E(R~(-1,1))H
as well as
Ap=A|Hy and Ae=A|He.
Consider Ay and decompose H further into
Ho=E({0})H =kerA and H{=E((-1,1)\{0})H.
By [62, Theorem 5.7] and the subsequent discussion, the projectors E_ = E((-1,0))
and E;. = E((0,1)) exist, and
(H(l),7 [(E+_E—)'?'])

is a Hilbert space in which A{| = Ag|H, is self-adjoint, since A; commutes with
E, and E_. Hence, if kerA = {0}, then Ao = A{ is self-adjoint in a Hilbert space. If
kerA # {0}, we choose a fundamental symmetry J; on 7. Then

(o O
fo= ( 0 E,- E_)
defines a fundamental symmetry on Ho = H, [+] 1, and Ao | H is the zero operator.
Therefore Ay is self-adjoint in the Hilbert space (Ho, [Jo-,-])-
Note that Ao, is boundedly invertible and that AZ! is non-negative, 0 is not a

singular critical point of A7}, and kerAZ! = {0}. Hence, as just proved for Ay, there
exists a fundamental symmetry Jo, such that A7l is self-adjoint in (Heo, [Joo-,"])-
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The same holds for A, and thus A is self-adjoint in the Hilbert space (#H,[J4",-]),
where J4 = (]g JSC )

Conversely, assume that (i) and (ii) hold, let (-,-) be the Hilbert space scalar
product on H such that A is self-adjoint, and denote by |- |; the corresponding
norm. As a self-adjoint operator in a Hilbert space, the resolvent growth of A is of
order 1 at each point Ay € R, and kerA = kerAZ2. Hence, the conditions (i) and (ii) of
Theorem 3.2 are satisfied. To prove Theorem 3.2 (iii), observe first that [Af, f] =0
for all f e kerA? = kerA, and hence for Theorem 3.2 (iii) it remains to verify that
0 is not a singular critical point of A. For this, denote by E the spectral measure
of A as a self-adjoint operator in (H,(-,-)) and by E the spectral function of A
as a definitizable operator. By the uniqueness of the spectral function (see, e.g., [49,
Lemma 2.12]), we have E(A) = E(A) for all A for which E(A) is defined. Moreover,
as |- |1 and | - | are equivalent norms and |E(A)f]1 < | f|1 for each f € H and each
Borel set A c R, we conclude that there exists C > 0 such that |E(A)| < C for each
A for which E(A) is defined. Hence, 0 is not a singular critical point of A. The
same argument also shows that oo is not a singular critical point of A. Therefore,
conditions (i)—(iii) in Theorem 3.2 are satisfied, and the assertion follows. m]

Remark 3.4. In many applications in P7 -quantum mechanics [16, 69, 72], one is
interested in the existence of a so-called C-metric operator which is equivalent to
the similarity of the underlying Hamiltonian operator A to a self-adjoint operator in
a Hilbert space. Here, we only refer to [17, 18].

4. Spectral characterization of locally non-negative operators

Inspired by the local nature of the characterizations of non-negative operators in the
previous section, we study a class of self-adjoint operators in Krein spaces whose
spectral properties resemble those of non-negative operators outside a compact set.
In this sense, the next definition can be viewed as a localization of the notion of
non-negativity of self-adjoint operators in a neighborhood of oo.

Definition 4.1. Let K c C be a compact set which is symmetric with respect to
the real axis such that C* \ K is simply connected. A self-adjoint operator A in
the Krein space (H,[-,-]) is said to be non-negative over C \ K if for any bounded
open neighborhood U of K in C with 0 ¢ dU there exists a bounded [-,-]-self-adjoint
projection E., such that with respect to the decomposition

H=(-Ee)H[+]ExH 4.1)

the operator A can be written as a diagonal operator matrix

(A, O
A—(O Aw), 4.2)

where A, is a bounded self-adjoint operator in the Krein space ((/ - Ec)H, [,
with 0(Ap) cU and A is a non-negative operator in the Krein space (EooH,[,])
with U c p(Acs).-
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Remark 4.2. Definition 4.1 is slightly more general than the definition in [12] as
we do not assume here that 0 € K. Furthermore, it differs slightly from [10, Defini-
tion 3.1]; for more details, see [12, Definition 2.1 and footnote].

Observe that a self-adjoint operator A in A is non-negative over C = C\ @ if
and only if A is non-negative (in the sense of (3.1)). Indeed, if A is non-negative,
then for any bounded open set U c C with 0 ¢ dU define Eo, := - E(UNR), where
E denotes the spectral function of A. Then A decomposes as in (4.1)—(4.2) with the
desired properties. Conversely, if A is non-negative over C, simply choose I/ = @ in
Definition 4.1 to see that A is non-negative.

Proposition 4.3. If the self-adjoint operator A in the Krein space (H,[-,-]) is non-
negative over C\ K, then there exists y € R such that

[Af,f12 7Y fI* forall fedomA.

Proof. Let E, be a [-,-]-self-adjoint projection such that A can be written as in
(4.2) with respect to the decomposition (4.1) with a bounded operator A, and a non-
negative operator Ao Since EooH and (I — Eo )H are both Krein spaces they admit
fundamental decompositions

EowH=HL[+]Ho and (I-Es)H=H)[+]H;,
that lead to a new fundamental decomposition of the underlying space H,
H= (M [11H;) [+ (e [F]Hy ).

The corresponding fundamental symmetry J satisfies JEo, = EcoJ, hence (I-Ex)H
and E.H are orthogonal with respect to the scalar product [J-,-]. Then for f €
domA, f = fp+ foo With fp € (I-Eso)H and fo € EcoH, we have

AR VA RER VA

and hence we obtain

[Af,£1= [AbSfos fo] + [Aco foor foo] = ~[Afo fo]l 2 =46l 1fl* = — A5 ] L£1?.
Thus, the claim holds with ¥ = —||A,|. O

The next statement on local definitizability of locally non-negative operators
is a consequence of the representation (4.2) and Theorem 3.1.

Proposition 4.4. Let A be a self-adjoint operator in the Krein space (H,[-,-]) which
is non-negative over C\ K. Then A is definitizable over C\ K, and we have

o(A)\RcK and (6(A)~K)nR*co.(A).

If A is non-negative over C \ K, then Proposition 4.4 and Theorem 2.5 ensure
that A possesses a local spectral function E on R \ K. The spectral projection E(A)
is defined for all Borel sets A c R \ K for which neither oo nor the boundary points
of KNR (nor 0, if 0 ¢ K) are boundary points.

In the next theorem, which is a local version of Theorem 3.1, we provide a
characterization of self-adjoint operators that are locally non-negative.
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Theorem 4.5. Let A be a self-adjoint operator in the Krein space (H,[-,-]) and let
K c C be a compact set which is symmetric with respect to the real axis such that
C* \K is simply connected. Then A is non-negative over C\ K if and only if the
following conditions are satisfied:
(i) o(A)\RcK and (6(A)NK)nR* c 0. (A).
(i) The growth of the resolvent of A at oo is of order 2.
(iii) If 0 ¢ K, then the growth of the resolvent of A at 0 is of order 2 and for each
sequence (f,) in dom A% with A%f,/| f.| = 0 as n — oo we have

liminf[Af,, f,] > 0.
n—oo

Proof. Assume that conditions (i)—(iii) are satisfied. Then it follows in the same way
as in Step 1 of the proof of Theorem 3.1 that A is definitizable over C \ K. In fact,
from (i) it is clear that for every point 4 € R* N K (1 € R™ \ K) there exists an open
neighborhood in R* (R™) which is of positive type (negative type, respectively),
and for oo there exists a neighborhood where both components are of definite (but
different) type. The same is true for 0 if O ¢ K. Furthermore, the growth of the re-
solvent of A near points of 6(A) \ K is of order one and by (ii) of order 2 near oo;
the same holds for 0 if O ¢ K by (iii). Thus, A is definitizable over C~ K, and hence
possesses a local spectral function E on R \ K. Now, consider some bounded open
neighborhood U of K in C with 0 ¢ JU. If we define Eoo := E(R \U), then with
respect to the space decomposition

H=(I-Ex)H[+]ExH,
the operator A admits the diagonal form
(A O
0

By Theorem 2.5 (b) the spectrum of the operator Ao, is real and U c p(As). It
follows from (i)—(iii) and Theorem 3.1 that the operator A, is non-negative in Eo H.
By Theorem 2.5 (e), the operator Aj, = A|(I - E )H is bounded and, by Theorem 2.5
(d), we have o B

o(Ap) c (o(A)N (R U)) cU.
Therefore, we have shown that A is non—negjtive over C\K.

Conversely, if A is non-negative over C \ K, then (i)—(iii) are consequences of
the representation (4.2) and Theorem 3.1. a

In the same way Theorem 3.2 allows for a version for locally non-negative
operators using the decomposition (4.2). We omit the details.

5. Perturbations of non-negative operators

In this section, we shall see that locally non-negative operators appear naturally as
perturbations of non-negative operators. Let (#,[-,-]) be a Krein space, fix a fun-
damental symmetry J and consider the corresponding fundamental decomposition

H=H, [+]H, 5.1
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which is orthogonal with respect to [-,-], and (H.,+[-,-]) are both Hilbert spaces.
The norm induced by the Hilbert space scalar product [J-,-] will be denoted by | - |.

Let us start with a particularly simple situation: Bounded perturbations of non-
negative operators which are diagonal with respect to the decomposition (5.1). More
precisely, let A be a non-negative operator in H of the form

A, 0
A:(O A_), (5.2)

then A, is a non-negative operator in the Hilbert space (H.,[-,-]) and A_ is non-
positive in the Hilbert space (H_,—[-,-]). Let V be a bounded self-adjoint operator
in the Krein space (#,[-,-]). Then V has the form

_ V+ VO
Ve (‘Vo* V) G-

with respect to the decomposition (5.1), where V.. are bounded self-adjoint operators
in H. and Vj is a bounded operator mapping from #_ to ... It turns out in the next
result that the perturbed operator A +V is locally non-negative; here, the compact
set K is specified explicitly in terms of the operator norms of V. and Vj. For later
purposes we emphasize that the operator norm is defined via the norm | - | induced
by [J-,-].

Theorem 5.1. The operator A+V is self-adjoint in the Krein space (H,[-,-]) and
non-negative over C\ K, where

K ={zeC:dist(z, [~ V4 [, [V-11) < [Vol }-

Proof. The operator A, +V, is semibounded from below by —|V.| in the Hilbert
space (H,[+,+]) and the operator A_ +V_ is semibounded from above by ||V_|| in
the Hilbert space (H_,—[-,-]). Hence,

(A +V,) N (A-+V-) < [|Val, V-] < K,
and the statement follows from [12, Theorem 3.5] and Theorem 4.5. O

Remark 5.2. Results in the flavor of Theorem 5.1 have a long history and go back
(at least) to the paper [59], where a variant for bounded operators in Krein spaces
under a compactness assumption was proved, see also [65] and [63], as well as
[82, Proposition 2.6.8] and [83, Theorem 5.5] for more general versions without
compactness assumptions. The present version of Theorem 5.1 can be viewed as a
variant of [12, Theorem 3.5], which is slightly stronger providing spectral estimates
in terms of 0(A,+) and o (A-) explicitly. Furthermore, we mention the more recent
generalizations in [40, Theorem 4.3] and [77, Theorem 4.1].

In applications, the situation is often slightly more complicated than above,
namely, the unperturbed operator A is non-negative in H, but not of the simple di-
agonal form (5.2). Then, in general, bounded perturbations V may lead to perturbed
operators A +V, where the spectrum covers the full complex plane (see, e.g. [12,
Example 3.2]) and thus it is necessary to impose additional structural conditions on
the unperturbed operator A or the perturbation V. A natural (and still useful) restric-
tion is to assume that 0 and oo are not singular critical points of the non-negative
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operator A, in which case the spectral projections E (R*) to R* exist. If, in addition,
0 is not an eigenvalue of A, then

H=ERH[+]ER)H (5.4)
is also a fundamental decomposition of the underlying Krein space, which (in gen-
eral) differs from the one in (5.1). The corresponding fundamental symmetry J can
be expressed as

~ 1 n
J=— lim
JT n—>oo l/n

((A+it)y ' +(A-it)™") at, (5.5)

where the limit exists in the strong sense. It is clear that [J-,-] is a Hilbert space
scalar product and the corresponding norm, which will denoted by | - ||, is equiv-
alent to the norm |- || used above (see, e.g., [62, Proposition 1.2]). As a result, the
unperturbed non-negative operator A admits a representation as in (5.2) with re-
spect to the fundamental decomposition (5.4). Therefore, if the perturbation V is a
bounded self-adjoint operator of the form (5.2) with respect to the fundamental de-
composition (5.4), then Theorem 5.1 implies that A +V is self-adjoint in the Krein
space (H,[-,-]) and non-negative over C \ K, where

K ={zeC:dist(z, [~ Vi |~ [V-]-]) < [Vol~}- (5.6)

However, the aim is to express K in terms of the operator norm induced via || - || and
the fundamental symmetry J corresponding to the original fundamental decompo-
sition (5.1). For this, the operator norm of Jin (5.5) (in terms of the original norm
| - | induced by [J-,-]),

~ 1
=171

(5.7)

lim f” (A+it)y " +(A-it) ") ar |,

n—oo 1/

is needed and, roughly speaking, leads to a different form of (5.6). This is made
more precise in the next result, which was proved in [12, Theorem 3.1]. We note
that the quantity 7 in (5.7) is, in general, smaller than the corresponding quantity in
[12, (3.2) and (3.17)] (see also [77, (5.2)]), and hence leads to better estimates.

Theorem 5.3. Let A be a non-negative operator in (H,[-,-]) such that 0 and oo are
not singular critical points of A, respectively, assume that 0 ¢ 6,(A), and let T be as
in (5.7). Furthermore, let V be a bounded self-adjoint operator in (H,[-,-]) and let
J be the fundamental symmetry in (5.1). Then A+V is self-adjoint, and the following
statements hold:

(1) IfV is non-negative, then A+V is non-negative.
(ii) IfV is not non-negative, then A+V is non-negative over C\ K, where

K={zeC:dist(z,[-d.d]) < ZE|V|} and d=-2 minc(JV).

For unbounded operators A it is desirable to allow unbounded perturbations V,
which of course need to satisfy suitable additional conditions in order to conclude
self-adjointness and further spectral properties of A+ V. In the spirit of the classical
Kato-Rellich theorem a natural assumption is relative boundedness of V with respect
to the unperturbed operator A. This brings us to a more recent result from [77]. We
denote the closed ball in C with center z € C and radius r > 0 by B,(z).
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Theorem 5.4. Let A be a non-negative operator in (H,[-,-]) such that 0 and oo
are not singular critical points of A, assume that 0 ¢ 6,(A), and let T be as in (5.7).
Furthermore, let V be a symmetric operator in (H,[-,-]) with dom A c dom V such
that

(1+0)T|VSfI* < 2a| fP +b|AfI?,  fedomA,

where a,b >0, b < 1. Then the operator A+V is self-adjoint, and with

vi=inf{[Vf,f]: fedomV, |f|=1}>-0c0
the following statements hold:

(1) Ifv =0, then A+V is non-negative. -
(ii) If v € (—00,0), then A+V is non-negative over C\ K, where

K= U B (1) and y:min{ L, 1+T|v|}.
re[-7.7]

If, in addition, b < % then A+V is non-negative over C\ K, where
_ l+r 1+r
K= mremy +bt2)( ) and y—mln{\/ S a |v|}
te[ 7.7] 2t(1-b)

(iii) If v = —oo, then A+V is non-negative over C~K, where

K= U BW(I) and Y= 1+T
re[-y,y]
If, in addition, b < 27: , then A+V is non-negative over C\ K, where
K= (1) and  y=v/%a.

1
te[ 7,71 21(1Hh)( a+bi?)

Furthermore, in all cases (1)-(iii), oo is not a singular critical point of A+V.

We remark that in the case of a bounded perturbation V, we have b = 0 and

= % |V |?, and the statement (ii) in Theorem 5.4 yields the exact same result
as Theorem 5.3; cf. [77, Remark 5.3].
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