EIGENVALUE INEQUALITIES FOR SCHRODINGER
OPERATORS ON UNBOUNDED LIPSCHITZ DOMAINS
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ABSTRACT. Given a Schrédinger differential expression on an exterior Lips-
chitz domain we prove strict inequalities between the eigenvalues of the corre-
sponding selfadjoint operators subject to Dirichlet and Neumann or Dirichlet
and mixed boundary conditions, respectively. Moreover, we prove a strict in-
equality between the eigenvalues of two different elliptic differential operators
on the same domain with Dirichlet boundary conditions.

1. INTRODUCTION

In the spectral theory of Laplace and Schrodinger operators eigenvalue inequal-
ities have a long history, see, e.g., [2] for a survey. One extensively studied topic is
the relation between Dirichlet and Neumann eigenvalues for the Laplace equation
on a bounded domain; we refer the reader to the classical works [12, 13, 17] and
the more recent contributions [1, 4, 5, 6, 7, 10, 11, 15, 16].

In this note we focus on eigenvalue inequalities for Schrodinger operators on
exterior domains with Dirichlet, Neumann, and Robin boundary conditions. As a
special case consider first the selfadjoint Schrodinger operators

~AYu=—Au+Vu, dom(—AY)= {ue HY(Q): Aue L*(Q),ulpq = 0},
and

ou

~Afu=—Au+Vu, dom(—A))= {u c H'(Q): Au e L*(9), o0 = 0},

v
in L2(2) on an exterior Lipschitz domain Q C R%, d > 2, with a bounded, mea-
surable potential V' : Q@ — R; here u|sq and %L‘m are the trace and the normal
derivative of a function u € H'(Q), respectively. The essential spectra of —AY
and fAX/ coincide and, depending on the form of the potential V', there may exist
finitely or infinitely many eigenvalues below the bottom of the essential spectrum.
We denote these eigenvalues by

MNP < AP <. and M <Y <.,

respectively, if they are present. It follows immediately from variational principles
that if —AY possesses (at least) [ eigenvalues below the bottom of the essential
spectrum then the same is true for —AX/ and the inequality

M <AP ke {1,...,1}, (1.1)
holds. As a special case of the main result in Section 3 it turns out that the
inequality (1.1) is in fact strict, i.e.,

M < AP ke{l,...,1}. (1.2)
Our proof of (1.2) is based on an idea by Filonov in [4] who showed an inequality

for the eigenvalues of Dirichlet and Neumann Laplacians on a bounded domain. Its
adaption to the present situation makes use of a unique continuation principle.
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In fact, the inequality (1.2) appears as a special case of a more general result.
Instead of restricting ourselves to the case of the Neumann operator —AX/ we con-
sider the selfadjoint operator —A% satisfying a mixed boundary condition, namely
a Robin boundary condition on a relatively open part w of the boundary 952,

ou
aul, + =—| =0
|w oV lw
for some « € R, and a Dirichlet boundary condition on the complement w’ = 90\ w.
The essential spectra of —A), and —AY coincide (see Section 2) and it turns out
that whenever w is nonempty the analog of (1.2) for this situation is true, i.e.,

AR < AP ke{1,...,1}, (1.3)

holds, where )\{z < )\;z < ... are the eigenvalues of —A% below the bottom of the
essential spectrum. The inequality (1.2) follows from (1.3) setting w = 99 and
a = 0. We remark that eigenvalue inequalities for Robin Laplacians on bounded
domains can be found in the literature in, e.g., [7, 15].

In Section 4 we complement our result with an inequality for elliptic differential
operators subject to Dirichlet boundary conditions with different sets of coefficients.
For the special case of Schrodinger operators the result reads as follows: Assume
that V1,V2 : Q@ — R are two bounded, measurable potentials with V;(z) < V(x)
for all z € Q such that the bottoms of the essential spectra of ng and ngz
coincide. If, in addition, V;(z) < Va(z) for all z in some open ball then

APV < AP ke {1, 1, (1.4)

whenever —AJ? (and then also —A}}) has at least [ eigenvalues below the bottom
of the essential spectrum. The method to prove this observation is in line with
the proofs in the previous section. We remark that for (1.4) no regularity of the
boundary of Q is required; also the case @ = R? is included, where no boundary
condition is present any more.

Acknowledgements. Jussi Behrndt and Jonathan Rohleder gratefully acknowl-
edge financial support by the Austrian Science Fund (FWF): Project P 25162-N26.
The authors wish to thank Mark Ashbaugh and Fritz Gesztesy for helpful remarks
and literature hints.

2. SCHRODINGER OPERATORS WITH DIRICHLET, NEUMANN, AND ROBIN
BOUNDARY CONDITIONS ON EXTERIOR LIPSCHITZ DOMAINS

In this preparatory section we provide some preliminaries and discuss properties
of Schrodinger operators with Dirichlet, Neumann, and Robin boundary conditions
on exterior Lipschitz domains.

We assume here and in the following sections that @ C R?, d > 2, is an un-
bounded open set with a compact Lipschitz boundary, i.e., R\ Q is a bounded
Lipschitz domain. We require for convenience that, in addition, € is connected.
We denote the standard Sobolev spaces on 2 and on the boundary 992 by H®(Q),
s € R, and H*(99), s € [—1, 1], respectively. Recall that the mapping

CSO(Q) S U u|aQ

can be extended by continuity to a bounded, surjective operator from H'() to
H'Y?(99). We will use the notation u|aq for the trace of u € H*(Q) and we set

Hy(Q) == {u € H'(Q) : ulpo = 0}. (2.1)
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Note that H} () coincides with the closure of C§°(Q2) in H(Q). For u € H'(Q)

such that Au € L?(£2) holds in the distributional sense the normal derivative %

is the uniquely defined element in H~'/2(Q) which satisfies Green’s identity

ou
(Vu, vv)(LQ(Q))d = (—A'U,, 'U)Lz(Q) + <8l/’f)Q’ 7.)|8Q> (22)

for all v € H'(Q); here (-,-)r2(q) and (-,-)(z2(q))e denote the inner products in
L2(Q) and (L2(2))?, respectively, and (-, -) denotes the sesquilinear duality between
H'Y?(99) and its dual space H~/2(9Q). For the consideration of Schrédinger
operators with mixed boundary conditions assume that w is an open, nonempty
subset of 9N and set W’ = 90N \ w. For a function u € H'(Q2) we shall denote by
u|, and u, the restriction of the trace u|gn to w and w’, respectively.

In order to introduce Schrodinger operators with Dirichlet, Neumann, and Robin
boundary conditions let V' € L>°(Q) be a real valued function and let o € R. The
sesquilinear forms

‘BQ

ap(u,v) = (Vu, Vv)(LQ(Q))d + (Vu,v) 2 (),
doma}, = H3 (),
and
ay (u,v) = (Vu, Vv) eyt (Vu,v)r2(0) + a(u|39,v|ag)L2(m),
domay = {u e H'(Q) : uls =0},
in L?(Q) are both densely defined, symmetric, bounded from below and closed.

The corresponding semibounded, selfadjoint operators in L?(€2) will be denoted by

—AY and —AY and are given by
—A¥u=—Au+ Vu,

v ) ) (2.3)

dom(—Ap) = {ue H'(Q) : Au € L*(),ulsq = 0},

and
fAf,‘éu = —Au+ Vu,
2.4
dom(—AY¥) = {u € HY(Q) : Au € L*(Q), aul, + %‘ =0, ulw = 0}, @4
Viw

respectively; cf., e.g., [3, Chapter VII]; here the local Robin condition for the func-
tions in the domain of —AY, is understood in the distributional sense, namely

u
| =0
81/‘0.}

aul, +

if and only if

ol +%’ =0
2T e’/ T

for all € H'/2(9Q) such that ¢, = 0. The operators —AY, and —AY, satisfy the
relations

ap(u,v) = (~Apu,v)r2(0), u € dom(—Ay), v € domal, (2.5)
and
af (u,v) = (—ARu,v)r2(), u € dom(—A}), v € domay, (2.6)

which follow from Green’s identity (2.2). Note that in the special case w = 9 and

a = 0 the sesquilinear form a% coincides with the Neumann form

aX(u,v) = (Vu, Vo) w2yt T (Vu,v) 200,
domaX/ == Hl(Q)a
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and the corresponding selfadjoint operator is given by the Neumann operator

~AYu = —Au+ Vu,

ou (2.7)
dom(—AY,) = HY(Q): A me‘ —0}.
om(-af) = fue @ ave @), 3|
The following useful proposition is known for exterior domains with smooth
boundaries and —AY, = —AY. For the convenience of the reader we provide a

proof in the present more general situation.
Proposition 2.1. The essential spectra of —A}, and —AY, coincide.

Proof. Let A € C\ R and consider the operators

_ ) B
S:LHQ) = HTV200), w5 (-85 - N 1u)‘89,

and
T:L*(Q) —» HY?(09),  uw (A% — X)) oe-

It follows from the continuity of the trace and the normal derivative that both
operators S and T are bounded. Moreover, we claim that ran S C L?(992) holds.
Indeed, let u € L?(£2) and choose an open ball B C R¢ such that 02 C B. Then
Qo := BN is a bounded Lipschitz domain with 9Q C 9. Let x € C*(Q) be
a function with y = 1 identically in a neighborhood of 92 and x = 0 outside €.
Then the function ug = (x(—AY% —A)~1u)|q, belongs to Hg (o) and Aug € L2?(£p)
holds. It follows from [9, Theorem B] that ug € H3/?(Q). With the help of [8,
Lemma 3.2] we further conclude 2% L?(09). In particular,

0

‘BQ

_ LAV —1
Su= o ((~Ap =) u)\m
_ 0 AV —1 2 _ AV -1
= o (X(AE =N M)| o+ (L= 0(-Ap =N )|
_ w
O lan

and hence ranS C L?(0f2). By the closed graph theorem S considered as an
operator from L?(Q) to L?(92) is bounded. Since the embedding of L?(9) into
H~'/2(0Q) is compact, it follows that S : L*(Q) — H~/2(99) is compact.
Let now u,v € L?(Q2) and define
f==AY Nt and g= (A% —N)"tw.
Then we obtain with the help of (2.2) and f|aq = 0
((_Ag - A)71U - ( V - /\) 1u U)LQ(Q)
= (f,0)r2(0) — (4, 9)12(0)
(f7 AR )‘ )LZ(Q) - (< )f’ )L2(Q

= (/s =29) 1) — (FAS, )Lzm

79|6Q> <f|aﬂaay BQ>

) (A% D) )lon )

<f
0
8
<a
= (Su,
and hence
(=AY =N = (AR =N =T8S, (2.8)
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As S is compact and T* is bounded it follows that 7S and thus the left-hand side
of (2.8) is compact. Hence the essential spectra of —AY, and —AY, coincide. O

3. A STRICT INEQUALITY BETWEEN DIRICHLET AND ROBIN EIGENVALUES

This section contains the first main result of this note. In Theorem 3.2 we shall
prove a strict inequality between the eigenvalues below the essential spectrum of the
Schrodinger operators with Dirichlet and Robin boundary conditions given in (2.3)
and (2.4), respectively. Throughout this section Q C R?, d > 2, is an unbounded,
connected Lipschitz domain with a compact boundary and V € L*°(Q) is a real
valued function.

The following preparatory lemma is the counterpart of the lemma in [4], where
the Laplacian on a bounded Lipschitz domain with Neumann boundary conditions
was considered. In contrast to the situation in [4], a unique continuation principle
must be employed in the proof. For the convenience of the reader we carry out the
details.

Lemma 3.1. Let —AY, be given as in (2.4) and let p € R. Then
H§(Q) Nker (A% — p) = {0}
Proof. Assume that
v € Hy(Q) Nker (—AY — p)
and let Q C R? be an unbounded Lipschitz domain such that
QcQ, & coN and Q\Q+#£o.

Consider the function
B(z) = v(x), ?f x € 9,
0, if x € Q\Q,

which belongs to H(Q). Let V € L>®() be the extension of V by zero to Q.

Calculating the action of the distribution (—A + V)& on €2, for each ¢ € C§° ()
we have

(—AT+ VD) () = (9i0) (9,9) + (Vo)

-

i=1
(VU, Va) (L2(Q))@ + (V'Uva)L%Q)
a’l‘é(vvﬂ)v

where 1) is the restriction of ¢ to Q and v|yg = 0 was used. Using (2.6), (3.1), and
v € ker(—AY, — 1) we obtain

(AT + VD) () = (~A%v, D) r2(0) = (10,¥) 1200y = (W0) (¥), ¥ € CF(9),

and hence (—A+ V)0 = u € L%(Q). Since 6\5\9 = 0, unique continuation implies

(3.1)

7 =0 on €, see, e.g., [19]. Hence v =0 on €. O

Now we come to the first main result of this note. Its proof is inspired by an
idea in [4]. First we introduce some useful notation. For an interval I C R which
contains no essential spectrum the eigenvalue counting functions of the Dirichlet
and Robin Schrédinger operator are defined by

Np(I) :=dimran Ep(I) and Ng(I):=dimran Ex(I), (3.2)
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where Ep and Exr denote the spectral measures of —AY and —AY,, respectively,
that is, Np(I) and Ng(I) is the number of eigenvalues of —AY and —AY, re-
spectively, in I, counted with multiplicities. Recall from Proposition 2.1 that the
essential spectra of —A) and —AY, coincide and let

M := min oegs(—AY) = min aess(—A;é). (3.3)
We then denote by
MW P <<
and
AF<AF <. <M

the discrete eigenvalues counted with multiplicities below the minimum of the es-
sential spectrum of —AY and —AY¥, respectively. Note that it follows immediately
from the min-max principle for the sesquilinear forms a¥ and a% that

Nz ((=o0,u]) = Np((—o0, 1)), p< M,

and that if —AY has (at least) [ eigenvalues in (—oo, M) then the same holds for
—AY and

AF<AP forall ke{l,...,1}.
The following result shows that these observations can be strengthened.

Theorem 3.2. Let —AY, and —AY, be the Schrédinger operators with Dirichlet
and Robin boundary conditions in (2.3) and (2.4), respectively, let M be given
in (3.3), and let Np and Ng be the corresponding eigenvalue counting functions
defined in (3.2). Then for each pu < M the inequality

NR((_OO»N)) Z ND((—OO,/J,]) (34)

holds. In particular, if there exist | eigenvalues of —AY, in (—oo, M) then the strict
inequality

AR < AP (3.5)
holds for all k € {1,...,1}.
Proof. Let pn < M and recall that by the min-max-principle (see, e.g. [18]) one has
Np((—o00,p]) = max{dim L : L C doma}, subspace, af,(u,u) < uHu||2LQ(Q),u €L}
and
Nz ((—o0,p]) = max{dim L : L C domay, subspace, ay (u,u) < ,u||uHiz(Q), ue L}
Let F be a subspace of dom a}, = Hg () such that dim F' = Np((—oo0, u]) and

al(u,u) < M”“"i?(ﬂ) for all u € F. (3.6)

For u € F and v € ker(—A}; — u) we obtain with the help of the relations (2.5)
and (2.6)

ak (u 4 v, u+v) = ak (u,u) + ak (v,v) + 2Re ak (v, u)

= ap(u,u) + (—ARv,v)r2(q) + 2Re (AR v, u) 12(q) 37
2 2 -
< pllulzz ) + #lvlie @) + 20 Re (v,u) L2 (0

2
= pllu+vl72q),



e

where the estimate (3.6) was used in the third step. As F C H} () we conclude
from Lemma 3.1 that the sum F + ker(—AY, — ) is direct. Hence it follows from
(3.7) that
Nz ((=00, p]) > dim(F) + dimker (—AY, — p)
= Np((—o0, u]) + dimker (—AR — p)
and this yields

Nr (=00, 1)) = N ((—00, u]) — dimker (=AY, — 1) > Np((—00, ),

which is (3.4). Finally, if there exist [ eigenvalues of the operator —AY in (—oo, M)
and k € {1,...,1} is chosen arbitrarily then (3.4) with u = AP shows A} < AP,
which proves (3.5). O

We immediately obtain the following corollary for the Neumann operator fAX/.
Here for any interval I C R we write

Ny (I) := dimran Ex (1), (3.8)
where Ej is the spectral measure of —A};. As in (3.3) we have
M = min Oegs(—AP) = min gess (—AX) (3.9

and we denote by
W< <o.<M
the discrete eigenvalues of —AX/ below M, counted with multiplicities.

Corollary 3.3. Let —AY, and fAX/ be the Schrodinger operators with Dirichlet
and Neumann boundary conditions in (2.3) and (2.7), respectively, let M be given

in (3.9), and let Np and Npr be the corresponding eigenvalue counting functions
defined in (3.2) and (3.8). Then for each p < M the inequality

N (=00, 1)) = N ((—o0, ) (3.10)

holds. In particular, if there exist | eigenvalues of —AY, in (—oo, M) then the strict
inequality

ANV < AP (3.11)
holds for all k € {1,...,1}.

In the next corollary we turn to the special case that the function V belongs to
L>(Q2) N LP(Q) for an appropriate p and satisfies the growth condition

V(z) < —alz|~?"  for |z| > Ry (3.12)

for some Ry > 0,a > 0 and € > 0. In this case it can be shown as in [14, Example 6
in Section XIII.4 and Problem 41] and [14, Theorem XIII.6] that the essential
spectra of —Ag and —A% equal [0,00) and that both operators possess infinitely
many negative eigenvalues. Therefore Theorem 3.2 allows the following conclusion.

Corollary 3.4. Let V € L*>°(Q) N LP(Q) with p > max{d/2,2} if d#4 and p > 2
if d = 4, and assume that there exist constants Ry > 0, > 0 and € > 0 such
that (3.12) is satisfied. Then there exist infinitely many discrete eigenvalues of
—AY and —AY, below their essential spectrum Oess(—AY) = Oess(—ALR) = [0, 00)
and the strict inequality

AR < AP
holds for all k € N.

Remark. The assumption in this section that €2 is connected can be dropped. In
fact, Theorem 3.2 and its proof remain valid if each connected component A of
satisfies OA Nw # &. In particular, Corollary 3.3 remains true also if 2 is not
connected.
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4. A REMARK ON EIGENVALUE INEQUALITIES FOR ELLIPTIC OPERATORS WITH
VARYING COEFFICIENTS

In this section we turn to the related subject of eigenvalue inequalities for pairs
of elliptic operators with different coefficients and a fixed boundary condition. For
simplicity we restrict ourselves to a Dirichlet boundary condition; similar results
can be proved for Neumann, Robin or mixed boundary conditions as well. In this
section we require only that Q C R?, d > 2, is a nonempty, open, connected set,
without assuming any regularity or compactness of the boundary. Also the case
Q = R? is included. We make use of the space H{ (), which is defined to be
the closure of C§°(Q2) in H'(Q); if the boundary of Q is sufficiently smooth, e.g.,
Lipschitz, then H} () coincides with the kernel of the trace operator; cf. (2.1).

Let L1, L5 be second order differential expressions on €2 of the form

d
,Ci = — E 8jajk,i8k + a;,
Jk=1

where aji; : @ — C are bounded Lipschitz functions and a; :  — R are bounded
and measurable, ¢ = 1,2. The differential expressions are assumed to be formally
symmetric, i.e., ajx () = ay;j;(z) for all x € Q, i = 1,2, and uniformly elliptic,
i.e., there exist E; > 0 with

d d
Yo apmi@)& = By &, weQ, {=(&,....&) €RY i=1,2

5 k=1 k=1
The selfadjoint Dirichlet operators associated with £; in L?(2) are given by
Aju=Liu, domA; ={ue Hj(Q): Liue L*(Q)}, i=1,2. (4.1)

They correspond to the densely defined, symmetric, semibounded, closed sesquilin-
ear forms

d
a;(u,v) = Z /Q ajk,ﬁku@dm—i—/ﬂ a;uvdr, doma; = Hj(Q), i=1,2,

k=1
that is,
a;(u,v) = (Aju,v)r2(), u €domA;, veHH(Q), i=1,2. (4.2)
In the following we focus on the case that the infima of the essential spectra of
Aq and As coincide. For instance, this is the case if the coefficients of the difference
Lo — L1 are close to zero outside a compact set in an appropriate sense. If Q is

bounded or, more generally, has finite Lebesgue measure, then the essential spectra
of both operators are empty. We define

M :=inf 0455 (A1) = Inf 0ess(As2), (4.3)

including the possibility M = +oo if the essential spectra are empty. Moreover, we
assume that £1 and L are ordered in the sense that

d d
> aa(@)&8 < Y ara(@)&, 1€, = (6,8 €RY (44)

J,k=1 j,k=1
(i.e., the matrix (a;2(x) — ajx,1(x));x is nonnegative for all z € 2), and
ar1(z) < az(z), =z €. (4.5)
These two conditions immediately imply

ar(u,u) < agu,u), u€ HEH(Q). (4.6)
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In particular, if Ay possesses at least [ eigenvalues in (—oo, M) then the same holds
for A; and

)\k(Al) < )\k(AQ)7 ke {17”'71}7 (47)
where A1(4;) < A2(A;) < ... denote the eigenvalues of A; in (—oo, M), counted
with multiplicities, ¢ = 1,2. The following observation shows that the inequal-
ity (4.7) is strict whenever the coefficients of £; and Ly differ sufficiently strongly.

For each interval I C (—oo, M) we denote by N;(I) the number of eigenvalues of
A; in I, counted with multiplicities, ¢ = 1, 2.

Theorem 4.1. Assume that inf oess(A1) = Inf oess(A2), let M be given in (4.3)
and let the assumptions (4.4)—(4.5) be satisfied. Moreover, assume that there exists
an open ball O C Q such that at least one of the following conditions is satisfied:

(a) a1(z) < az(x) for allxz € O or
(b) the matriz (ajr2(x) — ajr,1(x));k is invertible for all x € O.
Then for all u < M the inequality
Vi ((~00,1)) = Na((~o0, 1) (4.8)
holds. In particular, if there exist | eigenvalues of As in (—oo, M) then
)\k(Al) < )\k(Ag)
holds for all k € {1,...,1}.

Proof. Let p < M. Similar to the proof of Theorem 3.2 we can choose a subspace
F C H}(Q) such that dim F' = Na((—o0, u]) and

as(u,u) < plluffz, for all u e F. (4.9)

For u € F and v € ker(A; — pu) we obtain with the help of (4.2) and (4.6)
a1 (u+v,u+v) = ar(u,u) + a1(v,v) + 2Re a1 (v, u)

< ag(u,u) + (A1v,v) 2 ) + 2Re (A1v,u) 12(q)

< slll ey + ol y + 20 Re (0,200 (410

= piflu+ U||%2(Q)-
Moreover, the sum F + ker(A; — p) is direct. Indeed, if w € F Nker(A; — u) then
a1 (w,w) = ,unHQLQ(Q) and thus (4.6) and (4.9) yield

ar(w, w) = az(w, w),

that is,

/(AVw7 Vw)cadzr + / (ag — ay)|w|*dx = 0,
Q )

where A(z) = (ajk2(x) —ajk,1(x)) .k for z € Q. Since A(z) is a nonnegative matrix
and as(z) — aq(z) > 0 for all x € Q by the assumptions (4.4) and (4.5), it follows

(AVw,Vw)ea =0 and  (ag —a;)|w]* =0 (4.11)

identically on Q. If the condition (a) of the theorem holds for some open ball O C 2
then the second identity in (4.11) implies w|p = 0 and since £iw = pw a unique
continuation principle yields w = 0 on Q, see, e.g., [19]. If the condition (b) is
satisfied then the first equality in (4.11) leads to Vw = 0 on O so that w = ¢
identically on O for some constant ¢ € C and unique continuation implies w = ¢
identically on Q. Since w € H}(Q) it follows again w = 0 identically. Hence the
sum F + ker(A; — p) is direct and from (4.10) we obtain

N1 ((—o0,p]) > dim(F) + dimker (A; — p) = No((—o0, u]) + dimker (A; — p)
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which proves (4.8). O

For the special case of Schrodinger differential operators on an exterior domain
Theorem 4.1 reads as follows; cf. the remarks above Corollary 3.4.

Corollary 4.2. Let Q) be a connected open set which is the exterior of a bounded do-
main or equals RY. Furthermore, let Vi, Vo € L=(Q) N LP(Q) with p > max{d/2, 2}
ifd # 4 and p > 2 if d = 4 be real valued functions and let A1 and Ag de-
note the selfadjoint Dirichlet operators corresponding to the differential expressions
L1 =—-A4+V; and Lo = —A+ Vs as in (4.1). Assume that Vi <V, on Q and that
there exists an open ball O C Q such that Vi < Vo on O. Then for all p < M the
inequality

Ni((—o00, 1)) = Nz ((—00, ])
holds. In particular, if there exist | eigenvalues of Ag in (—oo, M) then
Ae(41) < Ak(Asg)
holds for all k € {1,...,1}.

Remark. The assumption that 2 is connected can be dropped if it is assumed
that each connected component of €2 contains an open ball O such that one of the
conditions (a) or (b) of Theorem 4.1 holds.
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