On the law of the iterated logarithm for
random exponential sums
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Abstract

The asymptotic behavior of exponential sums ngvzl exp(2minga) for Hadamard
lacunary (ng) is well known, but for general (nj) very few precise results exist, due
to number theoretic difficulties. It is therefore natural to consider random (ny), and
in this paper we prove the law of the iterated logarithm for Zszl exp(2minga) if
the gaps nii1 — ng are independent, identically distributed random variables. As
a comparison, we give a lower bound for the discrepancy of {nya} under the same
random model, exhibiting a completely different behavior.

1 Introduction

It is well known that the behavior of lacunary series resembles that of independent
random variables. The following classical result was proved by Erdés and G4l [8].

Theorem. Let (ng) be a sequence of positive numbers satisfying
Ngr1/nk > q > 1, k=1,2,.... (1.1)

Then

N 2ming, T
_ D k=16
limsup ————=1 for almost all x. (1.2)

Nooo VIVloglog N

Note that here the nj need not be integers. As was shown by Takahashi [20], [21],
for integers ny the gap condition (1.1) can be weakened, and an optimal condition
was obtained by Berkes [4]: relation (1.2) remains valid if nj are positive integers
and

nisr/me > 1+ (loglogk)/VE, 7> 1/2

for k > ko, and this becomes false for v = 1/2. In particular, there exist sequences
ng > eV* such that (1.2) is not true. This does not mean, however, that for
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sequences (ny) growing at a slower speed, (1.2) cannot be true. From the results
of Salem and Zygmund [18] it follows that there exists a sequence (ny) of integers
with np = O(k) such that (1.2) holds, and Aistleitner and Fukuyama [2] showed
the existence of an integer sequence (ng) with ngy; — ngx = O(1) satisfying (1.2).
For other, related constructions see [1], [3], [10], [13]. Note, however, that all these
constructions use random (ny) and no explicit polynomially growing (ny) satisfying
(1.2) seems to be known. Indeed, proving (1.2) for a “concrete” sequence (ny)
requires precise estimates for the number of solutions of the Diophantine equation

+ng, £ E£ng, =M, 1<ky,....k <N,

which is a notoriously difficult problem of additive number theory; see e.g. Halber-
stam and Roth [11], Chapters IT and III. Thus proving precise asymptotic results for
exponential sums Z,];[:l exp(2mingx) is more or less restricted to random sequences
(ng), and the purpose of the present paper is to study the law of the iterated loga-
rithm in the random case.

Naturally, there are many different types of random sequences; we will consider
the simplest case when the gaps niy1 — ny are independent, identically distributed
(ii.d.) random variables. As in [8], we will not assume that the nj are integers,
although, as we will see, this is the most interesting case. We will not assume
either that the sequence (ny) is increasing. To avoid confusion between random and
non-random sequences, in the random case the sequence (ny) will be denoted by
(Sk); the assumption that the gaps Ski11 — Sk are i.i.d. means that Sy = Z?:l X;
is a random walk. Schatte [19] showed that in the case when X is absolutely
continuous, for any fixed x # 0 the sequence {Siz} (where {-} denotes fractional
part) has strong independence properties implying the LIL for the discrepancy of
{Skz}. For the same class of random walks, the almost everywhere convergence
of 372 ek f(Skx) under > 32, ci < 400 where f is a smooth periodic function
was proved in Berkes and Weber [6, Theorem 4.2]. Whether this remains valid for
integer valued (nj) remains open; for a partial result see [6, Theorem 4.3]. Upper
bounds for the discrepancy of {Sxx}, which is closely related to the behavior of the
corresponding exponential sum, are given in Weber [22] and Berkes and Weber [6];
the bounds depend on the distribution of the variable X defining the random walk
and on the rational approximation properties of x. Improving the tools in [6], [22]
and determining the precise asymptotics of high moments of the exponential sum
> p_y exp(2miSkx), in this paper we will prove the law of the iterated logarithm for
the exponential sum for arbitrary random walks (S,,).

Theorem 1.1. Let X1, Xo,... be i.i.d. random variables with characteristic func-
tion @, let Sy = Z?:l Xj, and let o € R. Suppose that exp(2miX ) is non-
degenerate.

(i) If P(2X a0 € Z) < 1, then with probability 1

. 1 — |p(2ma)|?
lim su miSker| — . 1.3
n*)OOp \/nlog logn Z |1 — o(2ma)| (1.3)
(i) If P(2X a0 € Z) = 1, then with probability 1
. 1— |p(2ma)|?
lim su miSke| — /2 14
n—>oop \/nlog logn Z 11— p(2ma)] (14)




Note that the variable z in the sum ) ;_; exp(2miSix) was replaced by « to
emphasize that, unlike in (1.2), in (1.3) « is fixed and the relation holds with
probability 1 in the space of the random walk (S;). From now on, we will use the
abbreviation “a.s.” (almost surely) instead of “with probability 1”.

If exp(2miXia) is degenerate, i.e., if there exists a constant ¢ € C such that
exp(2miXia) = c a.s., then exp(2miSya) = c* a.s. In this case clearly no law of
the iterated logarithm with a non-zero limsup can hold for exp(27iSi«). Note that
exp(2miX1a) is degenerate if and only if P((X; — Xo)a € Z) = 1 or alternatively if
and only if |p(27a)| = 1.

A random variable X7 is called a lattice variable if there exist a,b € R such that
X1 € a+bZ a.s. If X is not a lattice variable (e.g. if it has a continuous distribution),
then for any « # 0 the random variable exp(27iX;«) is non-degenerate. Moreover
we have P(2X1a € Z) < 1, and thus (1.3) holds.

In the case of a lattice variable X there are only countably many exceptional
values of a for which exp(2miXj«) is degenerate. Even though the law of the
iterated logarithm holds whenever exp(2miXja) is non-degenerate, the structure
of the sequence exp(2miSia) can be very different for different values of a. For
example, if X, is integer valued and non-degenerate and « is irrational, then the
possible values of the sequence exp(2miSia) form a countable dense subset of the
unit circle, while for rational « the corresponding set is finite (in fact comprised of
certain roots of unity). The law of the iterated logarithm in the last case follows
relatively easily from Markov chain theory, in contrast to the case of a non-lattice
X1, which lies considerably deeper.

Note that the condition P(2X;« € Z) = 1 in (ii) is equivalent to exp(2mi X ) =
+1 a.s. In this case the terms exp(2miSia) of the random exponential sum are all
+1 a.s. If; on the other hand, P(2X « € Z) < 1, then the terms are not all purely
real.

It is interesting to note that in Theorem 1.1 no assumptions were made about
the moments of |X;| and the distribution of X enters the theorem only through
arithmetic conditions on (X; — X2)a and 2X;a. The moments of | X;| or, more
generally, the tail behavior of | X1|, influences only the growth of the sequence |S,,|.
Assume for example that

P(|X | >t) ~ct™ ast— oo

for some ¢ > 0, 0 < 8 < 2, and in the case 5 > 1 assume also that EX; = 0 (in the
case f = 1 in the sense of the Cauchy principal value). Then E|X;|” is finite for
v < (8 and infinite for v > 5 and by Petrov [16, Theorem 6.9] the relation

1Sn| = O(n'/P*5)  as.

holds for € > 0, but not for € < 0. Hence in this case Sy has polynomial growth. The
case 8 = 1/2 is of particular interest, since the corresponding non-random sequence
ny = k% is the only “concrete” polynomial case when the precise asymptotics of
the exponential sum ZkN:1 exp(2minga) is known. In this case Fiedler, Jurkat, and
Korner [9] showed that given any positive non-decreasing function g(n), for almost
all a the relation

Zexp(Zm’k:Qa) < V/ng(n) (1.5)
k=1
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holds if and only if

> ngj(n) < 0. (1.6)
n=1

In particular, (1.5) holds if g(n) = (logn)'/4*¢ for € > 0, but not for ¢ = 0. The
criterion (1.5)-(1.6) also shows that if (1.5) holds with some g(n), then it also holds
for g(n)h(n) for some h(n) — 0 depending on g(n), and thus for > 7_, exp(2mik?a)
no law of the iterated logarithm type result can hold. As Hardy and Littlewood [12]
showed, for fixed o the behavior of the sum is connected to the rational approxi-
mation properties of a. We stress, however, that in the random case exhibiting the
same growth of (Sy), the LIL holds for >, _, exp(2miSi).

In view of Koksma’s inequality (see [14, p. 143]), under the assumptions of
Theorem 1.1 the discrepancy Dy ({Ska}) of the first N terms of the sequence {Sya}
satisfies with probability 1

Dn({Ska}) > N~/%(loglog N)'/?

for infinitely many N. By the results of Schatte [19], for absolutely continuous X3
this estimate is sharp, but as the remark at the end of our paper will show, if X7 is
integer valued, has mean 0 and finite variance, and

a—LEl <=2 1.7
a) ¢ (L)

p‘C

for infinitely many rationals p/q with some constants C' > 0 and v > 2, then with
probability 1 we have
DN({SkOé}) > ]\771/(2772)7E

for any € > 0 and infinitely many N. Thus for irrational numbers « allowing a very
good approximation by rational numbers, the order of magnitude of the discrepancy
can be much greater than N~1/2(loglog N)'/2. The precise order of magnitude of
Dy ({Ska}) remains open.

2 A moment estimate

We use ||z| to denote the distance of a real number x from the nearest integer.
Recall that ||—z|| = ||z[| and |z +y|| < [|z| + [[y|| for any z,y € R. We will also
frequently use the fact that the characteristic function ¢ of an arbitrary distribution
satisfies p(—z) = @¢(x) and |¢(x)| <1 for any = € R.

First, we find a simple upper bound for |¢]|.

Proposition 2.1. Let X, Xo be independent random variables with characteristic
function ¢. For any t € R we have

1= [p(mt)| > (E[It(X1 — X2)[)*.
Proof. Since X1, X9 are independent, we have

Eeﬂ’it(Xl—Xz) — Ee?ritXlEe—ﬂ'itXQ — ‘SO(WtNQ



for any t € R. After taking the real part and using |¢| < 1 we obtain

1 — |p(nt)] > 1- |‘#;(7Tt)|2 _ El - cos(mtéX1 - Xg))'

Let us now use the general estimate

1 — cos(mz) _ sin?(7x) 2
) > >
valid for all z € R, to get
L= lp(mt)] > E[[#(X1 - Xo)[|*.
Applying Jensen’s inequality finishes the proof. O

The following result, giving a sharp asymptotic bound for the high moments of
> p_qexp(2miSka), is the crucial ingredient of the proof of Theorem 1.1.

Proposition 2.2. Let X1, Xs,... be i.i.d. random wvariables with characteristic
function ¢, and let S = E?Zl Xj. Let a € R be such that

P(da(X; — X2) € Z) < 1, (2.1)

and let
16
(B [l4a(X1 — X)[)*

For any integers p > 1, m > 0, and n > 1 we have

m+n p 2\ P 2p—
» 1 —|p(2ra) n qP~Ind
E 2miSpe| [ Z T PANEREYL 12 <(2pR)?P
kzjﬂe (Il —ora)) U \p <(2pR) 02qep qIRI—1
=m

+ (pR)PHnP~L,

Note that assumption (2.1) is stronger than the non-degeneracy condition in
Theorem 1.1 and implies that

E [ 4a(X; — Xo)|| > 0.

If (2.1) fails, then, as we will see, {e2™%k® k > 1} is an exponentially mixing Markov
chain and Theorem 1.1 can be deduced from the theory of mixing processes.

Proof. Expanding the power we get

m+n 2p )
E Z 627riskoz Z E627r104<541 —S£2+"'+S£2p71—522p) ] (22)
k=m+1 m+1<ly,....Lap<m+n

For any positive integer N let [N] = {1,2,...,N}. We call B = (By,...,Bs) an
ordered partition of [2p] if By,..., Bs are pairwise disjoint, non-empty subsets of
[2p], the union of which is [2p]. For any 2p-tuple ¢ = ({1, ...,¢3,) let us define an
ordered partition B(¢) of [2p] in the following way. If

(01, by} = {ky, ... Ky} (2.3)

>



with k1 < - < kg, then let
Bj(t) ={i€[2p] : {; =k}

and B(¢) = (B1({),...,Bs(¢)). We will estimate the sum of the terms in (2.2) for
which B(¢) is a given ordered partition B of [2p]. Let us thus introduce the notation

X(B) = Z ]Ee%m(sel_S£2+"'+S£2p—1_sf2p).

m+1<4y,...,lap<m+n
B(f)=B

Fix an ordered partition B = (Bj,..., Bs), and let ¢ be such that B({) = B.
Let k1 < -+ < ks be as in (2.3). Then

Sfl - ng +---+ ngp_1 - SZQP - €ISk1 + -+ ESS]CS7

where €1, ..., &5 are integers depending only on B; in fact
gj= > (-1 (2.4)
iEBj

forall 1 < j <s. Let ¢ = ¢(B) denote the maximum number of non-empty intervals
I, ..., I, partitioning [s] such that ;. , &; = 0 for every 1 < k < g. From (2.4) we
obtain that whenever I C [s] is a non-empty interval such that 3, ;e; = 0, then

Z (_1)i+1 —0.

i€Uje1 B

Thus Ujc; B; contains both an even and an odd integer in [2p], and so its cardinality
is at least 2. Since B is a partition of [2p]|, we have

s

q
20 <> |Ujer, Bjl =Y |B;| = 2p.
k=1 j=1

Hence ¢ < p. Moreover, we have ¢ = p if and only if there exists a partition of [s]
into non-empty intervals Iy, ..., I, such that Ujc;, B; contains precisely one even
and one odd integer for every 1 < k < p.

We first compute 3(B) in the case ¢ = p, which, as we will see, gives the
main contribution. Let w. and 7, be arbitrary permutations of the even and odd
integers in [2p], respectively, and let o € {—1,0,1}" also be arbitrary. Let us
construct an ordered partition B = B(me, 7, 0) = (Bi,...,Bs) of [2p] in exactly
p steps the following way. In the first step consider m,(1),7m.(2). If o3 = —1,
then let By = {m,(1)} and By = {m(2)}. If o1 = 1, then let B; = {m(2)} and
By = {m,(1)}. If 01 = 0, then let By = {m,(1),m(2)}. We proceed in a similar way.
In step k we add the sets {m,(2k — 1)} and {7.(2k)}, or {m.(2k)} and {m,(2k — 1)},
or {m(2k — 1), m.(2k)} to the end of the list of previously chosen sets, depending
on whether o, = —1,1, or 0.

It is easy to see that for an ordered partition B of [2p] we have ¢ = p if and only
if B = B(m,,m,,0) for some 7., m,, 0 as above. Indeed, the desired partition of [s]
into intervals Iy, ..., I, is that Ij is the set of indices of (B, ..., Bs) chosen in step



k of the construction. In particular, there are exactly p!23P ordered partitions B for
which ¢ = p.

Fix 7, 7, 0 as above, let B = B(w,, m,,0), and consider ¥(B). For any 1 < k <
p let my = min {Eﬂo(Qk_l),gﬂ.e(gk)} and M} = max {gﬂ.o(gk_l),eﬂ.egk)}. Note that

m+1<mi <M <mg<My<---<my <M, <m+n, (2.5)
and

Sty — Sey + -+ Sy — Sey, = 01(Spy — Sy) + -+ 0p(Sm, — Smy)-

Using the fact that X7, Xo,... are i.i.d. random variables, we obtain
¥(B) = Z o(o12ma) Mmooy 2ma)Mr e, (2.6)
mi,...,Mp
My,...,M,
where the summation is over all my,...,m, and My,..., M, satisfying (2.5), with

the extra conditions that my < My if o # 0 and my = My, if o = 0, for all
1<k <p.

Fix M, ..., M,. Then (2.6) factors into p factors, the kth factor being a sum
over mg. If o # 0, then the kth factor is

My —My_1

1 — p(op2ma) 1 — p(op2ma)

Z CP(Uk27ra)Mk*mk __p(o2ma) p(or2ra)

My, 1 <my,<Mj,

where we use the convention that My = m. If o, = 0, then the extra condition

my = My, shows that the kth factor is simply 1. Let A(oy) = % if o, # 0,

and let A(ox) =1 if o, = 0. Let, moreover

o(op2ma)Mr=Me—

1 — p(op2ma)

E(oy) = E(ok, M1, M},) = —

if o, # 0, and E(oy) = 0 if o, = 0. With this notation we thus have

P

£(B) = > [1 (A(o) + E(o)). 2.7

m+1< M <---<Mp<m+n k=1

Let us now expand the product in (2.7). The main term will come from [T7_; A(oy).
Indeed, all other terms are of the form []V_, aj, where ay, is either A(oy) or E(oy)
for all 1 < k < p, and ay, = E(oy) for at least one k. Let k* denote the largest index
k such that ay, = E(oy). If og» = 0, then E(oy+) = 0 and so [[V_; ax, = 0. Else, by
summing over My« first, we can use the estimate

Mk*_Mk*fl 2

Z plop2Tar) <
_ * ST 2

My <M <My p(op-2ma) 11 — @(op27ar)|

where Mp;1 = m +n + 1 by convention in the case k* = p. Applying Proposition

2.1, the subadditivity of ||-||, and the definition of R we obtain

(B [4a(X1 - X2)[)? = =,

L= |p(op-2ma)| = (El[2a(X; - Xo)|)* = I

A



2 R?
2 < =
11— p(op-2ma))® ~ 8

We similarly get |ay| < % Since there are (pﬁl) ways to fix My, ..., Mys_1, My«1,
..., My, we have

p
S Mw<(," )2
p—1)2.4p

m+1<M; <---<Mp<m+n k=1

Note that the main term []7_; A(ox) does not depend on My, ... M), and that there
are 2P terms in the expansion. Therefore

P _
n Rp—i—lnp 1
Y(B) = Alop) £ ———. 2.8
(B) <p>kU (00) % 5o (238)
Let us fix 7, 7, as before and sum (2.8) over o € {—1,0,1}” to get
D 1 —
n 3P RPTipp—l
> E(B(re,mo,0)) = <p> I1 > Alow =550 o
oe{~1,0,1}? k=10j,=—1

Here

_ p(2ma) p(2ma) 11— |p(2ma)l?
Z Alow) = 1— p(2ma) : 1—p2ma) |1 —@(27a)l?’

Since nothing depends on 7, and m,, summing over them simply introduces a new
factor of p!?. By checking that

3Ppl?
< +1
2 (-1 =P
we thus get
1"80(27705”2)19 2(”) 1, p—1
(B)=|—"F"—5] p! + (pR)PHnP~ L, 2.9
550 = ([ Eamae) () 07 29
q=p

Now we estimate X(B) in the case ¢ < p. Using the fact that X, Xo,... are
i.i.d. random variables and &k < --- < kg, it is easy to see that

Eezma(slslir'“JrESSkS) = gp(QClwa)klgp(QCQWa)kQ_kl e QD(QCsWa)ks_ks’l,
where ¢; = ¢; + -+ - + &;. Hence
(B) = > o(2c1ma)  p(2coma)f2e TR L p(2e ma)Fe TR -1 (2.10)

m+1<k; <---<ks<m+n

Consider the set

1
A= {k‘ eZ : E HQ]{O&(Xl — XQ)” < ZE ”404(X1 — XQ)H} .
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Note that A does not contain any two consecutive integers. Indeed, if k,k+ 1 € A,
then the subadditivity of ||| implies that

[4da( X1 — Xo)|| < 2]2ka( X1 — Xo)|| + 2 []2(k + 1) (X1 — X2)]| -

Taking the expected value of both sides we would thus get

Ella(xy - Xa)l < (2 + 2 7 ) Elltalxi - Xa)l,

a contradiction. Clearly A is symmetric (i.e., k € A implies —k € A), 0 € A, and
+1,4£2 ¢ A. Let

{.7 € [S] : Cj S A} = {j17j27"')jM}7
where j; < jo < --- < ju. Note that ¢; = &1 +--- +e5 = 0 € A; therefore j; = 1.
For any 1 <r < M — 1 let I, = [jr, jr+1) and let In; = [jar, s]. By the definition of

c¢; we have
gr — Ciry1 = ZEJ’ Cim = Z €j- (211)

JEIr JEIN

We claim M < p. Consider the following two cases.
Case 1. Assume ¢j, = ¢j, = --- = ¢j,, = 0. Then (2.11) shows that Iy, I,..., Im
is a partition of [s] into M intervals such that >, ; ; = 0 for every r. By the
definition of ¢ = ¢(B) this means M < g < p.
Case 2. Assume cj,,cj,,...,cj,, are not all zero. Recalling that ¢;, = ¢ = 0,
(2.11) shows that there exists an r such that Zjelr €j = a for some non-zero a € A.
Note that |a| > 3. From the definition (2.4) of €; we thus obtain

UBi| =D g|=lal =3 (2.12)

jeI, jel,

for this particular r. For any other 7’ (2.11) shows that > . ; ¢; is the difference
of two elements of A. Since A does not contain any two consecutive integers, this
difference cannot be 1. From the definition (2.4) of ¢; it is thus easy to see that

U Bi| =2 (2.13)

jEIT/

Summing (2.13) over 7’ # r and adding (2.12), we get

S
2p = |Bj| > 2M + 1;
j=1

hence M < p in this case as well.
We have thus proved that M < p. Set ® =1— %. According to Proposition 2.1,
for any j # j1,...,jm we have

lp(2¢jma)] < 1 — (B |2¢ja(X1 — Xo)|)?.

Since c¢; € A, we have

1 1
(Ef2¢j0(X1 — X2)[)? 2 3¢ (B [4a(Xy = Xo)||)* = &,



showing that |p(2¢;ma)| < ®.

Let us now apply the triangle inequality to (2.10), and let us use the estimate
|o(2¢;ma)| < @ whenever j # j1, ..., jym and the trivial estimate [¢(2¢cjma)| < 1 for
J=17J1s---,im- We get

IZ(B)| < Z 1. Fia-1=ki1 . 1. Pria—1=Kio ... 1. PFs—kin
m+1<ki<--<ks<m+n

Fix k;

jn and the exponent

k= (kjy—1 = kji) + (Bjs—1 — kjp) + -+ 4 (ks — kjy,) (2.14)
of ®. Then for all j # ji,...,jm the integer k; belongs to the set
[kjl +1akj1 —l—k]U [kjé +17kj2 +k] U---u [ij +17ij +k]

of cardinality at most Mk. Hence for fixed k;,...,k;,, the number of s-tuples

(k1,...,ks) for which (2.14) holds is at most ( M]]\c/[) < (](\;[k)s )M and so we get

oo

S(B)| < > iwqﬂw M st M gk

(s—=M)!  — M (s—M
m+1<k;, <- <k]M<m+nk =0

Here 0 < ® < 1; therefore we can use a well-known Taylor expansion to obtain the
estimate

S Mk < Z (ks M) (k+2)(k+1)0" (1(—3%

Since R = (1 — ®)~!, we get

MMM

B < Byt

Here s < 2p, and 0 < M < p. The total number of ordered partitions B of [2p] is
at most (2p)?P; hence

op g*P—Ind
Z I(B)| < (2pR) JBeX T (2.15)
a<p
Since
m—+n
El Y eQmSka =Y %(B)+ > %(B
k=m-+1 B
9=p a<p
combining (2.9) and (2.15) finishes the proof. O
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3 Proof of Theorem 1.1

We distinguish between two main cases. First, we will assume that
Pda(X)1 — X2) €Z) < 1, (3.1)

in which case the proof will rely on Proposition 2.2. Note that (3.1) implies that
exp(2miX1«) is non-degenerate, and it also implies condition P(2aX; € Z) < 1 from
(i). Thus we will need to prove that (3.1) implies (1.3). Next, we will assume that
P(4a(X; — X2) € Z) = 1 and that exp(27miX;«) is non-degenerate. In this case we
will use the theory of ¢-mixing Markov chains in the proof.

Let us thus assume that (3.1) holds. Put T,,,, = ZZZ;ZH XY T = Tj .
Let 1 < p < 3loglogn, and apply Proposition 2.2 to T}, ,. It is easy to see that the
error term in Proposition 2.2 satisfies

g*P—Ind

(2pR)* max

R)PH1pp—1 < np—1te
0<q<p q!Rq—l + (p )

for any € > 0, with an implied constant depending only on «, £ and the distribution
of X7. For the main term we have

L= fpra) P\’ o (n) (1= le@ra)P)’
1= p(2ma)[? p 1= p(2ma)|?
Indeed, we only need to check that the limit of the sequence
1 2 —1
(032
n n n

is 1. Standard computation shows that this sequence can be approximated by
e~ (H2+-+(p=1)/n_and hence by e P*/", which clearly has limit 1. We thus have

E|Tpn|? ~cPpin?  asn — oo,

3.2
uniformly for m > 0,1 < p < 3loglogn (3:2)
with
_ 1 p(2ma)f?
1= p@2ra)

We now show that (1.3) holds. We break the argument into lemmas. We follow the
method of [8].

Lemma 3.1. We have for any 0 <e < 1,
P{|Tpn.n| > (1 + 2¢)enloglogn)/?} <« exp(—(1 + &) loglogn),
where the constant implied by < depends on the sequence (Xx),a and e.

Proof. Clearly, multiplying the terms of T}, ,, by ¢ 1/2,(3.2), (1.3), and the conclu-
sion of Lemma 3.1 will be satisfied with ¢ = 1, and thus without loss of generality
we can assume that ¢ = 1. Let

Gmn(t) =P{|Tpn| > (tnloglogn)'/?}, >0
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and
Zmn = |Tmn|?/(nloglogn). (3.3)

Using Stirling’s formula, we get from (3.2) for m > 0, n > ng, and 1 < p < 3loglogn
that

Vvp(p/e)f(loglogn)™? < EZE, |, < /p(p/e)?(loglogn)?. (3.4)

Here and in what follows, the constants implied by <, > depend (at most) on
(Xg),« and €. Thus by the Markov inequality

Gmn(t) =P(Zyn >t) <t PEZE < t7P,/p(p/e)’(loglogn)~P.
If t > 3, we choose p = [eloglogn] to get
Gn(t) < t7P(loglogn)t/? « t~2lslosn = 4 > 3 (3.5)

For 0 < t < 3 we choose p = [tloglogn| to get

Gmn(t) < (loglog n)'/? exp(—tloglogn) 0<t<3, (3.6)
and choosing t = 1 4 2¢, Lemma 3.1 is proved. ]
Lemma 3.2. We have for any 0 < e < 1,

P{|Tpn.n| > (1 — €)enloglogn)'/?} > exp(—(1 — £2/8) loglog n).

Proof. As before, we can assume that ¢ = 1. We set

Di={1-e<Zpn,<1}, Do={0<Zy,, <1—¢}, D3={1<Zp, <3},
D4 = {me > 3},

where Z,, , is defined by (3.3). Then by (3.4) we have for m > 0, n > ng, and
1 <p < 3loglogn,

Gmn(l—¢e)=P(Zyp,>1—¢)>P(Dq) > / Zh n dP

D,
> A/p(p/e)P(loglogn)™ — (I + Is + 1) (3.7)

where A is a constant and

@:/)ﬁmw, k=23,4.
D.

We choose p = [(1 — £/2)loglogn] and estimate I3, I3 and Iy from above. First we
get, using G (t) = P(Zmyn > t) and (3.6),

1—¢
bép/‘ P G () dt
0
l1—¢
< p(loglog n)1/2/ tP~L exp(—tloglogn)dt
0

(1—¢) loglogn
= p(loglog n)_(p_l/z)/ uP~ e du.
0

12



Since uP~'e™* reaches its maximum at u = p — 1, which exceeds the upper limit of
the last integral by the choice of p, we get

I, < p(loglog n)1/2(1 _ 6)pe—(l—a) loglogn
< (loglogn)®/? - (1 — g)I=e/2loglogn (150 ) =(1-¢)
= (loglogn)** (logn) 7,
where
vy=1-e—(1-¢/2)log(1l —e¢).
Similarly as above, we get

3loglogn
I3 < p(loglog n)(pl/Q)/ uP~ e du.
loglogn

Now the maximum of the integrand is reached at a point which is smaller than the
lower limit of the integral, and we get

I3 < (loglogn)®/? (logn)™".
Finally, to estimate Iy we proceed as with I5, but instead of (3.6) we use (3.5) to
get
o0 o0
1 < p/ tp_lem(t)dt < p/ (p—14—2loglogn 1
3 3

< (loglogn)e™ 818" — (loglogn)(logn)~!.

Now using p = [(1 — £/2)loglogn] we see that the first term in the second line of
(3.7) is

/

—p
> > (logn)™7,

AVBo/e oglogn) > /e (123

where

v =(1—-¢/2)— (1 —¢/2)log(l —e/2).
For 0 < e < 1 we have 7/ < v and 7/ < 1 — £2/8. Indeed, after some simplification
the inequality 7/ < 7 is equivalent to

£/2 g/2
tog (1_ 1—5/2> S Tioe2

which follows from the general inequality log(1 — z) < —z, valid for any 0 < z < 1.
To see 7/ < 1—¢2/8, since their values are equal at ¢ = 0, it will be enough to check
that their derivatives with respect to e satisfy

%log (1—-¢/2) < —¢/4

for all 0 < € < 1. This again follows from log(1 — z) < —x. This implies that all
of Iy, I3 and I are of smaller order of magnitude than the first term in the second
line of (3.7). Thus we get

Gm,n(l - 5) > (logn)*y > (logn)f(lfsz/g)’

and Lemma 3.2 is proved. O
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Lemma 3.3. Let F,, denote the o-algebra generated by S;,1 < j < ¢, and let
0 < e < 1. Then there exists a number qo(e) such that for any n > 1 and any
integer ¢ > qo(e) we have

P <|an| > ((1 = ¢)eq loglog ¢™) '/ |]:n,1> > exp(—(1 —£2/32)loglog ¢"), (3.8)

with the exception on a set in the probability space with measure < n~109,

Proof. Choosing again ¢ = 1, as we may, we first note that by (3.2) and the Markov
inequality we have, choosing p = [loglogn],

E ‘Zn_ 627ria5k‘2p
IP(T > B(nlogl 1/2>< k=1
Tal 2 Blnloglogn)' ™) < 5oy ogTog e
plnP pPnP 2 ~100
< = B P < P
< B?r(nloglogn)P — B2?P(np)P =

< e—lOOloglogn — (log n)—lOO

(3.9)

provided we choose the constant B large enough. Call a point w € © “good” or
“bad” according as the inequality
T, (w)| < B(g" ' loglog g™ 1)1/? (3.10)
holds or not. By (3.9) the set of bad w’s has total measure (probability) < n=109.
Consider now a good w € (). Letting S} = Z?Zl Xgn-14;, we have
‘ qniqn—l A
an _ ani1 + errzaSqn_1 Z 627”045:
k=1
-7 2miaS -1
=Typ-1+e W, (3.11)

where
Wn — § : 627rzaSk

k=1

is a shifted analogue of the sum Tyn_gn-1. Clearly Tjn-1 and ™S =1 are F_y

measurable, and thus the conditional probability in (3.8) at w can be evaluated
by using (3.11) and substituting the values of these variables at w. Since w is a
good point, for Tin-1 we have the estimate (3.10). Further, |2 Sn=1] = 1 and
observing that W,, is independent of F,,_1, we get

P (ITyn| = (1 - )" loglog ¢")'/% | For )
>P <\Wn\ > ((1—e)q" loglog ¢™)'/? + B(¢" ' loglog q"fl)l/Q\]—“n_l)
=P (|Wal = (1~ )q" loglog g™)"/? + B(q" " loglog ¢"~")"/?)
> P (IWal > (1 - /2)g" oglog g™)?)
> exp(—(1 — £2/32)loglog ¢")

provided g > go(g), where in the last step we used Lemma 3.2 for the exponential
sum W, belonging to the ii.d. sequence {X;, j = ¢" ' +1,¢" ! +2,...}. This
completes the proof of Lemma 3.3. O
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The following is Lévy’s conditional form of the Borel-Cantelli lemma; see e.g.
23, p. 124].

Lemma 3.4. Let Ay, As, ... be arbitrary events, let F1 C Fo C ... be o-algebras
such that A, is F, measurable, and assume Y - P(A,|F,—1) = +00 a.s. Then
with probability 1, infinitely many A,, occur.

We are now in a position to prove (1.3). We first observe that Lemma 3.1 and
the Borel-Cantelli lemma imply that

lim sup (c[6"] loglog[&”])_lﬂTwn] <1 as. (3.12)

n—oo

for any real # > 1. On the other hand, (3.2) and the Erd6s—Stechkin inequality (see
[15, Theorem A]) imply that

E T 128 < K Ppl(197F1] — [97])P
1§eg[ra@{13)f}_[9n]| on], el < KcPpl([0777] — [0™])

with some constant K > 0. Thus by the Markov inequality we get, choosing p ~
loglog[0™] ~ logn,

[ontL]—[om]
KePpl([6"+1] — [0"])P < KpP
A2ecp([0m+1] — [07])P (log log ([0 1] — [67]))P — A?P(logn)P
< K(2A7%)P < n™?

v {1<e< max [ Tignj o > A(c([0" ] — [0"]) log log([0+'] — [67])"/ 2}

<

provided A is large enough. Choosing 6 sufficiently close to 1, we have [§7T!]—[0"] <
£2[0™] for n > ng(e), and thus the previous probability bound and the Borel-Cantelli
lemma imply that
Tigny o] < ([0 loglog[0™)'/?  aus.
1§eg[gﬁ)1(]—[0n]‘ om0l < £([0"]loglog[0™]) "/ a.s
The last relation and (3.12) together imply the < inequality in (1.3). To prove the

> inequality, fix 0 < ¢ < 1 and let ¢ > ¢o(e) be an integer, where go(g) is the
threshold number in Lemma 3.3. Put

Ay = {ITp] = (1 - £)eg" loglog ¢")/*}

and let F, = o{S1,...,S4}. Then Lemma 3.3 shows that for any n > 1 the
inequality

P(Ap|Fp1) > exp(—(1 — £2/32) loglog ¢") (3.13)
holds with probability > 1 —Cn 1% for some constant C. By the (ordinary) Borel-
Cantelli lemma this implies that with probability 1 the inequality (3.13) holds for
sufficiently large n and thus > 2 P(A,|F,—1) = +oo a.s. Thus the inequality >
in (1.3) follows from Lemma 3.4, completing the proof of Theorem 1.1 in the case
when (3.1) holds.

Next we assume that

P(4a(X, — Xo) € Z) = 1, (3.14)
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and that exp(2miXj«) is non-degenerate. Recall that a sequence (§;) of C- or
R<-valued random variables is called ¢-mixing with mixing rate o(n) if

©(n) := sup sup |P(B|A) —P(B)| — 0
k Aefl}k,Be.Fk+7L,oo

as n — oo, where F,; denotes the o-algebra generated by the random variables
{&; 1 a < j < b}. We claim that (exp(27iSka)) is ¢-mixing with exponential rate
¢(n) = O(e=") for some positive constant .

We first note that (3.14) implies that there exists a constant a € R such that

P (2™ € {£e*™, £ie?™}) = 1. (3.15)
Without loss of generality we may assume that
P (2N = ¢2i4) > 0, (3.16)

Let &, = exp(2mi(Spa — ka)).
First, suppose that ' ‘
P (e™ X1 € {£ie*™}) > 0. (3.17)

Using (3.15), we get that &, € {£1,+i}. Since X1, Xo,... are i.i.d., the sequence
(&) is in fact a Markov chain with state space {£1,+i}. The assumption (3.17)
implies that it is possible to get from any state to any other state, i.e., that this
Markov chain is irreducible. From (3.16) we can see that P(§;,; = &) > 0. This
clearly implies that given any state, the greatest common divisor of the possible
number of steps to return to the same state is 1, i.e., that this Markov chain is
aperiodic. By a basic result for Markov chains (see e.g. Lemma 3 in [17, p. 209]),
(&) is geometrically ergodic and thus ¢-mixing with exponential rate. Replacing &,
by exp(27miSya) = e>™k2¢, . the finite state space property of (£,.) can be destroyed,
but the dependence properties of (§;) do not change, and thus exp(27iSia) is also
p-mixing with exponential rate.
Suppose now that

P (627TiX1a e {:I:i€27ria}) =0.
This, together with (3.15), shows that in fact
P(eQKinoc c {:|:€27ria}) - 1.

Therefore we now have &, € {£1}. Since X1, Xo,... are i.i.d., the sequence (&)
is again a Markov chain, this time with state space {£1}. Since exp(2miX;«) is
non-degenerate, we have

P (627r7lX10¢ — 627r7ia) > 0’ P (627riX1a — _627ria) > 07

ie., P(& 1 = &) > 0and P(§,, 1 = —&;) > 0. Hence the Markov chain (&) is also
irreducible and aperiodic and therefore -mixing with exponential rate. As before,
exp(2miSka) is also p-mixing with exponential rate.

We have thus proved that (exp(2miSka)) is ¢-mixing with exponential rate. We
are going to use the following law of the iterated logarithm for weakly dependent
random vectors.
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Lemma 3.5. Let £1,&9,... be a sequence of uniformly bounded random wvectors in
RY, d > 1, satisfying E&;, = 0 for all k > 1, and assume that the sequence (&) is
p-mixing with exponential rate. Assume that for some matriz 3 we have

1
lim —Cov(&,, 1+ ...+ &nin) =2 (3.18)

n—oo n

for any m > 0, uniformly in m, where Cov(§) denotes the covariance matriz of a
vector €. Then with probability 1 the set of accumulation points of

1 n
—1.2, ...
{(2n log log n)1/2 kzgk’ " }

=1

1s the unit ball K of the reproducing kernel Hilbert space defined by the matriz .

In particular, if 3 is diagonal with diagonal elements 032-, 1 <5 <d, then K is the
ellipsoid {(x1,...,xq) : Z?Zl sz./a? <1}.

Proof. Split N into consecutive blocks Iy, Jy, Is, Jo, ... such that the cardinality of
I, is [k'/?] and the cardinality of .J is [k'/4]. Put

U= &  Vi=) &

J€Ik Jj€Jx

Since the gap between Iy and Iy, is [k*/*] and (€,) is ¢-mixing with exponential
rate, by Theorem 2 of [5] there exist independent random vectors U}, k =1,2,.. .,
such that Uj has the same distribution as Uy and

P(|U, — Uf| > Ce My < ce ™ =12, ..
for some positive constants C, A\. Thus by the Borel-Cantelli lemma
Uy — Uil = 0(e ™) as. (3.19)

Since EUj, = 0 and U}, has the same distribution as Uy, we have EU; = 0. Put
Cov (Uy,) = Cov (Uj}) = Xj. Then by the assumption (3.18) we have

Yk ~k1/22, as k — oo

uniformly in all entries of ¥y, where ¥ is the limit matrix in (3.18). It follows then
that

1

Since |Ux| = O(Vk) and Uj has the same distribution as Uy, we have |U}| =
O(V'k), and thus applying Theorem 1 of Berning [7] with s, = n®/* it follows that
with probability 1 the set of accumulation points of

{(2713/2 loglogn)_l/QZUz, n > 1}

k=1

is the unit ball K of the reproducing kernel Hilbert space determined by the matrix
2. By (3.19) the same holds if U} is replaced with Uy. Repeating the argument for
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the short block sums Vy, V;, we get that with probability 1 the set of accumulation

points of
{(2n5/4 loglogn)_l/2 ZVZ, n > 1}
k=1

is K and thus
lim (2n3/ loglogn) —1/2 ZV* =0 a.s.

n—00
k=1

We thus see that almost surely the set of accumulation points of

{(2n3/2 log log n)~*/2 Z(UZ +V3), n> 1}
k=1

and its analogue for Uy 4+ V is K, proving Lemma 3.5 along the indices n = Ny,
where N = Y% ([%/2] + [j'/4]). By the uniform boundedness of the &, the

7j=1
maximal fluctuation of Z 1§ for Ny <n < Niyp is O(Npy1 — Ny) = O(kl/z),
and thus Lemma 3.5 holds for all indices n. O

Set
Y = cos(2mSka), Zi = sin(2nSia).

For any 1 < k < ¢ the random variables S; and S, — S are independent; hence
1 1
E cos(2m Sk cos(2mSpr) = §IE cos(2m(Sy — Si)a) + §E cos(2m(Sy + Sk))
1 2mi(Se—S 2mi(Se+S 1 2mi(Sy—S
— iRe E(e (Se k)a) +E(e (Se+ k)a)} — iRe[E(e (Se k)a)

+ E(627ri(Sz—Sk)a)E(e47riSka)] — %Re (90(271’04)[_]6 + @(27[_0[)8—16()0(47_‘_0{)16) 7

and thus
1
EY,Y, = §Re ( (2ma)~F + 90(27ra)€_k<p(47ra)k> .
Therefore
m4+n
( Z Yk> =Re Z (cp(QW@)E_k—|—<p(27ra)é_kcp(47ra)k>
k=m+1 m+1<k<l<m+n
m—4n
+ Re <n+ > p(4ra) ) (3.20)
k=m+1

and similarly

m+n
< Z Zk) =Re Z (@(27@)@_]“—g0(27ra)£_kg0(47ra)k)

k=m+1 m41<k<f<m+n
1 m-+n
k
+ §Re (n - Z p(4ra) > (3.21)
k=m-+1
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and

m—+n m+n
]E( Z Yk) ( Z Zk> =Im Z o(2ma) R p(dra)k

k=m-+1 k=m-+1 m+1<k<f<m-+n

1 m—+n
+ 5Im ( > ¢(4m)’f) : (3.22)
k=m+1
Now we prove (i). Assume that exp(27iX;«) is non-degenerate, that P (2X;a € Z)
< 1, and that (3.14) holds. The first two conditions imply that |p(27a)| < 1 and
that p(4ma) # 1. We claim that

Z o(2ma) " Fp(4ra)* = O(1) uniformly in m. (3.23)
m+1<k<l<m+n

Indeed, if p(4ra) # p(27wa), then by fixing the index k first, we get that the sum

in (3.23) is
m+n—k __ 1

2
S pdra)pna) 2T
m1<k<mdn p(2ma) —1

Here we have a partial sum of two geometric series with quotients p(4mra) # 1 and

p(2ma)
p(dma)

= 1; therefore it is easy to see that

Z ©(2ma) Fpo(4ra)® = O(1) uniformly in m.

m+1<k<l<m+n
If, on the other hand, p(47ra) = ¢(27«), then the sum in (3.23) is
n—1
Z (0 —m —1Dp@2ra)’ = p(2ra)™? Z ro(2ma) L.
m+1<l<m+n r=1

Here |¢(27a)|™*2 < 1, and the sum is also O(1), because it is a partial sum of a
convergent series. Since we clearly also have
m+n
Z p(4ma)® = O(1) uniformly in m,
k=m+1
formulas (3.20)—(3.22) simplify to

m-+n 2 m—+n 2
E < > Yk> =E ( > Zk> = Re > o(2ma)F ¢ g +0(1),

k=m+1 k=m+1 m+1<k<f<m+n
m+n m+n
E ( > Yk> ( > Zk> =0(1),
k=m+1 k=m+1
both uniformly in m. Here we have
n—1
S pera)t = 3 (n - r)p(2ra)
m+1<k<l<m+n r=1
n—1
=n Z v(2ra)" + O(1)
r=1
2
= n% + O(1) uniformly in m;
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therefore

m+n m-+n @(27’[’&)
Jim B ( 2 Yk) = Jim ( 2 Zk) “2 PR e
k=m-+1 k=m+1
1 — |p(27a)?

T 21— p(27a)2
and
1 m—+n m—+n
lim nE( Z Yk) ( Z Zk> =0 (3.25)
k=m+1 k=m+1

uniformly in m.

Now let V' =Y, — EY}, Z; = Z, — EZ;,. Clearly EY, = Re o(2ma)k, EZ, =
Im ¢(27a)*, and since |p(27a)| < 1, there exists a 0 < p < 1 such that |EY;| < p,
IEZi| < p*. From this it follows that (3.24) and (3.25) remain valid if we replace
Y. and Z;, by Y;" and Z}, respectively; and thus letting

&= Ya, Zi), &= Yy, Z;)

it follows that the sequence (£},) satisfies the assumptions of Lemma 3.5 in dimension
d = 2 with a diagonal matrix . Thus by Lemma 3.5 the set of accumulation points

of
1 n
X =1,2,...
{(2n10g10gn)1/2§£k’ e }

is, with probability 1, the circle around the origin with radius

1 — |p(2ma)|?
V2|1 = p(2ma)|
By the exponential decrease of E|£,|, the same holds if &}, is replaced by &, and
thus (1.3) is proved.

Finally, we prove (ii). Assume that exp(2miX;«) is non-degenerate and that
P(2X1a € Z) = 1. Note that the latter condition in fact implies (3.14). In this case

Zy =sin(2rSpa) =0 a.s.,

which means that exp(27iSya) = Y, € R. We also have p(4ma) = 1. Thus (3.20)
simplifies to

m-+n
< Z Yk) = 2Re Z p(2ra)F 4 n.

k=m-+1 m+1<k<f<m+n

As before, we have

n—1 n—1
Z o(2ma)tF = Z(n —r)e2ra)" =n Z e(2ma)” 4+ O(1)
m+1<k<f<m+n r=1 r=1
= nM + O(1) uniformly in m;
1 — p(2ma) ’
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therefore

2
1 iy 1 — |p(2ma)|?
lim —=E Y; =T 3.26
e < 2 ’“) 1= p(2na) (3.26)
k=m+1

uniformly in m.

Now let V¥ = Y — EY). Clearly EY; = Rep(2ra)*, and since |p(27a)| < 1,
there exists a 0 < p < 1 such that |[EY;| < p*. From this it follows that (3.26)
remains valid if we replace Yj by Y}*, and thus it follows that the sequence (Y;*)
satisfies the assumptions of Lemma 3.5 in dimension d = 1. Thus by Lemma 3.5
the set of accumulation points of

1 n
Yy =1,2...
{(2nloglogn)1/2; LA }

is, with probability 1, the closed interval centered at zero with radius

1 — |p(2ma)|?
[1—p(27a)|

By the exponential decrease of E|Y}|, the same holds if Y} is replaced by Y} and
thus (1.4) is proved.

O]

In conclusion we prove, using a standard argument in uniform distribution theory
(see e.g. [14, p. 124-125]), the remark made at the end of the Introduction concerning
the discrepancy of {Sipa}. Assume that X; is integer valued, that it has mean zero
and finite variance, and that (1.7) holds for infinitely many rationals p/q with some
C > 0, v > 2. Take such a rational p/q, fix ¢ > 0, and set N = [¢%], where 3 =
(y=1)/(1/2+€). By the law of the iterated logarithm we have |S,,| = O(n(1t4)/2) a.s.
Pick a point w in the probability space for which this holds. Then a = p/q+ C8/q”
with |#| < 1, and thus for 1 <n < N we have S,a = S,p/q + 0, with

‘9n| S C/N(1+€)/2q—’y < Clqﬁ(1+€)/2—’y — Clq—1—5
where 6 =y —1— 3(1+¢)/2 > 0. Since S, is an integer, none of the numbers
{S1a},{S2a},...,{Sna} (3.27)

lie in the interval [C’qilf‘s, 1/q— C’q*1*5], and thus the discrepancy of the sequence
(3.27) is > 1/(2q). Since the choice of N implies that ¢ < (2N)Y#, if follows
that, given any € > 0, the discrepancy of the sequence (3.27) exceeds C" N —1/8 —
C"N~(1/2+e)/(v=1) Since e can be chosen to be arbitrarily small, our claim is proved.
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