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Theorem: (for a proof see Nelsen 1999)
Forany d € IN, d > 3, and any u € [0, 1]9, there exists a copula Ca.u
such that Cy ,(u) = Wy(u).

Remark 1: The Fréchet upper bound My is a copula for any d € IN,
d>2.
The fulfillment of the three copula axioms is simple to check.

Remark 2: M and W are copulas.

Hint: Let X be a r.v. eine with d.f. Fx, let T be a strictly monotone
increasing function, and let S be a strictly monotone decreasing function.
Consider the r.v. Y := T(X) and Z := §(X).

Then M is the copula of (X, T(X))T and W is the copula of (X, S(X))".
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[ is monotone increasing and the other one is monotone decreasing.

If C is the copula of (X1, X2) and the marginal d.f. F; and Fy of (X1, X2)
are continuous, then the following hold:

C = W iff X, 2 T(X;) with T = Ff o (1 — F;) monotone decreasing,

C = M iff X; = T(X1) with T = F5~ o F1 monotone increasing.
Proof: In McNeil et al., 2005.
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Example: Let X;, X> be two random variables with

X1 ~ Lognormal(0,1), Xo ~ Lognormal(0,0?), o > 0. Determine Sie
pL,min(le X2) und pL,max(Xh X2)

Hint: Observe that X; < exp(Z) and Xz g exp(cZ) g exp(—oZ).
Moreover e, e°Z are co-monotone and eZ,e~?Z are anti-monotone.
Example: Determine two random vectors (Xl,Xg)T and (Y1, YQ)T with
different c.d.f.s such that Fg_, y (a) # Fy v, () holds while

X17X2, Yl, Y2 ~ N(O7 1) and p[_(Xl,Xg) = 0, ,()[_(Yl7 Yg) = 0 also hold.

If (X1,X2)7, (Y1, Y2)7 represent the asset returns of two different
portfolios consisting of two assets each, then we have two portfolios with
the same marginal distributions of their assets and the same linear
correlation coefficient, respectively, but having different value at risk.

Conclusion: The marginal distributions of the assets in a portfolio and
the linear correlation between the assets do not determine the loss
distribution, in particular, they do not determine the risk measure of the
portfolio.
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Let (x,y)" and (%, 7)7 be two samples of a random vector (X, Y)T.
(x,y)T und (%,7)7 are called concordant if (x — X)(y — ¥) > 0 and
discordant if (x — X)(y — y) < 0.

Definition: Let (X1, X2)" be a random vector with continuous marginal
distributions. The Kendall's Tau of (X1, X3)7 is defined as

pr (X1, X2) = P((X1 = X{) (X2 — X3) > 0) — P((X1 — X{)(X2 — X;) <0),
where (X{, X3)T is an independent copy of (X1, X2) .

Equivalently: p- (X1, X2) = E(sign[(X1 — X{)(X2 — X3)]). In the
d-dimensional case X € R?: p,(X) = cov(sign(X — X)), where

X’ € RP is an independent copy of X € RY.

The sample Kendall's Tau:

Let {(x1,y1)7, (x2,%2)7, ..., (xn, ¥n) "} be a sample of size n of the
random vector (X, Y)T with continuous marginal distributions. Let c be
the number concordant pairs in the sample and let d be the number of
discordant pairs. Then the sample Kendall's Tau is given as

c—das. c—d

X Y) =g = n(n—1)/2
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Definition: Let (X1, X2)7 be a random vector with continuous marginal
distributions. The Spearman’s Rho of (X1, X2)" is defined as:

ps (X1, Xo) = 3(P((X = X1) (X2 = X3') > 0) —P((X1 = X{) (X = X3') < 0)),

where (X{, X5)T, (X{', X5")T are i.i.d. copies of (X1, X2)".

Equivalent definition (without a proof):

Let F; und F, be the continuous marginal distributions of (X1, X2)".
Then ps(X1, X2) = pr(F1(X1), F2(X2)) holds, i.e. the Spearman’s Rho is
the linear correlation of the unique copula of (X1, X2)7.

In the d-dimensional case X € IRY:

ps(X) = p(F1(X1), F2(X2), . .., F4(Xq)) is the correlation matrix of the
unique copula of X, where F,F»,...,Fy are the continuous marginal
distributions of X.
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Properties of p, and ps.
Theorem: Let (X1, X2)” be a random vector with continuous marginal

distributions and unique copula C. The following equalities hold:
pr (X1, X2) = 4f01 fol Clur, p)dC(uy, p) — 1

PS(Xl,X2 = 12 fol fol Ul, U2) — U1U2)dU1dU2 =
12 fo fo (u1, tp)durduy — 3

> p, and ps are symmetric and take their values on [—1,1].

> If X1, Xz are independent, then p, (X1, X2) = ps(X1, X2) = 0.
In general the converse does not hold.

> X, X are co-monotone iff p (X1, X2) = ps(X1, X2) = 1.
X1, X5. X1, X5 are anti-monotone iff p-,—(Xl, X2) = ps(Xl,XQ) = —

> Let F1, F> be the continuous marginal distributions of (X1, X)"
and let Ty, T, be strictly monotone functions on [—o0, 00]. Then
the following equalities hold p, (X1, X2) = p-(T1(X1), T2(X2)) and
ps(X1, X2) = ps(T1(X1), T2(X2)).

(See Embrechts et al., 2002).
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Tail dependence coefficients

Definition: Let (X1, X2) be a random vector with marginal
distributions F; und F>.

The coefficent A\y(X1, X2) of the upper tail dependency of (X1, X2)7T is
defined as Ay (X1, X2) = lim, ;- P(Xo > F5 (u)| X1 > F{ (u)), provided
that the limit exists.

The coefficent AL (X1, X2) of the lower tail dependency of (X1, X2)" is
defined as A (X1, X2) = limy0+ P(Xo < F5 ()| X1 < FF (u)) provided
that the limit exists.

If the limit exists and Ay > 0 (A, > 0) we say that (X1, X2)7 have an
upper (a lower) tail dependence.



Tail dependency and survival copulas



Tail dependency and survival copulas
Definition: Let the copula C be the c.d.f. of a random vector
(U, Ua, ..., Ug) with U; ~ U[0,1], i =1,2,...,d. The c.d.f. of

(1 - U,1-0,,...,1— Uq) is called survival copula of C and is denoted
by C.



Tail dependency and survival copulas

Definition: Let the copula C be the c.d.f. of a random vector

(U, Ua, ..., Ug) with U; ~ U[0,1], i =1,2,...,d. The c.d.f. of
(1=U1,1=U,,...,1 = Uy) is called survival copula of C and is denoted
by C.

Lemma: Let X be a random vector with multivariate tail distribution
function F (I:_(xl,xQ7 oy Xd) 1= Prob(X1 > x1, X2 > x2, ..., Xd > x4))
and marginal distributions Fj, i = 1,2,...,d. Let F; :==1— F;,
i=1,2,...,d. Then the following holds

F(Xl,XQ7 e ,Xd) = 6(’31(X1), /:_Q(XQ), ey Fd(Xd).



Tail dependency and survival copulas

Definition: Let the copula C be the c.d.f. of a random vector

(U, Ua, ..., Ug) with U; ~ U[0,1], i =1,2,...,d. The c.d.f. of
(1=U1,1=U,,...,1 = Uy) is called survival copula of C and is denoted
by C.

Lemma: Let X be a random vector with multivariate tail distribution
function F (I:_(xl,xQ7 oy Xd) 1= Prob(X1 > x1, X2 > x2, ..., Xd > x4))
and marginal distributions Fj, i = 1,2,...,d. Let F; :==1— F;,
i=1,2,...,d. Then the following holds

F(Xl,XQ7 e ,Xd) = 6(’31(X1), /:_Q(XQ), ey ﬁd(Xd).

Lemma: For any copula C and its survival copula C the following holds

A

C(l —u,1— U2) =1—wun —wm+ C(Ul,UQ).



Tail dependency and survival copulas

Definition: Let the copula C be the c.d.f. of a random vector

(U, Ua, ..., Ug) with U; ~ U[0,1], i =1,2,...,d. The c.d.f. of
(1=U1,1=U,,...,1 = Uy) is called survival copula of C and is denoted
by C.

Lemma: Let X be a random vector with multivariate tail distribution
function F (I:_(xl,xQ7 oy Xd) 1= Prob(X1 > x1, X2 > x2, ..., Xd > x4))
and marginal distributions Fj, i = 1,2,...,d. Let F; :==1— F;,
i=1,2,...,d. Then the following holds

F(Xl,XQ7 e ,Xd) = 6(’31(X1), /:_Q(XQ), ey ﬁd(Xd).

Lemma: For any copula C and its survival copula C the following holds
é(l —u,1— U2) =1—wun —wm+ C(Ul, UQ).

Theorem: Let (X1, X2)” be a random vector with continuous marginal
distributions and a unique copula C. The following equalities hold
Au(Xi, Xo) = lim, ;- Z2EC) ang A (X, Xo) = limy,yor S22
provided that the limits exist.




Examples of copulas:



Examples of copulas:
The Gumbel family of copulas:

CeGu(ul, Up) = exp (— (= Inu)? + (—1In U2)0]1/0) ,0>1

We have \y =2 — 219 X, =0.



Examples of copulas:
The Gumbel family of copulas:

CeGu(ul, uy) = exp (— (= Inu)? + (—1In u2)9]1/0) ,0>1
We have Ay =2 —21/9 ) =0.
The Clayton family of copulas:
C9C|(u17 w) = (v’ +u? 1)V 9>0

We have \y =0, \, = 271/¢,



