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Let (2, F, P) be a probability space with a sample space Q, a o-algebra
of events F and a probability measure P.

Let LO(Q, F, P) be the set of almost surely finite random variables in
(Q,F). Let M C L and p: M — IR a risk measure in M.

Definition: A risk measure p in M is called coherent iff it has the
following properties

(C1) Invariance with respect to translation:
p(X+r)=p(X)+r, ¥VreR and VX € M.
(C2) Subadditivity:
VX1, Xa € M it holds p(X1 + X2) < p(X1) + p(X2).
(C3) Positive homogeneity:
p(AX) = Ap(X), VA >0, VX € M.
(C4) Monotonicity:
VX1, Xz € M the implication X; < X = p(X1) < p(X2) holds.
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Convex risk measures
Consider the property:

(C5) Convexity:

VX1, X € M, YA € [0,1]

p(AX1 + (1 — \)X2) < Ap(X1) + (1 — A)p(Xz) holds.
(C5) is weaker than (C2) and (C3), i.e. (C2) and (C3) together imply
(C5), but not vice versa.

Definition: A risk measure p in M with the properties (C1),(C4) and
(C5) is called convex in M.

Observation: VaR is not coherent in general.

Let the probability measure P be defined by some continuous or discrete
probabilty distribution F.

VaR,(F) = F* («) has the properties (C1), (C3) and (C4), whereas the
subadditivity (C2) is not fulfilled in general.
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Coherent risk measure (contd.)

Example: Let the probability measure P be defined by the binomial
distribution B(p, n) for n € IN, p € (0,1). We show that VaR.(B(p, n))
is not subadditive.

Consider a portfolio consisting of 100 bonds, which default independently
with probability p. Observe that the VaR of the portfolio loss is larger
than 100 times the VaR of the loss of a single bond.

Theorem: Let (Q, F, P) be a probability space and M C LO(Q, F, P)

be the set of the random variables with a continuous distribution in
(Q,F,P). CVaR, is a coherent risk measure in M, Va € (0,1).

Sketch of the proof:
(C1),(C3), (C4) follow from CVaR,(F) = X fi Var,(F)dp.

To show (C2) observe that for a sequence of i.i.d. r.v. Ly, Ly, ..., L, with
order statistics Ly, > Ly, > ... > Ly, and forany m € {1,2,...,n}

m

> Lim=sup{li+Ly,+...4+Lj,: 1< i <...<in<n} holds.
i=1
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The mean-risk portfolio optimization model

Consider a portfolio of d risky assets and the random vector

X = (X1, Xa,...,Xq)7 of their returns. Let E(X) = p.

Let P be the family of all portfolios consisting of the above d assets
Any (long-short) portfolio in P is uniquelly determined by its weight
vector w = (w;) € R with 3°,_,s [wi| = 1. w; > 0 (w; < 0) represents a
long (short) investment.

The return of portfolio w is the r.v. Z(w) = Eszl w;X;. The expected
portfolio return is E(Z(w)) = w' .

Let Pp, be the family of portfolios in P with E(Z(w)) = m, for some
melR, m>0.

Pmi={w=(w) € le,Z:-j:l wi| =1, wTp = m}

For a risk measure p the mean-p portfolio optimization model is:

min p(Z(w)) (1)
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The mean-risk portfolio optimization model (contd.)
If p equals the portfolio variance we get minycp,, var(Z(w))
With ¥ := Cov(X) and nonnegative weights w; > 0, i € 1, d, (long-only

portfolio) we get the Markovitz portfolio optimization model
(Markowitz 1952):

min wTZw
s.t.
wip=m
27:1W;:1 W,'ZO,I'E].,—C/
If p= VaR,, a € (0,1) we get the mean-VaR pf. optimization model
in VaR.(Z .
min VaRa(Z(w))

Question: What is the relationship between these three portfolio
optimization models?
Answer: In general the three models yield different optimal portfolios!
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Theorem: (Embrechts et al., 2002)
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Mean-risk portfolio optimization in the case of
elliptically distributed asset returns

Theorem: (Embrechts et al., 2002)

Let M be the set of returns of the portfolii in

P={w=(w)e€ ]Rd,2721 |w;| = 1}. Let the asset returns

X = (X1, Xa, ..., Xq) be elliptically distributed,

X = (X1, X2, ..., Xq) ~ Eq(p, X,0) for some € RY, ¥ € R*? and
1: IR — IR. Then VaR, ist coherent in M, for any o € (0.5,1).

Theorem: (Embrechts et al., 2002)

Let X = (X1, X2, ..., Xy) =+ AY be elliptically distributed with
pelRY AeRYF and a spherically distributed vector Y ~ Si(1)).
Assume that 0 < E(X?2) < oo holds Vk. If the risk measure p has the
properties (C1) and (C3) and p(Y1) > 0 for the first component Y; of Y,
then

argmin{p(Z(w)): w € Pp,} = argmin{var(Z(w)): w € Pp}
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Equivalently, a copula C is a function C: [0,1]¢ — [0,1], with the
following properties:

1. C(u1, uy,...,uq) is mon. increasing in each variable u;, 1 </ < d.
2. C(1,1,...,1, ug,1,...,1) = uy forany k € {1,...,d} and
Yu, € [0, 1].

3. The rectangle inequality holds ¥(ay, a2, . . ., a4) € [0,1]7,
(b, by, ..., by) € [0, 1] with ax < by, Vk € {1,2,...,d}:
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Copulas: Definition and basic properties

Definition: A d-dimensional copula is a distribution function on [0, 1]¢
with uniform marginal distributions on [0, 1].

Equivalently, a copula C is a function C: [0,1]¢ — [0,1], with the
following properties:

1. C(u1, uy,...,uq) is mon. increasing in each variable u;, 1 </ < d.
2. C(1,1,...,1, ug,1,...,1) = uy forany k € {1,...,d} and
Yu, € [0, 1].

3. The rectangle inequality holds ¥(ay, a2, . . ., a4) € [0,1]7,
(b, by, ..., by) € [0, 1] with ax < by, Vk € {1,2,...,d}:

2 2
kitko+...+k
E E (—1)1 2 dC(u1k17u2k25"'7udkd)ZO?
k=1 kqg=1

where uj; = aj and uj = b;.

Remark: The k-dimensional marginal distributions of a d-dimensional
copula are k-dimensional copulas, for all 2 < k < d.
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1.

h*" is a monotone increasing left continuous function.

. his continuous <= h* s strictly monotone increasing.
. h is strictly monotone increasing <= h is continuous.

2
3
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5
6
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Lemma: Let h: R — IR be a monotone increasing function with
h(IR) = R and h* : R — IR be the generalized inverse function of h.
Then the following statements hold:

1. h* is a monotone increasing left continuous function.
2. his continuous <= h* s strictly monotone increasing.
3. h is strictly monotone increasing <= h* is continuous.
4. h* (h(x)) < x

5. h(h(y)) > y

6. h is strictly monotone increasing = h* (h(x)) = x.

7

. his continuous = h(h* (y)) = y.

Lemma: Let X be a r.v. with continuous distribution function F. Then
P(F<(F(x) =x) =1, ie. F7(F(X)) 2 X
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Copulas: existence and uniqueness
Theorem: Let G be a d.f. in IR. The following statements holds
1. Quantile transformation:
If U~ U(0,1), then P(G*(U) < x) = G(x).
2. Probability transformation: Let Y be a r.v. with continuous d.f. G.
Then G(Y) ~ U(0,1).

Theorem: (Sklar, 1959)
Let F: RY — [0,1] a c.d.f. with marginal d_.f. Fi,... Fq. There exists a
copula C, such that for all x;,xz,...,xg € IR = [—00, 00| the equality

F(Xl,XQ7 .o 7Xd) = C(Fl(Xl), FQ(XQ)7 ey Fd(Xd)) holds.

If F1,...,Fq are continuous, then C is unique.
Vice-versa, if C is a copula and Fi,...,Fy are d.f., then the function F
defined by the equality above is a joint d.f. with marginal d.f. F1,...,Fq4.

C as above is called the copula of F. For a random vector X € IRY with
c.d.f. F we say that C is the copula of X.
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Copulas: invariance property
Corollary: Let F be a c.d.f. with continuous marginal d.f. F1,...,F4. The
unique copula C of F is given as :

C(ul, u,..., ud) = F(Ff(ul), F;(UQ), vy Fj(ud))
Theorem: (Copula invariance w.r.t. strictly monotone transformations)

Let X = (X1, X2, ..., Xd)T be a random vector with continuous marginal
d.f. Fi,Fy, ..., F4 and copula C. Let T1,T>,..., T4 be strictly monotone
increasing functions in IR. Then C is also the copula of

(T1(X1), T2(X2), ..., Ta(Xa))T.

Example: Let X = (Xq,...,Xg) ~ Ng(0,X) with ¥ = R being the
correlation matrix of X. Let ¢r and ¢ be the c.d.f of X and Xi, resp..
The copula of X is called a Gaussian copula and is denoted by Cga:

Cl-%;a(ulau%" ) ¢R(¢ (ul) ¢_1(u2)7"'7¢_1(ud))'

C&? is the copula of any non-degenerate normal distribution Ng(p, ¥)
with correlation matrix R.

Ford=2and p=Rpp € (—1 1) we have :

(1) —(xf — 2px1x2 + x3) }
(ur, u = ex dxy dx;
1 t2) / / 2my/1— 2 p{ 2(1-p?) e
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Theorem: (Fréchet bounds)
The following inequalities hold for any d-dimensional copula C and any
(u1, 2, ..., uq) €[0,1]9, where d € IN:

d
max{Zuk —d+ 1,0} < C(uy, Uz, ... ug) <min{uy, uz, ..., uq}.

k=1
Notation: Lower bound =: Wy, upper bound =: My, for d > 2.
For d = 2 we write M := My, W := W,.

Remark: Analogous inequalities hold for any general c.d.f. F with
marginal d.f. F;, 1 <i<d:

max {Z Fi(xe) — d + 1,0} < F(x1, %0, -+ -5 %) < min{Fi(x1), Fa(x2), - - ., Fa(xd)}-

Exercise: The Fréchet lower bound Wy is not a copula for d > 3.

Hint: Check that the rectangle inequality

2 2 .
S p i gy g g (LR R W (U g, Uak,) > O with
ujp = aj and ujp = bj for j € {1,2,...,d}, is not fulfilled for d > 3 and
ai=% b=1, fori:1,2,...,d.
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Theorem: (for a proof see Nelsen 1999)
Forany d € IN, d > 3, and any u € [0, 1]9, there exists a copula Ca.u
such that Cy ,(u) = Wy(u).

Remark 1: The Fréchet upper bound My is a copula for any d € IN,
d>2.
The fulfillment of the three copula axioms is simple to check.

Remark 2: M and W are copulas.

Hint: Let X be a r.v. eine with d.f. Fx, let T be a strictly monotone
increasing function, and let S be a strictly monotone decreasing function.
Consider the r.v. Y := T(X) and Z := §(X).

Then M is the copula of (X, T(X))T and W is the copula of (X, S(X))".
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Definition: Xj and X5 are called co-monotone if M is a copula of
(X1,X2)T. X1 snd X, are called anti-monotone if W is a copula of
(X1, X2)7T.

Theorem: Assume that W or M is a copula of (X1, X2)7. Then there
exist two monotone functions «, 5: IR — IR and a r.v. Z, such that

(X1, %) £ (a(2), 8(2)).

If M is the copula of (X1, X2)", then both a and 3 are monotone
increasing, if W is the copula of (X1, X2)", then one of the functions «,
[ is monotone increasing and the other one is monotone decreasing.

If C is the copula of (X1, X2) and the marginal d.f. F; and Fy of (X1, X2)
are continuous, then the following hold:

C = W iff X, 2 T(X;) with T = Ff o (1 — F;) monotone decreasing,

C = M iff X; = T(X1) with T = F5~ o F1 monotone increasing.
Proof: In McNeil et al., 2005.
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2. The minimal linear correlation p; mi, is reached iff X; and X; are
anti-monotone. The maximal linear correlation p; max is reached iff
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Lemma: (The Hoffding equality)
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Theorem: Let (X1, X2)” be a random vector with marginal d.f. F;, F
and some unknown copula. Let var(X1), var(Xz) € (0, 00) hold. Then
the following statements hold:

1. The possible values of the linear correlation coefficient of X; and X5
build a closed interval [pr min; PL max] With O € [pL mini PL max]-

2. The minimal linear correlation p; mi, is reached iff X; and X; are
anti-monotone. The maximal linear correlation p; max is reached iff
X1 and X5 are co-monotone.

The proof uses the equality of Hoffding:

Lemma: (The Hoffding equality)

Let (X1, X2)" be a random vector with c.d.f. F and marginal d.f. Fi, F,.
If cov(Xi, X2) < oo then the following equality holds:

cov Xl, X2 / / X1, X2 F1(X1)F2(X2))dX1 dX2 .

Proof in McNeil et al., 2005.
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the same marginal distributions of their assets and the same linear
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Example: Let X;, X> be two random variables with

X1 ~ Lognormal(0,1), Xo ~ Lognormal(0,0?), o > 0. Determine Sie
pL,min(le X2) und pL,max(Xh X2)

Hint: Observe that X; < exp(Z) and Xz g exp(cZ) g exp(—oZ).
Moreover e, e°Z are co-monotone and eZ,e~?Z are anti-monotone.
Example: Determine two random vectors (Xl,Xg)T and (Y1, YQ)T with
different c.d.f.s such that Fg_, y (a) # Fy v, () holds while

X17X2, Yl, Y2 ~ N(O7 1) and p[_(Xl,Xg) = 0, ,()[_(Yl7 Yg) = 0 also hold.

If (X1,X2)7, (Y1, Y2)7 represent the asset returns of two different
portfolios consisting of two assets each, then we have two portfolios with
the same marginal distributions of their assets and the same linear
correlation coefficient, respectively, but having different value at risk.

Conclusion: The marginal distributions of the assets in a portfolio and
the linear correlation between the assets do not determine the loss
distribution, in particular, they do not determine the risk measure of the
portfolio.
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The rang correlation Kendall’s Tau

Let (x,y)" and (%, 7)7 be two samples of a random vector (X, Y)T.
(x,y)T und (%,7)7 are called concordant if (x — X)(y — ¥) > 0 and
discordant if (x — X)(y — y) < 0.

Definition: Let (X1, X2)" be a random vector with continuous marginal
distributions. The Kendall's Tau of (X1, X3)7 is defined as

pr (X1, X2) = P((X1 = X{) (X2 — X3) > 0) — P((X1 — X{)(X2 — X;) <0),
where (X{, X3)T is an independent copy of (X1, X2) .

Equivalently: p- (X1, X2) = E(sign[(X1 — X{)(X2 — X3)]). In the
d-dimensional case X € R?: p,(X) = cov(sign(X — X)), where

X’ € RP is an independent copy of X € RY.

The sample Kendall's Tau:

Let {(x1,y1)7, (x2,%2)7, ..., (xn, ¥n) "} be a sample of size n of the
random vector (X, Y)T with continuous marginal distributions. Let c be
the number concordant pairs in the sample and let d be the number of
discordant pairs. Then the sample Kendall's Tau is given as

c—das. c—d

X Y) =g = n(n—1)/2
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The rang correlation Spearman’s Rho

Definition: Let (X1, X2)7 be a random vector with continuous marginal
distributions. The Spearman’s Rho of (X1, X2)" is defined as:

ps (X1, Xo) = 3(P((X = X1) (X2 = X3') > 0) —P((X1 = X{) (X = X3') < 0)),

where (X{, X5)T, (X{', X5")T are i.i.d. copies of (X1, X2)".

Equivalent definition (without a proof):

Let F; und F, be the continuous marginal distributions of (X1, X2)".
Then ps(X1, X2) = pr(F1(X1), F2(X2)) holds, i.e. the Spearman’s Rho is
the linear correlation of the unique copula of (X1, X2)7.

In the d-dimensional case X € IRY:

ps(X) = p(F1(X1), F2(X2), . .., F4(Xq)) is the correlation matrix of the
unique copula of X, where F,F»,...,Fy are the continuous marginal
distributions of X.
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Properties of p, and ps.
Theorem: Let (X1, X2)” be a random vector with continuous marginal

distributions and unique copula C. The following equalities hold:
pr (X1, X2) = 4f01 fol Clur, p)dC(uy, p) — 1

PS(Xl,X2 = 12 fol fol Ul, U2) — U1U2)dU1dU2 =
12 fo fo (u1, tp)durduy — 3

> p, and ps are symmetric and take their values on [—1,1].

> If X1, Xz are independent, then p, (X1, X2) = ps(X1, X2) = 0.
In general the converse does not hold.

> X, X are co-monotone iff p (X1, X2) = ps(X1, X2) = 1.
X1, X5. X1, X5 are anti-monotone iff p-,—(Xl, X2) = ps(Xl,XQ) = —

> Let F1, F> be the continuous marginal distributions of (X1, X)"
and let Ty, T, be strictly monotone functions on [—o0, 00]. Then
the following equalities hold p, (X1, X2) = p-(T1(X1), T2(X2)) and
ps(X1, X2) = ps(T1(X1), T2(X2)).

(See Embrechts et al., 2002).



