


In*v-'{fvel-/, a Ho';p algM i« a vedor space H with @« muH:P“cw]’:'on
miHOH = H  ad a comvbplication B:H—=HEH  sakekying  several reshidded

r\)‘&s . A 7H\9H525>H@u
there 1s  StH—H  wch dhat H—>k 2> H commutes .
2]
A Won'— well /i
oS

In His wose, we wil fows on  HopF algebras arslng  from combinaterial objev\:s such ag
ParH&lor-s, Pumul—wl'lons, +rees, ‘5'"?‘" / eke .

L. Temsor Prodvel of  veckor spates

Throva‘\w{' the course, we will only consider vedwr spaces  over field K of
charackertsHe O (e, V aelK, +here is no PEN such  that arons--. +a :o)_

P &imes
Reecall 4hak, for any V. vedor spute  and wev vector suLseac& , we
define  the gvoéu‘arl: V/iw as e sk oF classes  in V  uwder the e,ulvu)wce
relaHon . Xy Y x-y e W

The guobent is o vedhor space . ik LeViw s the class  of xe V, debne
X+y @ = X +y ond NK = MK , for any X,y eV and  NekK.

Lemma Lebk X be o set. There extsts o vedor space WX wth bass A and
His  spae s wigee  vp }o isomorrhism Fix?ng X.

We can )nJefP,VL— the elemerss oF KX ws formul I'near combipabons ofF  olumenks oF =x:
KX - K- span Xy = { Z‘}.‘x i M eK ond M =0 for ol Lt l\'ln#ely Miny xeX 3

Defintion Lok Vi, Vi, W be vedor spoces. A may F: VxV,—= W & blisear F & i
linear in each of Hs afgmarl.- when the ofher i« fixed, e

+ Caxsby, ax's By ) = abfix,y)+ ab k) )r @b Flxy) s o'b @(x',y‘) ) X,y eV, X, y' eV

ab, o,V elk.

Now, take  FVi 2V, >V bilnear, T8 M VW 5 o nea map , Ihen

hef : VixV,; > W i o bilbear mup-  One may sk whether 1115 possible Lo choose
' and ¢ sich  that every  billnear map oF Vi XV, can Le  oblained )n Jhis way
This is cdled  +the wiwrsal  problem  Por  billnear Rnbions.  The next  theorem  gues ws
Fhe pair et sdves He yroym.

Theorem Lok V, wd Vi be two vedor spaces . Thre eists a paic  (V,®)  wh et Y

s a vedor space and ® : V,xV, —V is o bilhear  map  sabdying  the
Wy,v,) ¥ yV,

ﬁo“owy wnlves sal pmrul-y; for oy W veohor spate  ond fvixv, =W bloeus map, these

exisls “t W"'ch lineur Mmap F: VoW svch Jhat +he ‘fa"owhvy diayum s commutatve:

Vxv, ™ W

@) %’ The  pair v,®) i wigue  vp o ‘pomorphl‘sm.
v
Proof . Existence: Take K (V,xVy) e vedor space g ted b‘/ He seb UxVa . Also,
consider L the  vedhor sdaspa,tc of k(v avy guen by
T:=Ik i (Vl')vI'I Vo) = Wva) - v, v,), kV,,V.,_fVi) '&HV‘L)’ v, ') / th“v,’) —)‘(v"v")/ vy ) - "(Vt/"v)/i

viurl eV, vuveleVy, Nelk.



ﬂ“\ we d*i'nc V-' = »( [V,X V,_) /1 Nso , deﬁ.‘n(, ‘ch MP & VMV."—) V b’

Wy, va) D 8V, = (v, va) . By definrHon of T, @& is  bilnear.

We wi shou ‘Hla} (V,@) qu-'.sﬁe& 'H\e wlversal PO 5 Let W be a Vea'w
and wns)du ™ ‘:l'lneur ma 9: V, X \}7,—5 WwW. v!ﬁz "'hw’ we an dern -Zm
linear map 9". k(vxv,) — W b 9‘ (v, ve )= 9 (v, ve) (VvixV, is bags of

KW,xv2)) .~ Debine  now Fo V=W by Flmwm)=9quy,v), ¥V lyn)evavy,
Nohie 4hat F  is  wel- debiped  and brear  since T ¢ ker Lﬁ)') = { xe Kk(Vxvy): glx):= 0 5 .
By definhon, i} sabishes Yhat Fo ® = g . (becowse g is bikinear )
\ T4 remains o prove Dot F is  uwi gue. Sv")ose thal  there s another  lnear map
Fivow  such et Fo=g . Then

F‘(LV“V;)) & F," ® (Vth): Q(V“V‘,): T'"’ (VHV'L): F( t\’4/\/1«))[ % (V‘IV\/(V; "VL .
Sine {U_‘,_V—z.)s qenerate s V, we hae Hod F:=F on V.

Sine. & s U)lneu; there elds  a

Analo,nu;’y/ there is a  lineur map V>V
ViV S VOV,

Uni gueness : Assune  that +here is  another LVl/ &) .
V’\iqub Ihear map $: V— V' ‘
VeV, m Vv, 8V,
obsm ‘H\ﬂ"— I"’:“E U=V sahshies I."l(\’a@‘/-b): ®LV|/V1,)
B\/ unu't‘\.'eubj ' we hoe ‘l‘ = 1'0 €. Ta J(k

sume. way , ® | —
we Cap  show Hhal iév. - Vi 0% Theehore T ad T are v /"I ‘T
whully Inverse  linear mups, 1-e.V xV' as  vedor spaces . [ ]

Oeluihon  The pair (V,®) fom +he prvios Heorem 1s called +he  Hensor prodvct  of V, and V.

It wil  be denoted by vev, := V. Tk image of (v, vy) ‘Hmvah ® s depoled b)/

VIOV, . Th e Pruo'-lu, we Can (Consider V, BV, os & palr with  the  bllineur pfofedy:
(Wsn)®V = WOV + WOV ¢ VOV, , Aeov = A(usv) = welv eV, 6V,

Elewends of Vi®V: ae  of +he Porm TyWe v, v;‘")e Vi, vVev,, 1ticn

Elem enls of  the Form Vi®Ve ae clled P'n;ng. foniers .

Pr‘ol)o.si-"llm (Tensor P/odu" oF M,;) lev Ff:U> V‘/ 9:W - W' pe linear maps . There

i near map £89: Vow — view , vowr— flv) @gluw)-
Prook.  The map (v,w) > F)Bgl) s bilinear .

s a un/q;«g

Properties of  tensor prodvcts.

Remurk, Tn order P  Cefnc  Dinear raps V0V, > W, )5 vsebl P jut fad o billnear Map
£:V %V, S W ard Hen define T vV, W by uiversaiy.

Propos?h‘on Lef {eid;cr be o buas of VN and
is a bug's  of Vo w.

Prook.  Sine ® is  blinear , one can ca.s)ly sce  +hal {eiepis(i,)hlﬂ gwuu'u Vow  Now
assune  Fhot z a;; c;@ﬁ) = O. Fix o€l )oeJ . Now

L6, 7 be w buss ofF W, Thep ie;opﬂu’wtq

conside, the  map .
. Vaw — |k . . whee et V— K s anahgouly foWw— ko
W) 1o o) 8 ) ST P i f i
§ i \:\‘“near/ o Hen Here exisds FVOW =Kk  )pear svch thd Flvow) = e;:(v) f«;.(w).
Hence 0= Flo)= F(Ta;;¢0F ) = T o efle)f th)= a

°l\)° *
Hene teoh)) Giy)eT T is  a lneurly Wf,pu\dul— sel. r



proPosi{a'on (ASSDU'II‘,;V""}‘) Y U.,\HIV; be chw SPM«”' e hl’owlna mup 'S an  {somorphism of
ve cdor guaces: Unwh) oV, —> V,® (V0 V.‘J . The dweo vedor spates Wil be  dmdibfed
vev) ® vy — v ® lvaovs) and we will wile V, OV, ©®V;
Peoof.  Fix vyeVy . Define .0 Vi, = Vi@V, 0Vs)  sich  Fhat ﬂ,S(v.,v,)= vio (v,®vs).
TH s cusy do see b # & bilwear. By umivesal properdy, e is u  wige lineas map
Fiyt VoV = V0 (V,0V:) s Hhe R vidvy): WO (uovs). Tha the map
PV )x vy — Ui (v,eV;) *

(v,ov;, V) — Fv;(v.svt) s well - defined L‘l e\(‘fmd’ng Ly \inean'-h/ on e s
urgwnw*- Mse F s L'»)Iheur, So Yot Hee s a wl’\t Voeur """f F@,wv,pv,—w@(vtw;)
st VOV )@V 1> u® vy . Similarly we  an ot @ jnear map  He  obher  way aroud,
ivese do F,  hene  Yhe lsmoll;;n'.sm‘ a

By indeon, e s

Pfo’o.\i#onl Lt f: V- xVp—=>W be o n-molblnear map. Then there exids o wique linear Inag
VooV D W We  hae then a W) cc hon  betreen the st of n-mdhliney, maps
Ve - eov, — £Llv,.,va) . from Vix V= W und He s oF |inear maps from

Vi® oV, 3 W,
Pro?asHp‘m.. et Vi a vedor spate , The f'c”owhb mups  ore

Isom v,p)u'un.u
K&V — V ; Volk — V

AV )\ VON — Av.
Revark. Leb V oad W be vedhor Haees ard V' oand W' vedo, sbspuies  of V. opd W, resp.
The 1'neas map Ve W"“a Vo w is in;ef)-{vt. Then we can CMSMW vew a o Sut»yulev
o VBw A

Progosition Lk UV vedor sgpates | Vi,V vedor shypaces of U, ViVi  vedhr wbgpmas oF V.
) Wi 401) B 4V ) = LBV, + U8V, + Vis\, 4+ VoV,

B (Vv (V8Ve) = (Unv) e (V,nVa,) .

W IF Vv ev,, He VOV (VeV)® (V. 8V)

i TF V=V, BV, hhes veol = (Vev,) & (Vou,)

ProoF. 1) Bolh s»&spu(ud’an\m;mm,}ea -”y Jemsors vV, with weV vy, vel, vl,. The chy are both 97,).
i)  Cleurly Winvy) ® Winvy) ¢ (L v)n( VoV, ) .

Now, cons'des f€;3/¢1-4 busts f  VinVy,  ound c""""‘}g i+ 4o obloiy  basis {e;‘iel of
LU'I/ r“",'um, ) °" “)1 / I;EII"Iz ) L“"“ ‘;“’l‘ff‘( ?‘e‘jie_x'ou.\r')u(r,\w tel. a

usls . o . hologowsly , )5367 asls o T.7,7.).
Lk ve LoV n(Lol,)  wd wite 1: 2 o€ 0F

e T
Let ¢ I Assme i, ¢TI,, Then e?‘, (v)=100). Shae xe VY, we hae
(e;'. ® iév)(x) = 0. Then o T a eile;) P}- = i ai,.; £ .
€1, )T €T

Sinee "J‘jn 15 a basts oF ¥, e, a,,; =@ vV 5eT. A"“hgﬂ’-"}// " Jo f ‘5'/ +hen
o VieZ. Theebre x-= 'Z:' a;,; e OF; ¢ (Vnuv)® (v, hv, ).,
es

i) Frem i), VOV=(VeV)s (LEV), Frem i), (1,07)n (V)= (UnyY® V2 (0)oV = [9).

i;}u

)

Sl'n}huh/ Yo il B



Definibon  For any vedhr space V, He dval s defired b} V¥ = HomlV,IK) = {FVak: £ Dnear] .
For ay F:iUW lnear,  Hhe ogose  pX i W'D V' i defued by $7(x):= ko .
VYo w wede spaces @rgiiy iz Pivglo,  OHGo = ARG vxel, fgeV”, dek,

)inear

froposil-.‘on Leb VW L vedhr spaces.  The Pollowing tap Is in)eoHve

o: V'e W — (vew)” The map B is bjeche bV or W ae fute-dieved

o vew — K
% = VoW +— P(Vl?lw)

Proof. We see Hhet © 35 well-defned.  Let U‘rg) € Vtx W' Consider he nap Clv;(w')v »:)k#wgtlv)‘

T+ is blinear. 3\; wivesal P/bfff,y/ e 18 @ wigw— )I'ncur rap 9'(43,9) sVew — Kk .
Then we hawe % bilnear ma/; 9‘ SN Wt o (vew)' , oand vow 1= gt
agin by wiesl progedy 6: 'V'ow' 5 wew)* . N  shulement  exisds.

We prove O s )@ev‘a‘ve. TJalke F e V’ ® W* hon- rero 5‘-1-. e (F)-0. Wnte
F: ii 0;,)‘:;@ 9; where {£9ez  and fg,‘}”r ae  lin Indep. seds.  We koo Hhat
for ety VOw e Vo W I 0: Flvew) = Z a;, f0)g w/.  Fix weW. Thea fo erery
veVl, inz(;z” 4i; 9, (w)) fw) -o, Sinte ! 3.2 are fu.)tf,, the n

%T a;, f))'(w) =0 Y e . Sine 1351)}‘7 are )nl’fp, we han 4,0, VieZ, jeT.
then F:0, so that O is inedhe.

NW‘; assune V s Baide -dimensiona | .  Take fe;;;‘]_ bas's of V ond U’)l;ﬂr basis
ofF W. Ao, Fe Wow)*  For any eL, et 9, W Ik lnear mup svch  +hol
. (F)) = Fle®F)), 4 yeT. Sae I s  Fate ﬁ;L el o 9, € V'® w*.
Also e ( z e,.‘ecj;J (ecaf,) = 2 efte,)g;(fy)= 9, (F,) - Flex © Fu )

Since le, ®# 3,{9;“)— i5 & basis o VOW, we have Hatk Fe Ta(6).
The . prooF s swilor  /a  Hhe (ase +hat W is  Pnite- bimensons]. 8

Exam’le, ) R*e = M, CR)  us  vedhor spuces, with M )= L1x1 mabries wilk enbies 1n )
M C o R as MR- vedkor  spuces, with  KOx) = { agraxss 08" n20, a;¢ K
Todeed cnsider  the  bilineor map Cx MIx] ™ Cx) . Then Hhere erists
(), p(x)) L} ,\p(x)

F:6anlx} — (lx) R - Lrear may, I+ s _s.,:)cc’hc and .‘n')ec‘Hve.-
sujechive ; Any  AX" comes  from W<, Py lineanty | we obdain all  €Cx)
inye chive » Take ‘E M @ prly sk F(ZK M®x) 0. Weite Ae: s b,

By det. of F, we obtuin g(a, pibk)p 0 =0 =) T 4ePx 2O and 7& S px )= 0.

Mente 2 N ®p by = T (a, +ibe)® pe LX) = L&ZKaKr,,[m i@ikb,y,i(x/ =0, The F
® s in)e 've..

1. A'gebl‘us and Coatge/Lrué

In+w"“v9|v/ an algebm A s a veckor space %3.,“." widh  an  assecative Prod.,d'
m AXA > A compatitle  with Hhe  vedor  gpace opuu-hon;. This  condiions imply  Fhad

m Is billnear. Then e can  find «w lnear  ma mPAON — A s+ mCaeb) = ab .
The  assodatwd; of m can ke writen o follows, albe) = (ab) ¢
ABA®A 2™, ge ) o (me@id ) = me(id@n)
miid \l l m

A® A —_m A



For e axioms for Fhe um'%, consi der /Lf)k — A Vhear. I+ s ln}co’\'vc (A £c0))
ad we can Me«}#y K a & s«)oulgo/lam, A Abp

idendhBcvhars a;’yM A a ’,“'ms +ha,
i id
Then  we can  write a-l, a4 a koA X250 A 222 A® K

me(goid)=id=mo(idog). “\)%m/

Defintion . An alﬂch/u s a -Hiﬂg (A, m, I[)

is a llneur mao

whee A s 4 vechr space , m: ABA —A
called mu Uw‘e')ta-)‘}m T K—=A Is « lnear mop called wand , Het
5:})5?‘} 4)& ‘o"bm‘n, cond/Pons ;

Mssodahidy  me (d®m) = me(mBid) AOA® A 2™ pay

! |
A

meoid
A®

A
© Unidy me Gdo g ) = id= mo Lg@id) Ko Az AZABK L2220 Aga
r0id l\im

m
—

Pi‘o,asH-“H Lt (A, m, 1 ) be an alﬂe};ra..

) P sULulaebm of A s a subs‘oa.u B of A sk Hat

m(R®B) <R and :LUU <R,
',i) An {Ql'lhml) ideul F A 15 a su‘::’a;e T o A st

mlABL + ZgA) < T .
Propvs'r"lm Let AB be algebras  and

£:0>B o linear map. Then F s on algobm Moré/';m
F and on’n/ f pon Py gag
D) 'AB°LP®‘p):‘l°mA M‘J, lmu
A £ 5 B
1a
W Fenaz=Aa, k— A

A

Progosihion Ay algebra P s commytutie  IF and only i} meT=m, whee ©:A®A —pA s e

asb +— bea Ly .
For amy  n2l,  we wre V@n: =V -&V

is au llnear comblnation of s Hwes

Sch degsors  are called  words i Jhe ,l,),,!,} V. of |en¢5‘rl' n.

Exah‘)h- Leb V be a vedor space .

VO k. A clement In V®
*eubls op [eng“l n.

M‘lnﬁhn

By comenkion

et V b a wedor space. The _demsor algybru of V is T(V)-“-% N

To simf'iﬁ/ notabion, we write Vv, inskead  of V@ - @®U,.

Prn,ws"}fw\ Lt éu:}iu‘, be oo bass of V. A bass of TW) is glven Ly He vods on Fthe
0|f}|ﬂLd \’v}i‘et *Vi,vl,'“ V",‘ ‘5)‘:0. ; wvhere IF k=0, v oblun the Cl«ﬁy word i.

f1ges b €T

Theorem. Lle¥ V be o vedor spate . TW) s an qu,l,n. wih pradw} glven L\/ concutena-

Hon  oF  words; Gymvpy wiwg ) 2 VeV Wi wWy o The e,,,,,l,/ word i He  wit for the concuterudiom
fmdvd-. Mo, TW  sahsFics the Fn//owlp, wijversal ,m:fe/}y; W# A is on als,,y,‘. and PV

is u  |rear oup, thy, e is g wni gue a'aal:ra mw’/)bm F:T(v) > A such  +hal-
Fou=+f, where ¢V = TCVv) is He nabwel  indvsion. Vv £

I A

Tu\;) -’



Proof - We il poe the wiversel ,wcp(}y ﬂ: map Uy, vn) > Flu)- #04) s n-mibhlear |

n N _, .
Then there is @ m,u_ linear map V|VV" - l}‘lv,) Pty The, we odain o map
F: Ty —>p . T ois cear H? F is an alaeLn. Mor,}u'.xm sch Mt P): Fv). Then,

Vpvp = By ) Flr)

1 P onother ulﬂﬁ‘aﬂa mor/)))/'.m sahs R/mg s pfo;lf/*/ ; e have -
F(Vr-'vn) = F'ly) - F'tvad= 8(v) - £lv,) = Flv)) - Flvpy - Flr,-v). = F-= F'. B

Remak T X is a 504-, Hen  we haw k <x> = TUKX), whee  IK<XD is
the M-umm{'aﬁ‘u po'}/nom;'al algob/z. on ideferminates X,

To  define He pohon of coalgebra, we dialize the axlioms In the defnition of algebra.,
(omidal  comssociutive
Debinition A coulgebra is w hiple (€ Bre)  where C s o vedor space ,
A: C— (®C s o llnea, map called comuliplicaHon ool ¢ ( K 1o o liscor
mop called —Coom'{- such 4"104' +he Fo”owm9 condnha').s hol 4:

) Coﬂssoda‘HVi"'y ' i) Counity (ew'nd) oA = id = (3&6 E)o A
s (A&id) A = (1doD)-0 A
AL JA@.‘A AJ\J{“”‘
A® id ]
coCc —CecwcC (®C 25keC Tz (®k

If Tol=0, we say +hat C s cocommvtutive.

Exomple 1) Lok X be a seb,  Tha UcS, 0,¢) i coalgebru, where Bls)= ses
and els) = L. Check . TH is  cocomndadive.

7 (Tocidence  coalgehro) . Leb P be a posed.  For xzy P, defie  He Infera)  Cayd: f2ePixcaey),
Seb  Tak(P = {:Helvals m Py o Cxyd o X2y in ?5.  Then C:= IKTnHP) .

Finally, Alctxy)) = ; Cx,2) ® [2yl, e (exy) = i‘o ;1; . extend 'u’neorly,
zeCxy])

(c,8.¢) is a toalgtbm colled e inc)dence coqlge,bm

We (Zno :Sdz -.7:5 T E*"f‘) :%'/ ['Eszcx,zbﬁ,z)) ®Llz/y] “;_?‘:m‘w (ZR)e [ay])
(o 8) ([F, e f*»ﬂ) = re = Do RO BRI ’
W (Mebies) T a2, e MYCK) b vedw  spae with bass L€)oo,
Define Aley;) = Ki @€y . Tk is (oassecsatie.
Bed) e Alei;) = Z Ale)oe,,; - “i‘ e,0e, ®e; —‘Z e @fle,.) = (40A) o °Nlesy).

It eley): 55, Jha  leid) e Q(e): i 8, C; =€y = (i@ e)o Ale;).
HUICI. M: ()k) s & walgeéra, For 27, ),L s pon-— cawnmﬂ'a-)n/c



Sweedley  notadon . let C be a (ou(ge!)rn. Siae M C— C®C,

+hen we have
ACe) = :Z C,; ® ¢,; , VYecel. We will  write INOIE Z_ Cy ® Cy Coassodavl)‘w’-/y
wites % cz: Co) )o, ® € "‘)n ®Llay= Z; z L“)Q(Lm)t l® (Ct-,,)“)
= cid Ca® Cop®Coyy = N ()
Moe  generally, Hhe  Heruted coprodrel  wm ke widen: o )
(A 53 A
(3] . @A) a0
A (o= (neid™) a™ e = Z Cy® a® @iy Conssodubivily
says b w Mot H
Comi} popecty  writes: g tley)C, = g ey €(Cry)= ¢, does not mober in which
zomponwl— oF te fenor wne
A‘SQA?M ond caa’g&Lm«a are more o less et#,w'vﬁ’w‘} a’/)evts. Herate 0.

PranS)kon ;) L@f’ C C, ,-‘_o E-/‘L(.O'- l)e a coa‘g&b/a o Theﬂ Cl
m.,\#’hcu‘ﬂon #9)wx = 985) ~ Nly)-= t’_ fF(xi) 9 wa) The  wit s 9lven by E.
i) Lot CA, m, n) be a  £nite - dimensional ulggﬁ‘ru Tha A" s a coalyebra with
A~ AT — (A®A) = A"® A7 . The  comnt s glven L/ elf) = £4).

is en alye!won with

Proof . fss oq'crl-r'vily of  Hhe Prodw' Rollows Fm.. coassulu#vh‘.y of A. TIndeed p

in 5qu/f,r M#c‘km
fq9he C”
W's)“) Gy = 2@9”,((,,) hixe)= T 2 +a)y) 9l algy) h(re) 9

(LU P

1l

(n)

s 7 f ( k) 9((’(‘“)(;/) hC U(“’)(1/) * 7 ‘F(Xu;)m)\)(xu))
o )

!(gh)(x).
F9)h = (Pg@h)e ]

($ogl b ® h) <4
(Fe9 ®h) « (Neid) « D

: (Pogeh) - (m By cnedebily
= (F® gh)- £ (gh)

(t0F)-D = QAKGF) ° (e@id)of) =

nnﬂe' dimensiona I, we

For the wit ¢ F -

°Ii‘P L%(«)’ = f.e.
B Sme b s A'e ho A

an  dedfy (AOAOA)* = A®pe AT
Then iF X"Y‘O’:&A@A@ﬂ wé fe AY. D=-m: A -‘)LAQA)= AQA
(Beid)s A (F) (x©ywz) = D) ny@%) ACP) = m (F)= Fom by df
= £ Uv/)'%) LAOH.)'A (m (&/l)“”‘
drusspose ob composiHiors - F( x-G ?)) Lmo (M@‘d))
(gek) = W oo’ = D) (Xoyz) «
= L‘.L@A)olaw (xoy©2). Lyeh) )= aslyeh)
= (%ey) b
For e wit CH’)—‘P('), we have ~ 9 (&) °h
(e@ i) e B )'<"°B) (Lex)= #(A-x)= Flx) = (W' gt (w)
Ana'oqnvS)yl klé@ €) A Lf) (x)= Pl)(/4 »
Etamde . The dal of He coulgebra — MICK) s ¢z A —>K
+he alJobru of  pxn

muJ'n"Les m,, ( C) . x> A 1 x
Aoy, F RCidg e, s T dul bais of (€13 1ciycn, and 1 we NP2 ML)
e Ml" B 0% Ek,L = i L P Ese +hen

. ast‘ E E;‘((cse) (E"IOEVL)°A165L) Eéls ,m 8ku.34¢-
€5, tin Then ef/j €Eie:0 iP )tk und €, 2 Ere = El,,;l I# ) k.



Etaw”e(_ Taudence alye’:/a of u poset P ) Let ct))  be Mo

in dene coq'gobra of P.
Wo will call bl ACR)i=(cep)” e rcdene  algebrw of P

Elemends,  lnear  fmckonal s C: C—mik = fmdions Tt ™K.

mMiphicabon S8 (egp) = dod’ e Dlonyy): (od* (T e Z o) 4 ().
<y LA 3¢y

Unit: ¢ ( Cx;v\) = S\|0 ’:;; = SLL:,y]) /

Definibion Lk C be a cou'ge&,\u wd V b a vedo SULJpau of C.

)V ois e sh-coalgebra of V if Alv) cva V. .
WV ts o« dwo-sided  coideal IF AV < N®C + L®V g €WV = (o) .

Pn’;os;’{-loﬂ Let C b & wa'galm- and V be o s-bspm of C.
o Ib Vs o sheoalgebu oF v, hhen Cvioye,) is a calgebra .
W IF V is o wdeal, Hen CJv hus a coalyebr shuchre glven by A'(i)-"- z ;‘,,Qi‘m/ el= e,

Prook. 4) We will show }hat n ad €  are  well-deflned. Then the Lmlae!vm wum‘o;n.s ok C wi
;"'P"I Me  walgebm  axioms oF C/fy.

Since £ (V) = (o), +hea Vekele) | s Hub € Cfv DK is wel-debined.  Now, Jake

xeV.  The, Bix)e VO L + (®V . Then we  can wrilew Alxl= 2 % ® Xay *+ i’ Yiy @ Y,
e S Te— -0 - A @
Then Z Ky © Ry + ?JV‘,,O To) = 0 = Awi . MHence vy o
= S

o' 15 well- Mned B

Dedinihon Leb G0 be culselurm and f: C—"D be e« lnear mnP We sav ‘}M\'F is
a cealgebre mor'p)\i.sm 'F A o £ (Fo f) - and t9 2

¢ —8> D

b Xu ¢ /
(s}oc ﬂ’i—wmn l

Fnoposihm I¢ F >0 1s a cpu'(’dLra ,..,,,)nbm Yren P 0'— is on ulge@ra morplhﬂ"-

Prook Let %, Be p". Then we haves
F B = (wp) - f
W s wep) (g ) -
sine Fis a Lu|9\ mwﬂh‘- LA@ ‘Z)o LF@&) ° A‘ = z Q‘QP) (. C“l) (p ”p) LC‘.L)) S:,{Zf: ::)::.,9‘»00
= () ® (poF) - LF o (p)) A - Flw - {."(B)

Proposr&on IF fA-B s an ulgd;m mwp)'bm widh B, B Pn.+¢—i$m¢n510nul vecho ¢ spaces, +hew
£ > pt s o coa':pBra morplmsm

D) Goal; prove « version of the Frd |5ym0[‘p);)5m Heorem For coa'sfbmé

Lemma Leb v g:w—w' e linear Mops and  consider 9®9 vew DS Vew' . Then
) Im (f'@j) - Imlf)® Imlg). i) Ker LF&q ) = Ker Fews VO kers .
Proof . Exerdse ). =

Dfollo.n{xan Lt f:Co0 be o cou'g%m m.yFMSM' Thea Ker ) ts a wided of C  and Imlf) s
«  sbcoalgebra  of D.

Proof . Lek cekerlF) . Thn Fladzo D 0= B F) = (Pef)e D, Ld
ebro morph;sm Then b, () € Ker ($0f) = Ker Fo C+ Coke .
Now e+ Ffeo e Tmlf) . Thea A o fC¢) U—O‘F) D () = ‘Z ‘:((m)@ L((u,)el-m (f)@:[mlfz‘
0

doee Fis o wa’g-

Pra,os»hon (Rndanedal iso. +hm. for coulgebrus ) IF £:(20 15 o cod gebu mo/p)n')m, Her
Im P 2 Cf e F as cpu'gebfu‘s whe ‘}d
Proo £ Pt poIn b, G—#Pc) is a coalgebm morphism  sime e quohent couly, shwhre of €, r .s a "



The F.l)wtny Heorem  povdes o fondamental Pf%"*/ in the  sdwbue ofF oo '95L[%
Mot cotusts  with e shudue of |gu\ar‘ws

Theorem ( Fodamentsl Theoremn of  Coal ebﬂ-v.s ) Lk C be o walaybrg and %€ C. Then
Yere  exists siheoalgebrn D € cuih Het xeD  and dim, D < eo.
Preo; Lt«t AC)(/: i_ b;@C", We Conmd&{ A LX)‘ Z AL&)GC"LG ‘9":)@(—;
We may assuwe  Fhat {q‘?r we  lineary mclefmdenl: md ° @ ) ]

Let N de the sbspa L)g ! 7“‘:&)‘”} by {b} 3% - We clain 4-;,,;_ ‘-

W z iCa)) 5("")51}). Indeed, nbe  hot
i

L‘O.‘A‘”i)“’ 0,: (codos)-(8sid)° D i L ‘°‘”*
=[teid)n)owe)-A = [loe)eN Yoy
Hente  xeD.  we Wil Eﬁcu Hhald D s a St‘a(oalgd‘z je. DLO) cDw).
Tndeed, by (oassoda‘km")y, we hove that 2 DCa)) ® b"-f’& G Z a ® B%.’,})@ c.

Sin e QCJB; arc “neqr'y ane’enJut' ,  we  ebhuin i O(v)® b = T— a,® LTADY )/ YicL.
T}.on i a\;@ DL&,)) ¢ (® C®D . Then by ExeraJc 3, L .'I., wL hoe ‘"“4 Au'u}
s m  C®D. Paalogowly | we can show Hhed  Dly,) éon C. Hence

BCb,) ¢ C®0nDoc =060, and  we (advde. @

Remayk, Ex 3 fom N & follows From +Hhe Faddh Fhet ;€ V Vv are vedor  subs aces) and
VeV s sibspate, +hen ve VY = (vev) /wev) . Ths con be poved cons) —
dedng  the  map VOV — Ve v '

WOV ) id (W@ Tl (lml s)\owlu’ Hhat e Cidy @ T, ) = UeV.
Thcn, we . (Can e  the  Pad  Fhad 01 S o I i w, oy, € U® "/v and fwh: ae lineurly

""J"P“J“‘E’ e v,z0 eV 2 v eV’ Tn P(A/‘h“l'“’ e % = ?7'4:@»/; ¢ usV' € WOV,
Hhen gy YOV eV /uer Maps X4 0, so the we  @n we Jhe above argument .
Exum‘)\e. Ler V be o vedor space. The  tensor qlsabrc,. T(v} has coalyehre drnohre  when ‘7””“{
wilh the deconcutenction (op_yodu-‘- AJ (v vy) = 2.": "F O V., v, ad ot gren L),
¢(h)- 4, e(v,vy): 0 1F a2, O v" v, - _L) )

e )

We heck. (Ad ®‘:A}° At( ViV ) 2 Plv O'Lv “Vp @ VP" i v VYOVP
Q [0 !"W A z d\angma e oder oF
(ito A‘)'A,(V.'»-v,)‘- ’z yd B, - :7_ ip"‘ " V@Y, e dulle

- I
Example.  The twnser algebra  TCUI has  another coalyebrn shudhue  when equip ed with Hhe
wnsho FFle  coproduct D, wiova) = Zt Vi®Viag, e 0P Iz, pd with
ey, then Vyiz VeV, Tl\c_L‘ (:En‘,‘ is  defined by E)- L wd Elvv,):z0 iF a24,

Bialtae/hf‘dé

D@A\Iﬁ',‘?an A M IS a hph QB; m,n, B, ¢) svch  that (B,,..,,l) IS an a|gcym,
(BB, ¢) s «a coalgebra, s Hat Jhe Fohouhg dn‘ag,wm commute:

n A T Laob) = b®a "
Bol > B > BoB BOL — B
[ T \ / tom= e ¢
(1YY mem toe (2
Kok =K

DT ®d
B3PI R S8 @ BO 3@ B Dom=(mom). (i16T6id) . (AGD)




kel £ K ll\grl_: A"L K \t .
“l B ni”(‘» €°fl ;

o/ N\ »;

e ¢&——B
(h/"‘al'lh) and (B/”‘B/ '15) be oo alg&m& The "‘msar Faﬂvol Ae B

Remurk. 1) Let

has  on  algebrw  shuchure  given by Mooy = Lmn om, )e ('.J.AQ’C@'.J&), and :

rl“w = 181 P KOK = K — Asl. In  parkiclar, we  con write Luob)-(a‘mb'):a-u&b»b/
() B

for any aaeh bbLeb,
€Y DBy, ep) be Hwo walyebras,  The tensor producl

W) Anu'-gou’/ , let t¢, o, e) and
as o  walgebra  shudwe given L, B ogpi= (it oTo® e )e (0,5 Dp) ond
Eop = - Ec®.E0.

desaribe  Fhe relubon of the maps

e defintin of o Ll‘d"t&ra’
shvcwe .

The Wh’aHbi';'\'v/ Jlu,rum.s in
shrvchure and  also e relabon oFf B am ¢ with the algebru

m o wd o with  he coulyebru
Lemma. e} B bee vedbor space svh  Ihat (e, M,I[) is on algebra and (P, 8.¢) s @
loa‘g&b"“‘ The "\Opom'n.’ are equiva’en{' :

i) AN ad & ore u'ge)afla morphismy

i) M oand 9 wre (oalzjgbru mvrp)l)imé
fyebd Aoy T T Aoy Yoo B Xy Y

()

i) For any Ady)- 1,61, o) twely), ewy)-1,
A(xy )= ﬂ(‘l)ﬂl,’) = “:[“,Xu;yw 8Xiy Yoy

N:B —ReB i5 an quebm mor,;hl'sm iF and aly F
P and only i

Proof . =)

ad B0 Lo = L@l T He sme way, Bk s on dlgshu )nwplu's;n
ECwy) = ) ely) Vryed and €ei)= N, , Peae i) and il are cqulva’u-l'.
¥ oond oly b for un// X oy¢ BoRB .

e i) MmRAB OB s o Coulyc/l/u mor,;h;-“"
B om (xop)= (moOm oD, . (xey) _

N"V) T (mom) ((:%” X ® Yy X @ ) = (,‘/Lw) Xa) Yy XYy -
R

and for amy oy B®B, Eem(x0y) = ¢lxy) = tngﬂL*D)’): Elx) ely).

Mso, k> B s a coalyebra  mor bisn IF and ”'"}’ if.
D oqg Uz (qog)e b, 4,)
B (Ly) = (1e4) (Lots) = g(4)@1)= L @),

tecall  +Fhat UK/ A,K ) f.k) s a
codlgebro  with Dy (4,)-101

and t= id;k,
£ 'IL("_‘()" iciu) = %k(in()“ 1w - )

Bym,2,08,¢) is a \o)u‘geLm i and op’}/ W, (B,mq) ls un a'gelra,
algebre  mor phisms.

and «]5"

Pr‘oposHion. A Al
(8N ¢) Is a algebra  and [ and ¢ are

and consi der B:=kG . The P"""’"‘} on 6

EKO\MP’L Groop biq,gdgra, Led G Lle a Yroop
s lineuly etended o product m: BB —B . st q:kk—2B | Nlg): g89 Vge 6 and
axYend Unm/ly , an.llv ; et & B li( Li—oe
9+
m 4 5 h
w£ ‘\uu ‘”\ﬂ" B 5 a biu’g%rg: “.\nh - 5h ﬂh Q;re
aoA l ST men

geg ®heh ———— geh@g®h

Check  He other Hree dn‘ayams.



n-=o

Evample:  (Polynomied ring ) Consder B=IKrxd . mothiplication and unit vl U A
Coprodved AGM) = T U*) 9 A" Comes  From erleading  Alx): ) ©x + x @4 molbiplicatively,

ey x"oxb -~ xn,!.____) z’ t?) ko lw&—k
Bee B 35 « bidlgebra . The we have  pgn l

m®m
. » . :
[] i a-) Y) o b 1401 id a9 3 o
b opony s, o tae (50000 (E0)500) 28 5 ()1 sori0ne
e R T
)k ) °
Enunp'c ( Posets) L T=Mhi w‘:om,rhi:m dasses  of pﬂf-‘j with 0 (minipwm)  and ].' (marinvin  edemenpt )‘7] .
Coalgebra: IXTZE v}_v' 6.8 [p 1) | e =y T oPe [pset ot one  clement)

We hae wrlhen P ow #u !'M'M,)n‘.m. class  ofF  he I;asci P.
A‘%ebfﬂt m(P®Q)= Pxa =P @, where P*R dands  for Mo  irek P/OJ‘,J of Pos&'s:
PxQ - { (P,q);pe?, QGQ], (r,q)s(r‘,i)&) Ysi,' and jfg'.

i
B(): 2 Hriels el s OO

o) A s an a|5()am\ Mw"fsm;

We hae for (nshance .

Arxg)= T Coo gyl dfrawdtn] -3 ([.,,ﬂx[o,ﬂ)@ (Cpa) [g,“)

(o) ¢ Pxa (19) ePxQ

nilplicaden in .z U'o,p]oty,l]) x (L‘o,g]o[q,i]) = AWP) x A(R).

A®B T e wigeR
comm (ocomm
flemark,  For oy  last  Fhree exam'ﬂe; . we have ) no yes
2 yes yes
3 yes no

Remark Leb B be o b)‘nlaclm of  PFnde dimension. Thep +he dual [B', At, e, m', r'_’) is also

@ ':n‘n‘-’ekﬂh

Example. Let 6 be a Hate yrovp . The dval of K G idenkifies with M ahéw« of
muags KC:={¢: 6Ky, This  olgebra is o  bialgebra with  dhe (alofodw)— gven Ly
Af ("6)\[ ) = “:(Xy) , for anyy Xy 6. Ia pnr“‘fu)lar/ a  basi of kKb given |n‘ { 8,3
ree S, 6ok, Thn DS, )lye2)= «s,,“—_(uzw ( ® év)(ys-.z).

Xe6 ,
/> 51,’
w =X

Hence A[&,(): ‘:1:6 3, ® Su"x ; The w@mit s 3;""‘ "‘/ (8 ) = Bx/e wih eeC e unit.

!

Delinfion Lk B be a b)‘qlse}:m ond L1 ¢B be o sbspace.
o We sy thad T s a sub-blalgebra  of B P I i e sq';.all,’,&,u and « Suytou'ge,bm‘
W) We sey M I s o bi-ideal o B SF I s an ided and a cosdedd.

H‘oras”ﬁon let B Le « blulgebra . For any bi-ided 1, 3/1 hos o balgebn  drvdhre indveed Ly B.

Defini4ion Let B, B e .Ma'qu/u; and £ B—FB L o lcor map. We sy Hoed F s a
bialgebru mor,ﬂ’n‘sm [ ST alyebru morphism  and o coalgebra anorphism,

Thoorem ~ Let BB b blalg¢bras  and congjder BB bialgebra morfd/;m. Then Im(f) s
w Wb l.>\‘u'92‘=‘ru ob B and keeld) s bi-idesl of B, Moreover, the bial gcg,“s E,/Kcr ®
ad  Inld)  ae  isom orfh e



Propuil’(ny., Let V be a« vedor spuce. The tensor  algebra  TVY) has @ Ln‘alge.l;m. dhvtwe
defined L\, Av) = A®v s vol | VeV, which coincides  with dhe  unsho FFl coP/oJu!n
Proof By  universal yro,m},, there  aidks  q  well- defined algebra mor[)h)'sm

A: Ty — T » TW) sch  Hhat Av)= 19v + vOL .  This map s coassod atlve ;

Woid)o D)= volg)+-1evels 1olov = ((dONoN(Y), VvelV.  Since

(Aow)od, (ileyepn: Tv) > TP ae alge bra mor,lw's)n Ccheck) ,  +hen  we have  Hhal

they ae equl, o A s coassodedive,
Analogously, we can define i gue algebra Morrlu'sm e T 2K weh hat c): 0

for oy veV. Tn Pmk”‘"" (t8W)o A v)~ €M 3 elr)y= v=(4d8 @,)ou ) Sinte ié[(i&@t)OA,(tQ'u!)“ﬂ
ure ulg,Lm lnorﬂu'sm coincidend on V,  Ahen “\!y ae  the  same.  TheePore,  siie D and ¢
are u\gebru morphv'svn, ve condhde Hhal TW is a bi alge Lrw . Fhemore, P is easy Jo  see

Hat  TW) s cocommutabive since To BW) = 1®vivel = plv), HueV.
F-‘nu”y ; owe will show Hher D s e wnshy Pl to’roducf , By indvchon  on the ’en,»,
of  the words, . TP az), s dear. MAssme that Hhe resH holds for  n-l. MHence

A(Vr" Vn) - A(V;"'V,,,, )A(Vn) = i vz ® \{ﬂ]\L ) v,0) + '&Vn)

IcCa-1)
= ViVy OV D v ®V v,
) T.E!%u-l') e N\ L T <) GNE
Z ViR v = S VsV
_ I%j Vi 9 V[n‘.\\t ¥ Tetn) 1 I\ T 1}["] 1 NI
nel n¢ 1
On he 0‘”‘"‘ han); EV,Vy ) - ELy,) - - E(V,,) = 0, B

Ann‘ogou)y/ we have;

Progos‘rhon Let VU be a Vet}ﬂr SrﬂLL . ’“\6 S\IMM&ML Q'ﬂd,ra SCV) kas a Ha'ge.‘:m S‘)Tvo‘)’ura

detined by Dlv)=1®v + vOL , VYveV, SW)  is  commotutve and  cocommututive .

lemark. Tn  Yerms of pelynomials,  we have  Had  KIX,, o, 0] has a bldgebu  shlwe
given ‘:»/ MN(X;):- Lo X +X 81, for any beven, Tdis commiubive and cocommutative .

DeMnihon A Lie a\aebfu s a  vedor spute L ‘\’vga“ler with a Hnun’ o’uq-}ion
C, )i Lxl > L called e Lie bracket, sabshying -
1) L) s bilisear, i) Ox,x)=0 ¥xel |
i) [y sahshes the  Tawbi jlendldy: Ux, Cy,23)» [y, 02,3 [+, C2y1):0, ¥xy,zel .

Prol)os'v"ion. et A be an assodadve o‘«)ebm. Then (A, C,)) s o be a‘chm, where
He Le  Dbracked s given L’ [x,y']:?— Ky —yx Vx,yeA.

Tn mlahm with bia.gel’rué, we have  dhe ‘Fo"owln9 Lish "'j"b hed  elements.
Debnibon., Leb B o Mulgebpq . A elmed xeB s called primH:‘ve F Olx)= xol+ 1o x.
The  set of primiHve elements is  denoted Prim (B) .

ProPosH;on Led B be « Lla’seLra. Then Prim (B) s o Lie u,gg‘)ru for the Lie bracked
Cxiy) = Xy -y, Vu,ye Prim (B) .
Proof - T+ s easy to  see  Fha? Prim(B) is o vedor vasque_ Now, sinee N s  an
algebra mor hism | we huwe For ;(,,“P,;,,.(x).- D) = Au)my)« Aly) Nix) = (xol+187)(y®1 4 19y)= (y8l+ 1 9y )(x &) + 1@x)
: (Ry-yx)®L+ 10 xyy-yx)= Lxyd@L + Le[xy) . Hence L, yY e Pein (B), ie,  Prim(B)

Vs a Le  Lsob-) Alge!zra lof B). )



Cor\vo\v‘hon ulge!:r‘u

Led (A,m,,l) ond ,n,¢) Ve un ulac(am and coa'gebm, fes[;ec-}ive'y.

De FinHon The _convelution aleelw‘o\ of C and A s the linear space Bom L C/A)  with
yran} deFined by £ x 9

= Mo (fo 9 ) ° A for all aF,f’eHom(C;ﬁ) and "ngr}f‘)y
5‘;\/5:\ !9}/ Qe «

Remock  TE A=l +then  Hom (k)= C* b (=K Pm(K,A) = A

lemme  TF

7-C3D 45 a cou'gebm
on algebro

mor phism .

Proo ¥ Nolice for ¥ 9 ¢ Hom (P,P) :
- nr(#) x 11’(5). Mso

mor":lsm , Jhen 1% Hom (D,A) —)Hm»((,ﬂ), 1*(P)= forr i

T x 3)‘(Fv,) me= m.(Fsg).,A o7 < melfag)elnem) « I,
n[q»i) neEyoT = -

ProPosH'inn ey C be a bial e_l;m ond A be an alaeSM Svrfvse Hh Lelom(C,R)  has
o conyolyhon mverse  F . Ld’ AP be Hhe 0”0-"1" u\gﬂ:m of A Mpor (08L) < mlbea),
W IF P2 s an dlgebre map then o AT e 0’ge!>m veseh.
L) IF P e "’A” i an a'ﬂaLro\ maP ‘H\CV\ ‘P o A

Hence 1’ ’b an algebro morp}‘l"m.

map .
Js an  algebsen map.
Prook. Le} p- CoC be Jhe densor

Ppoa\uc} (oalchNA . Since (4
m b C s

s o Biulgegﬂh then
o coalgebren morfo-‘h- Then Ly e

pevious  lewma  m. (£) _hasan Invesse
ms H‘") n Bom(D,A). we Wl show Fhot L :0-A, Acod)= £'(d) {"(c/ Iy a
lebtr (onvolvhon  nerse  for my (P) ws nell.  This 1;4))’5'—5 Hat Flom, = mE () = A .
T—nﬁud/ F‘r C,d ¢l ve have:
(Lx i) (eod)= T Lley @dy) m(#) (wy@d,,)
@, ()
’ tit)/u/]c Clo) * (("’) f () ""-’v/)
Pis on . - )
o L By O ) P P
”
mLo(P"@ F)DAL LL) = 9 (f.(.(.)): £Cc) LL
5 % Flle,,) et F Q) = te)edd) 1, - e, Leod) L,
= Ll‘(‘ ° ?'D) Lt.@é)
+hen L s o leht  omolbon merse  For mS(p),
Lemmu I )R B s an qlae&w M,P)n'm then :)‘: Hom (¢, A) = Vo (C,B) 45 an algg&m moypl»'sm

Proposi)ion led A b « bm'sclﬂa ond ( be & coa'geéru\ Suppose Hat £ eHon (C,B)  as

o convolbon wese ¥ . Lt AP = (A, T,.°0, o) be the o”osrle coalgebra of A o f:j:;;:i
o) IF F Co>A §y a Lea'aolvra moyplusm Hhen 4\ 0> A“P is ’
h IFf f:-Cop

@ (oq'chn« morp ism,
5 a toalgebra Mo,,)nsm Pen PN s g (au'gebm mg,«fl»'bm.



