RANDOM MATRICES WINTER 2024

FRANZ LEHNER AND ADRIAN CELESTINO

EXERCISE SET 1

Exercise 1. Simulate spectra of real random matrices X = [z;] 1<i<ny with different distribu-

1<jSM
tions in MATLAB, Mathematica or R, etc.

a) For M = N, describe the spectrum of X.
b) For M = N, describe the spectrum of (X + X7T)/2.
c) For M # N, describe the spectrum of X7 X for different rations of M/N.

Consider M, N ~ 10,100, 1000.

Exercise 2. Let X = (X1, Xo,...,Xn) be a Gaussian standard vector, i.e. Xq,..., Xy are
independent identically distributed random variables A/(0,1).

a) Show that for the random variables Y = > ;X; and Z = > b;X;, we have
YUZ & EYZ|=0 < alhb,

where a = (a1, ...,ay) and b = (by,...,by).
b) Let U be an N x N orthogonal matrix. Show that Y = UX is also a Gaussian standard
vector.

Exercise 3. Let Xy be an element in the Gaussian Orthogonal Ensemble GOE(N), i.e.
Xy = [xij]fyjzl is a random matrix where z;; = z;; for all 7,7, and z;; (1 < i < j < N)
are independent real random variables with Gaussian distribution of mean zero, E[z%] = 2/N
and E[z7;] = 1/N if i # j. Show that if O is an N x N orthogonal matrix, then OXyO" is in
GOE(N).

Exercise 4 (Concentration around equator). Let B, be the unit ball in R?. The aim of this
exercise is to prove that

-1
(0.1) P((t1,....tp) € By : [tp] > €) < V2mexp (—€2p 5 ) , for p>3.
a) Prove for y > 0
/ exp(—t?) dt < gexp(—yz).
y

b) Let p > 3. Prove that

! o T - 1
/ (1—)=dt > / Q-7 dt>—.
0 0 2yp—1
Hint: Bernoulli’s inequality states that (1+ a)® > 1+ ab for all real numbers b > 1 and
a> —1.
c) Prove that if p > 1 and 0 < € < 1, then (1 — €)? < exp(—ep).
d) Use c) to prove (0.1). Hint: Recall that

VOI(B_1> ! p—1
P((ty,...,t B, : |t >¢)=2— 2~ 1—t3) =2 dt.
(( 1 ’p)e P ‘p|—€) VOl(Bp) /6( )
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e) Conclude that two independent random vectors in B, are almost orthogonal with high
probability.
Exercise 5 (The lattice of set partitions). Let P(n) be the set of partitions of {1,...,n}.
a) Let m, p € P(n). Show that the sets
{c€P(n):7<ocand p<o} and {oce€P(n):n>0c and p>o}
have unique minimal and maximal element denoted by 7 V p and 7 A p, respectively.

b) For any 7, p € P(n), describe 7V p and 7 A p.
c¢) Draw the Hasse diagram of P(4).



