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Abstract

In this research project, we study some of the local methods which allow us to either
completely solve a diophantine equation, aid us in locating the solutions or give us

information about the solutions which can be used in more advanced methods.
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CHAPTER 1

Introduction to Local Methods

In this chapter we give a brief overview of p-adic numbers and various methods from
what could be called ‘p-adic numerical analysis’. We shall discuss, in particular, the
use of p-adic numbers in an elementary way (that is, congruences modulo powers of p)
and in a less elementary way (that is, Hensel’s lemma, Strassmann’s theorem, p-adic

power series and Skolem’s method). We follow the ideas from [I], [6] and [§].

1.1 The p-adic norm and p-adic numbers

In this section we construct the field of p-adic numbers, @@, and state and prove the
necessary results needed in order to solve certain Diophantine equations. To do this,
we introduce the notion of the p-adic ordinal, ord, and define the p-adic norm, | - |,
from the p-adic ordinal. This thus allows us to define the field Q, as the completion

of the field of rational numbers, Q with respect to the norm | - |,.
Definition 1.1.1. Let R be a ring with unity 1 = 1. A function
|-]|:R—R*={reR:r>0}
is called a norm on R if the following are true:
(1) ||z|| = 0 if and only if z = 0.
(2) lz-yll = ||| - [lyl| for all z,y € R.

(3) llz +yll < ||l + [[yl| for all z,y € R.
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Condition (3) is called the triangle inequality. A norm is called non-Archimedean if

condition (3) is replaced by the stronger statement, the ultrametric inequality:
(3) [lz + yl| < max{||z]],[|y||} for all z,y € R.
otherwise the norm is Archimedean.

Example 1.1.1. Let R C C be a subring of the complex numbers, C. Then setting
||z|| = |x|, the usual absolute value, gives a norm on R. In particular, this applies to

the cases R = 7Z,Q, R, C. This norm is Archimedean because of the inequality:
|1+ 3| =4>3=3] =max{|1], |3|}.

We now consider the case of R = Q, the ring of rational numbers a/b, where a,b € Z
and b # 0. Let p € {2,3,5,7,11,13,...} be a prime number. Every nonzero rational

number, x, can be written uniquely in the form
G
x=p -
p b?
where a,b € Z with p{a,b and r € Z.
Definition 1.1.2. If z is a nonzero integer, the p-adic ordinal of x is
ord,r = max{r : p"|z} > 0. (1.1)
For a/b € Q, the p-adic ordinal of a/b is given by:
a
ordpg = ord,a — ord,b. (1.2)

For z = 0, we agree as a convention to write ord,0 = oo. We notice that in all cases,
ord, gives an integer and that for a rational number a/b, ord,a/b is well defined, that
is, if a/b = ¢/d then
a c
ordpg = ord,a — ord,b = ord,c — ord,d = ordpc—z.

Proposition 1.1.1. [6] If z,y € Q, the ord, satisfies the following properties:

(1) ord,x = oo if and only if x = 0.

(2) ordy(xy) = ord,z + ord, y.

(3) ord,(x +y) > min{ord,z, ord,y} with equality if ord,x # ord,y.
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Proof. (1) is trivial as it follows directly from our convention; we, therefore, prove (2)
and (3). Let z,y be nonzero rational numbers. Write = p"¢ and y = p*5, where p
is a prime number, a,b,¢,d € Z with pta,b,c,d and r,s € Z. Then:

For (2), xy = e
p1ac,bd.

For (3), suppose that » > s. Then we have,

L4 C s ,_s@ C s (P %ad + be
x+y=p o +p-=p <p —+—>=p — .

which gives ord,(zy) = r + s = ord,x + ord,y, since

b d b d bd

Similary, if » < s,

L4 C (0 . C . (ad+p*Tbe
vty =r g g = () = bd '

If r = s, then we get

a4 .C . (G C . (ad+ bc
x+y:p3+p3:p(6+3>:p bd )

Combining these results, since p { bd, we get ord,(x + y) > min{ord,z, ord,y}. ]

Definition 1.1.3. For x € Q, the p-adic norm of x is given by

{p—ordpx if T ?é 0

1.3
p~>® =0 ifx=0. (13)

\:U’p =

Proposition 1.1.2. [6] The function |-|, : Q@ — R™ satisfies the following properties:
(1) |z|, = 0 if and only if x = 0;

(2) - ylp = [zl - [yly;
(3) |z +yl, < max{|zl|,, |y|,}, with equality if |x|, # |y|,.
Hence, |- |, is a non-Archimedean norm on Q.

Proof. The proof follows easily from Proposition as follows. (1) is trivial as it
follows directly by definition of | - |,. Thus we prove (2) and (3). Suppose z,y € Q.
Then we may write z = p"{ and y = p*<, where a,b,¢,d,r, s € Z with p a prime such
that p1a,b,c,d.

For (2), we have

Ty = pHS%, with p tac,bd (p-prime).
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Therefore, we have

loyly = p7 = pTp = fallyly
For (3),if z =0 or y =0, or if x + y = 0, then the property is trivial. Therefore we
assume that z,y and x+y are all non-zero. We also assume without loss of generality
that r <'s, then

p"(ad 4+ p*~"be)
bd

’33‘{’3/‘17 =

)
p

and this must be less than |z|, because (ad + p*~"be) factors as p’i for some j € N
and i € Z. Then pit || 22427709 " which implies that

bd
2, = p7 = pU = |z tyl,
so that
[z 4yl < max{lely, |y} <zl + [yl
This completes the proof. O

Let p be a prime number and n > 1. Then from the p-adic expansion

no= ngmp 4 nep’ 4+ gt (1.4)
with 0 < n; < p— 1, we define the number

ay(n) = nog+mnyg+ng+---+ny. (1.5)

In the following example we prove a result that will be useful in determining the
radius of convergence of p-adic exponential function, which we shall discuss in the

last section of this chapter.

Example 1.1.2. [I] The p-adic ordinal of n! is given by

ord,(n!) = %pl(n). (1.6)

Therefore, the p-adic norm of n! is given by

’n"p = p—(n—ozp(n))/(p—l)' (17)
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Proof. We prove this result by induction. The claim is true for n = 1. Now let n > 1
be an integer and assume that
n—1—a,(n—1)

p—1 '

ord,((n — 1)) =

We write n as n = ng + nip + ngp® + -+ + ngpt. If p + n, then ng > 0, hence
n—1= (ng—1)+np+nop?+---+ngp’. Therefore, using the fact that n! = n(n—1)!
and that p { n, we have

ord,(n!) = ordy(n)+ord,((n —1)!) = ord,((n—1)!).

Hence, we have

ord,(n!) = n—1—ayn—1)  n—1—((ng—1)+np+np?+ -+ ng")
p1:) = —
p—1 -1
— n—(n0+n1p+n2p2+...+wp£) B n— ay(n)
= e _ ol

If p* | n for some k > 1, then n = nyp* + - - - + nyp?, where n, > 1. It follows that

n—1 = (mp"+-+np") =1 = pF —1+(np — Dp"+ - +ngpt
= (p—DA+p+p+-+p"7) + (u = Dp* 4+ 0’

Hence, we have

—l-an—l —1—(k(p—1 —1 .
ord,((n—1)1) = = p i‘pl(” )2 (Hp = 1) +Zk_ 1 +Npyr + e+ ny)

Since ord,(n!) = ord,(n) + ord,((n — 1)!) = k + ord,((n — 1)!), we have

ord,(n!) = k+

p—1
. n—l—(nk—1+nk+1+--~+ng)_n—(nk+nk+1+---+n4)
a p—1 a p—1
_ n—op(n)
= -
This completes the proof. n

Two norms are defined to be equivalent if they induce the same topology, that is,
they define essentially the same metric. It turns out that all non-trivial metrics on
the rational numbers, Q, are equivalent either to the standard metric or to the p-adic
metric for some prime p. For the rest of this research project, we shall ignore the

existence of the trivial metric on Q.
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Usually one completes the rational numbers, QQ, to form the real numbers, R, using
the standard absolute value by forming the set of all Cauchy sequences with the same
limit, with convergence being measured in the sense of the absolute value. Using the
p-adic norm the same construction can be carried out. But now instead of ending up
with the field of real numbers we end up with the field of p-adic numbers, Q,.

We can think of a p-adic number as a formal base p expansion which encodes prop-
erties modulo higher and higher powers of p. Every nonzero p-adic number, n, can

be written in the form

n o= p*(ng+mnmp+nyp’+---)=p" (Z nipi> , (1.8)
=0

«

where n; € {0,...,p — 1} and (p,ng) = 1, we define ord, = v and |n|, = p~

Definition 1.1.4. The p-adic integers, Z,, are defined to be the elements n € Q,
with o = ord,n > 0 or equivalently, with |n|, = p~* < 1. It is clear that Z, contains
a copy of N, as elements of N are just elements of Z, for which all but finitely many

of the coefficients, n;, are zero.

It is obvious that one can not hold a p-adic number to infinite precision within a
computer’s memory, just as one can not hold a real number to infinite precision. It
is usual to work to a given accuracy, so we hold a p-adic number as a triple, (a, 3, 7),
where o, 5 € Z, v € ZU {oo} with a <y and 0 < § < p?~®, where either § = 0 or
ged(p, B) = 1. Such a tipple gives a representation of a p-adic number n up to the p”

digit as follows:
n = p*B+OQp). (1.9)

1.1.1 Arithmetic in Q,

We define the basic arithmetic operations on p-adic numbers in a completely elemen-

tary and algorithmic way as follows:

For addition and subtraction. Let z = x £ y; then we have

Y. = min{y,v},
a, = ord, (p* B, £ p™B,(mod p’*)), (1.10)
B, = p * (p™ By £ p™By(mod p7)).
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For multiplication. Let z = zy; then we have

Q, = O+ Qy,
v, = min{oy, + vy, oy + 72}, (1.11)
62 = Brﬁy (mOd p%_az) :

For division. Let z = z/y. We can only compute this when 3, # 0, otherwise we
obtain an undefined object, just like dividing by zero for the real numbers. Note that
if 8, = 0, we may not be dividing by zero but by something we can not recognise as

different from zero. So assuming /3, # 0, we have

QA = Qg — Qy,
v, = min{vy, — oy, o + v, — 204}, (1.12)
B. = Bxﬁy_l (HlOd p’yz—ozz) :

Example 1.1.3. [§] For this arithmetic of p-adic numbers, let us consider the 3-adic

numbers
r=3+2-324+3"4+0(3°), y=2-3"1+324+2-33+0(3%).
Then in this case we have that

Oy = 17 Bx:34a ’790257
a, = —1, B, =101, ~, =4.

We then, using the rules of arithmetic above, have that

r+y = 2-3714+340(3%),
vy = 2+3+32+0(3%),
z/y = 2-32+2-3+3"4+2.3°+0(3%.

Just as one forms algebraic number fields by polynomial extension of rational num-
bers, so one can form finite extensions of the p-adic numbers by forming polynomial

extensions:

Qp[X]/ (fQp[X])

where fQ,[X] is an irreducible polynomial. The problem of computing in such finite

extensions is solved in just the same way as when using extensions of the rational
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numbers, that is, by using polynomial arithmetic but this time with coefficients in
Q, represented by the triplets discussed in the p-adic arithmetic above.

The process of taking such finite extensions must eventually terminate in the algebraic
closure of @, denoted Q. However, Qj is not complete, in the sense that there exist
Cauchy sequences in Q) which do not converge. The completion of QF, denoted €2,
is complete and algebraically closed. The p-adic valuation on Q, given by |z|, = p~*
extends essentially uniquely to each extension field.

We can arrive at finite extensions of @, in another way which discuss now. Let K be
an algebraic number field. Each prime ideal, p, defines a valuation on K which gives
rise to a completion. The valuation is given by looking at the prime ideal factorisation

of the principal ideal generated by an element ¢ € K. If

(¢) = p~a/b,

where a and b are fractional ideals and the ideal p is coprime to the ideals a and b.
Thus

’¢|P = piafp?

where f, denotes the residue degree of the ideal p. In what follows below we shall
denote e, the ramification index of p and p is the rational prime lying below p.
Such a completion is a finite extension of @, which contains K, and we shall denote
it by K,. In such a way one obtains an embedding of the number field K into
2,. This is similar to the usual s + ¢ embeddings of K into the complex numbers,
C, where s denotes the number of real embeddings and ¢ denotes the number of
complex conjugate embeddings. Because of the similarity we shall refer to these s+t
embeddings into the complex numbers as giving s + ¢ ‘infinite’ valuations and denote
them by |- |. It turns out that all inequivalent valuations on K are in a one to
one correspondence with the set of s+t infinite valuations and the valuations arising
from each prime ideal.

There are then the following correspondences for a number field K = Q(6) defined
by a monic irreducible polynomial f € Z[X] such that f(f) = 0. We let p denote a
prime number (which may also include co).

Let f = fi--- f, denote the factorization of f into irreducible factors in Q,. Then each
non-conjugate embedding into €, (or C) corresponds to one of the f;, i =1,...,r.
Two embeddings are said to be conjugate if they map 6 into a root of the same f;.

Such conjugate embeddings give the same valuation on K.
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If p # oo each factor f; corresponds to a prime ideal p; lying above p. In such a
situation if o is the corresponding embedding into €2, then we have, for any ¢ € K,

the following identities:

|6lp = lo()[527r = p~Frro (@) = Ny (p) %@ = | Nig, 13, (9)1- (1.13)

The completion of K with respect to a prime ideal, p, which we shall denote by K,,
is called a ‘local field’. The degree of the polynomial f;, and hence the degree of the
extension of the field Q,, is given by e, f,. The residue field, which we denote by £,
is defined to be the quotient field K,/(p). The residue field is a finite field of degree
fp over F,.

We now state and prove one of the most important elementary facts in number theory;,

which is the generalisation of Fermat’s little theorem.

Theorem 1.1.1 (Fermat’s little theorem [8]). Let K, be a local field and let o € K,,.
If ord,(a)) = 0 then

ord, (aNKv/@(")‘1 —~ 1) > 0.
In other words,
oNee®=l = (mod p).

Proof. This follows from the fact that the number of elements in the residue field is

equal to Nk g(p) = p’. O

An element, o € K,,, which satisfies ord,(a) = 0 is called a unit, because it is an
integer of the local field whose multiplicative inverse is also an integer. Therefore,
Fermat’s little theorem tells us that any unit can be made congruent to 1 (mod p) by

just raising it to some power which is a divisor of Nk, q(p) — 1.

Example 1.1.4. Let K be the number field K = Q(6), where 6% + 1 = 0. Consider
the element a = 14 +/—1. As a has norm, Ngg(a) = (14++v/=1)(1—v/—=1) = 2, it is
a unit of K, for any prime ideal p that is not lying above 2. The ideal p = (3) is prime
in K and thus it has residue degree 2. By Fermat’s little theorem if we raise o to a

power of some divisor of 32 — 1 = 8, then we obtain an element which is congruent
to 1 (mod 3). That is,

1+v=1 = 2v—1,
(1+v-1D" = V-1 = 4 = 2+34+2-324+2-3 +...,
(1+vV=-1% = (-4 = 16 = 14+2-3+1-32

Hence we need to raise a to the eighth power to achieve the desired result.

9
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1.2 p-adic numerical analysis

In this section we discuss some of the topics which we sometimes meet in a numerical
analysis course in the context of real numbers, namely issues of finding roots of
polynomials to arbitrary precision using the Newton-Raphson formula, computing
solutions to power series equations to arbitrary accuracy and providing algorithms
to compute transcendental functions to a given accuracy. The analogues of these

problems could all be considered to come from an area of ‘p-adic numerical analysis’.

1.2.1 Newton-Raphson method

Suppose we are given a monic polynomial f(X) € Z,[X] and we wish to compute a
root to this polynomial in Z,. One way of doing this would be to mimic the Newton-
Raphson method that is used in the real case. This method is so successful and
important and it is named after Hensel, who was the first to use it in the p-adic
context. Hensel’s lemma plays a fundamental role in may algorithms in computer
algebra such as polynomial factorisation. Hensel’s lemma provides a criterion for
when a solution modulo p" can be made into a solution modulo p"*!, that is, a
solution modulo p" is ‘lifted’ to a solution modulo p™*!. This process can be repeated

to lift the solution modulo p"*! to a solution modulo p"*2 and so on.

Remark 1.2.1. In the p-adic integers, Z,, congruences are approximations. That is,
for a,b € Z,, a = b (mod p") is the same as |a —b|, < p~™. Thus, turning information
modulo one power of p into similar information modulo a higher power of p can be

interpreted as improving an approximation.

Theorem 1.2.1 (Hensel’s lemma [8]). Let f(X) € Z,[X] be monic and let ay € Z,

denote an approzimation to the value of a root of f(X) such that

‘f(a0)|p S p725717

where § = ord, (f'(ap)) with f'(ap) # 0. Then the following sequence tends to a root
a € Zy:

. f(an)

T e
n

In addition the limit, a, is the unique root of f(X) satisfying

la — agl, < p~°.

10
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To prove the theorem, we need to first prove the following lemma.

Lemma 1.2.1. For all n € N we have
|f(an)|p < p—25—n—1, and |a, — an—1|p < p_6_n'

Proof. We prove this lemma by induction, assuming that the result holds for all values

less than or equal to N. By the second assumption there is a b € Z, such that

ay = anN-q —i—pMNb.

Then we have, by applying a Taylor series expansion,
flan) = flana+p"0) = flan-1) + O(p™Y).
So then we have,
fllan) = fllan—1 + ") = f'(an-1) + O™,
But then we have,
ordy(f'(an)) = ordy(fan 1)) = -+ = ordy(f'(ag)) = 5

whence our first assumption implies that

f(aN)
f'(an)

—0—-N-1

p

Therefore,

lay+1 —anl, < p D,

which proves the second assertion. To prove the first assertion we need to apply

Taylor’s theorem,

v = - ()2 - ()

where ¢ € Z,,. Hence we find that

|f(aN+1)’p S p—26—2(N+1) < p—26—(N+1)—1'

The initial case when N =1 is trivial, so this completes the proof of the lemma. [J

11
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Proof. (Hensel’s lemma) Using the previous lemma, it is clear that the sequence in
Hensel’s lemma converges to a zero of the polynomial f(X). Hence we only have
to show that this is a unique zero within the required range. Suppose that there is

another root a such that

la—al, < pO7h

We shall show that |o — ax|, < p~°~~1 implies that |a — ayi1|, < p~° V72, from
which the required result will follow. Again using Taylor’s theorem we find out that

(putting p*N*1b = a — ay for some b € Z,) there is a ¢ € Z, such that
f(aN) + f/(aN)p5+N+lb +p25+2N+2b20 _ f(Oé) = 0.

Hence we obtain that

SENH1p flan) + O(pi 2N+
and thus,
a = anp +O(p6+N+2).
This completes the proof. O

Example 1.2.1. Let p denote an odd prime and consider the polynomial f(X) =
X2+41. Clearly a solution of this equation modulo p can be considered as an element,
ag, of Z, such that f'(ap) = 2a9 # 0 (mod p).

Hence by Hensel’s lemma we can ‘lift” a solution modulo p to a solution in Z,. For

instance X?+1 = 0 has the following solution in Zs using the Hensel lemma algorithm:
fX)=X*+1 = fla,) =a,+1, [f(X)=2X = f'(an) = 2an.

Then, substituting in the formula, we get

f(ay) a?+1 1 1
Ap = Qp — = a, — = —la,—— |.
o f/(an> 2an 2 (7%

We note that ag = 2 is a zero of X? +1 =0 (mod 5), so we take ag = 2 (mod 5) as

the initial approximation of the root in Zs. The next solutions are found as follows:

1 1 3
1 1 24
ay = §(a1_a_1) = = = 57 = 2+1-5+2-5% (mod 5°),
1 1 199
= “faa—=) = = = 182 = 2+4+1-5+2-5°+1-5° (mod 5*
as 2<a2 @) - +1-5+ + (mod 5%,

12
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and so on. Continuing in this fashion we obtain the following solution
a = 2+1-5+2-524+1-5°+3-5"+4-5 +2.5643.5"+3.5°+....

Therefore, Hensel’s lemma provides a mechanism to lift an approximate solution

modulo an appropriate power of p to a unique solution in Z,.

1.2.2 Power series in one variable

In this subsection we investigate the properties of power series over the p-adic num-
bers. We will consider the power series to be polynomials of infinite degree. In
practice, when implementing power series in the programs coded in sage, they will be
of finite degree, with the remainder specified by O(z"™!), depending on the number
of variables and the desired precision n.

We begin by investigating convergence properties of sequences and series in Q,. We
recall that since Q, is complete, every Cauchy sequence converges. Furthermore, all
the axioms of that hold for the usual absolute value in R also hold in @Q,, so most of

the basic theorems still hold in the p-adic sense.

Definition 1.2.1. Let K be a field and let |- | be a non-Archimadean absolute value
on K. The subring

O = {zeK:|z|<1}eK (1.14)
is called the valuation ring of |- |. The ideal
Ix = {reK:|x|<1} e Ok (1.15)

is called the valuation ideal of | -|.
This definition immediately leads to
Definition 1.2.2. The ring of p-adic integers is the valuation ring
Z, = {ze€Q,:|z], <1} (1.16)

Since the p-adic absolute value is non-Archimedean, the properties of quantities and
concepts contingent on the absolute value such as convergence of a Cauchy sequence

is likely to differ from that of the real numbers. Indeed, we have

Proposition 1.2.1. A sequence {a,} in Q, is a Cauchy sequence, and therefore

convergent if and only if it satisfies

lim |ap+1 —anl, = 0. (1.17)
n—oo

13
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Proof. f m =n+r > n, we get

|xm - xn|p = |xn+r — Tptr—1 + Tntr—1 — Tpgr—2 + ** + Tp1 — xn|p
S max{|xn+r - xn+r—1|p7 |xn+r—1 - xn+r—2|pa SRR |xn+1 - $n+|p} )
since the p-adic absolute value is non-Archimedean. Then the result follows. O

Remark 1.2.2. This result is in clear contrast to analysis in R where the condition

lim |z, 1 —2,] = 0 (1.18)

n—oo

is not equivalent to the Cauchy condition. For example, consider the harmonic se-

quence
1+1+1+ +1
-Tn — — — -,
2 3 n

for which |z,41 — x,| = 1/(n + 1) which approaches zero as n — co. However, it is
possible to show that zox > (k4 2)/2, hence the sequence is unbounded and does not

have a limit.
As a corollary to Proposition [1.2.1] we have

Corollary 1.2.1.1. An infinite series Y a, with a, € Q, is convergent if and only

if lima,, = 0, in which case we also have
o0
>
n=0

Proof. A series converges when the sequence of partial sums converges. We suppose

lp-

< max|a,
n

p

Then a,, = S,,—S,_1. If it tends to zero, then it immediately follows from Proposition
that the sequence of partial sums is a Cauchy sequence. The converse direction,
assuming the series to be convergent, is trivial. The result about the absolute value

of the sum follows from the non-Archimedean property. ]

Let p be a prime number. Let a,, denote a sequence of p-adic numbers; then the series
> a; converges when a,, — 0, in the p-adic sense. This gives a rather nice convergence

criterion for a power series. Let

fX) = > aX' = at+aX+aX+: (1.19)

120
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denote a power series with p-adic coefficients. Then this series converges at a point

x if and only if a;2* — 0. Hence it will converge for all values of z if

limsup|ai|]1?/i = 0, (1.20)

1—»00
that is, the a; become very highly divisible by p as i increases.
The theorem below is due to Strassman and it is the main result we shall require
on power series in one variable. It allows us to bound the number of zeros of such a

series of p-adic numbers.

Theorem 1.2.2 (Strassman []). Let a; be a sequence of p-adic numbers, not all zero,
and let

f(X) = ZGZXZ = CL0+(11X+CL2X2+"'

i>0
be a power series which converges for all x € Z,, that is, |a;|, — 0. Define N such
that

lanlp = max|aly, |ailp, < lan|, Vi> N.
Then there are atmost N elements o € Z,, such that f(a) = 0.

Proof. We prove the theorem by induction on N. Firstly we prove the initial step and
suppose N = 0: We know from the condition on N that

lanl, > lagl, for all n > 0.

We now assume for the purpose of deriving a contradiction, that there is actually an

a € Z, such that f(a) = 0. Hence we have

E a; ot

i>1

laol, < , since « is a zero,

P
< I?SX i,

< laglp, because N =0,
which gives a contradiction.
We now prove the induction step and assume that N > 0 and that the theorem is

true for N — 1. Let v denote a zero of f(X). If there exists is no such «, then we are

done. We define a new function g(X) by

g(X) = ZbZXZ where bl = ZQH_H_]'O{j.

i>0 §>0

We then find out that:

15
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|bi|p < m>ax|ai+1+j|p < |aN|p-
7>0

< .
bv-1lp < maxiail,.

Then as a € Zy and N > 0 we find that [by_1[, = |an/,.

3. If 1 > N we find that

bil, < gnza]\)f‘aﬂp lan]p-

Therefore, we see that the power series g(X) satisfies the conditions of the theorem
but for N — 1. By our inductive hypothesis there are then at most N — 1 elements
B € Z, such that g(8) = 0. We finally have to show that this implies that f(X) =0
has at most IV solutions. We already know the existence of one solution, namely, a.
But then,

FX) = f(X) = fla) =D a; (X' = a') = (X — a)g(X).

i>1

Whence, any solution of f(X) = 0 is either a solution of g(X) = 0 or equal to a. So
there are at most N solutions to f(X) = 0. This completes the proof. ]

Example 1.2.2. Consider the (p-adic) power series

fX) = > nxm
n=0

We want to estimate the number of zeros of f(X) by Strassmann’s theorem: We set
an :==nl, |ay|, =1 for all n € {0,...,p— 1}, |a,|, < 1/pforalln € {p,...,2p — 1},
and so on. So limsup |a,|, = 1. Since |a,|, — 0, as n — oo, f converges in Z,.
The number we are looking for is N = p — 1. We are therefore able to conclude by

Strassmann’s theorem that f has at most p — 1 zeros.

Example 1.2.3. In R, Strassmann’s theorem is clearly not true. We consider the

sine function to see this

f(X) = sin(X) = Z((_—l)n‘inH.
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The sequence a,, is given by

0, if n is even
ap = -1 nT_l
L, if n is odd.
n!
For this, we can see that N = 1, from which we can conclude by Strassmann’s

theorem that sin(X) = 0 has at most one zero. But we know that the sine function

has infinitely many zeros and not at most one!.

Definition 1.2.3. Consider the power series ) a, X" where a, € Q,. Then the

radius of convergence of the series > a, X" is given by

1
— -—1/1’],‘ (]..21)
lim sup |a,|p

Proposition 1.2.2. The series ) a, X" converges if | X|, < r and diverges if | X|, >
r, where r is the radius of convergence. If for some X, with |Xg|, = 7 the series
> ap, X converges (or diverges), then the series Y a, X[ converges (or diverges) for
all X € Q, with | X|[, = 7.

Proof. We use our convergence criterion that the series > a,, converges if |a,|, — 0.

Then we first notice that if | X|, < r, then we have

lan X", = an[p| X[, — 0 asn — oo.
Similarly, if | X, > 7, we have

@, X", = lan|p|X|;, - 0 asn — oo.
Finally, if there is such an X, € Q,, then we have

lan Xl = lan|p|Xol, — 0 asn — oo,
and thus for every X € Q, with |X|, = r we have

lan X", = |anXgly = lanlp|Xol, — 0 asn — oo.
[

Example 1.2.4. We show that the radii of convergence of the p-adic power series

below
o X" o0 ( 1)n71Xn
exp,(X) = ZF and log,(X) = Z -
n=0 n=1
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are p~¥/®=1) and 1, respectively.

From the previous results, we have

1/nlfY" = prmen/ne=1) . p(apn)/m)/e=1)

and thus we have

limsup|1/n!|;/” = limsup p{t-r(/m/@G=1 —  pl/p=1),

n—oo

Therefore, the radius of convergence of exp,(X) is p~ /1.

Similarly, we have
ll/n];/n = porbm/n - limsup\l/n];/" = 1.

Hence, the radius of convergence of log,(X) is 1.

1.2.3 Power series in many variables

[8] We shall assume that we are given n power series in n variables with coefficients
coming from Z,. Let f denote such a vector of power series. We define the Jacobian

matrix of such a system by

Jac{T) = (gi) . (1.22)

The determinant of the Jacobian matrix we shall denote by J#Z).

We shall require the following standard result on formal power series

Lemma 1.2.2. [§] Let f denote an n-vector of power series in n variables with no
constant term. Suppose Jf(ﬁ) € Z,. Then f has an ‘inverse’ vector of power series

with respect to composition of functions.
Proof. See [5] O
We use this result to prove the following theorem

Theorem 1.2.3 (mult-dimensional Hensel [8]). Let f denote an n-vector of power

series in n variables. Suppose there is a vector a € Z; such that

—

f(@ = 0 (modp®*h), (1.23)

where § = ordp(Jf(d’)) < 00. Then there is a unique zero of the system of power series

a such that

a (mod p°*). (1.24)

Q1
I

18



Chapter 1. Introduction to Local Methods

This theorem is completely analogous to the standard multi-dimensional version of

the Newton-Raphson algorithm in ordinary numerical analysis.

Proof. Just as in the proof of Hensel’s lemma we prove this theorem using a Taylor

series expansion

—

fla+p'X) = fla)+ Jacg(@)p’ X + p*7(X).

—

The remainder power series 7(X ) will have zero constant and first degree terms. We

define the new vector power series
JX) = X+ AFX),
where A is the unique matrix such that
Adacy(@) = P°1,.

The vector of power series J(X' ) has an inverse, by Lemma , with respect to
composition of functions g—!; this inverse also has no constant terms. We then find
that

define

Then we have

—

J@) = J(@) - AJacfay's = f(@ —-p"F = o.

That « is the unique such vector follows from the fact that the matrix A has deter-

minant equal to a unit in Z,. Hence ¥ = —Ab is the unique solution to the equation
p?b + Jacf(i)péf = 0,

and 7 is congruent to 0 modulo p as b is. This completes the proof. n
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1.2.4 The Iwasawa logarithm

While we are talking about analogues of the results and problems in standard numer-
ical analysis we can also discuss how to compute p-adic logarithms. Firstly we look

at the usual Taylor series expansion of the normal real logarithm about the point 1

(—1)+gd
log(l+x) = — (1.25)

which satisfies the identity
log((1+2)(1—2)) = log(l+x)+log(l—x) (1.26)

We could define a p-adic logarithm by taking the above series as a definition. However,
we have to worry about convergence problems.

Now if z € ©, and if |z — 1|, < 1, we define the p-adic logarithm by the same series
(1—2)
log,(2) = — ) ——, (1.27)

which certainly converges. In such a region of convergence we therefore also have the

identity
log,(14+2)(1 —x)) = log,(1+2)+log,(1—x). (1.28)
In the region where |z|, < p~/®~ we also have that
ord, (log,(142)) = ordyz. (1.29)

We would like to define the logarithm for the whole of €2,. We do this using an idea

of Iwasawa with the following rules:
1. For all z,y € Q, we have log,(zy) = log,(z) + log,(y).
2. If w is a root of unity in w, and s € Z then log,(wp®) = 0.

Using the above definition we can evaluate the p-adic logarithm at any point a € €2,,.
In our later examples a will be a unit of some K, where K is some number field and
p is a prime ideal. So we shall assume that this case holds for convenience. Note
that, since K, is complete, then o € K, implies that log,(a) € K,. We let e denote
the ramification index of p and f the residue degree. By Fermat’s little theorem we
know that the order of the image of « in the residue field F,; divides p/ — 1. We can

hence compute the order of the image of a in IF,,s, we denote it 0.This can be done

20
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by using either the naive method or the Baby-Step-Giant-Step method, see [§]. For
elements of large finite fields the determination of 0 may not be that easy, however
in the examples which interest us the finite field will be relatively small.

Now we note that if we choose ¢ such that p' > e, and assume p is odd prime, then
(1-a’)? = 1—pa®+---—a* (1.30)

and so ord,, (1 — onpt) > ord, (ppt) > 1. It can be easily verified that the last inequal-
ity holds for p = 2. Then we have

1 , 1 (1—a”")

log (o) = —1lo <a°p> = — - 1.31

Bl0) = - log, )Py (1.31)
We are hence left only with the task of studying how fast such a series converges and
developing techniques to speed up the convergence. We shall want to know how many
terms to take to obtain a desired level of accuracy, a question which is answered by

the following result:

Lemma 1.2.3. Let ord,(1 —z) > 1 and let M denote an arbitrary given integer. We

let N denote the smallest integer solution of

1 logn
n > ordy(1=2) <1ng+M>. (1.32)

Then we have

1 —2)
log,(2) = — Z ( - ) +0(p™M). (1.33)
i=1
Proof. We first note that ord,n < {‘(’é Z for all positive integers n. Now if n > N, we
have
1 — )"
ord, (Q) = nord,(1 — z) —ord,n
n
S logn+M _<logn
- log p ~ logp
> M.
Hence
N .
1 — 2)
ordp<— ( Z)> > M.
i=1 t
From which the required result follows. n
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[8] Algorithm for p-adic logarithms

DESCRIPTION: Finds the p-adic logarithm of the algebraic number
a € K with respect to the embedding of K into €2,
given by the ideal p.
a is assumed to be a unit of K,

INPUT: a € K, a prime ideal, p, of Ok and a natural
number M.
OUTPUT: The p-adic logarithm 8 up to accuracy of p™.

1. Compute o such that ord,(a® —1) > 0.

2. Set v = a®" where t is chosen to be the smallest number such that
m = ord,(y — 1) > sord,(D(0)) + 1.

: . 1
3. Compute the smallest integer solution, n, to n > (% + M) /m.

4. Set f:=0and 6 :=1— 1.
5. Forv=1,...,ndo

6. p:=p—4/i.

7. §:=0(1—r).

8. Enddo.

. B = pB/(op").

e

In such an algorithm we need to take care of any coefficient swell. If K = Q(6) we can
write v—1 as a polynomial in §. We can assume that no coefficient has a denominator
divisible by p, hence we can assume that v — 1 € Z,[f]. By the choice of o and ¢ the
polynomials representing § and ¢ have no coefficients with p-adic value greater than
one. For the reason for the choice of ¢ we see the proof of Lemma [1.2.1] Hence we

may reduce every coefficient in the logarithm by taking its value modulo

log M
MRS

This allows us to take care of the possible coefficient swell.

Example 1.2.5. Suppose we want to compute the 3-adic logarithm of the rational

integer 2. First is we need to compute an exponent o such that 2° = 1 (mod 3).
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Clearly we can take o = 2, in which case we have

logg(2) = 2]

Hence we need to compute logs(4), but since 4 = 1 (mod 3), this can be done from

the series

logg(4) = — S L=

: 1
i>1

9 81 243 243 -
= —(—3—1—5—94-?—?4—74-0(3 ))

= 3+2-324+34+2-34+2-3°+0(@3").
Therefore, we have

logs(2) = 2-3+42-3*4+3°+3°4+0(3").

Remark 1.2.3. One of the ways to speed up the computation of p-adic logarithms

is to use an observation of de Weger [4]. Instead of using the series

(1 - 2)!

i>1

log,z = —

we could use instead the series

1"—2 ZQH—I 23 ZB
1 _ = 2z r ).
ng(1—z> (;%Jrl Ty tE T

Of course if we make z very close to zero p-adically, then the above series will converge

much faster.

Example 1.2.6. As in the Example [1.2.5] above, suppose one wants to compute

log4(2). Again this is easy once we have computed logs(4). We find that

1+2
log;(4) = logy < 5)

3
=3
_ 3+ 9 N 243 N
B 5 125 15625
= 3+2-3%4+342.-3°4+2-3°+0(3").

Therefore, as before
logs(2) = 2-3+42-3°4+3°+3°40(3").
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1.2.5 p-adic exponential function

This section would not be complete without a discussion of the p-adic exponential
function. This function is defined by

ZTL
exp,z = Z ok (1.34)
i>1
which converges if ord,z > 1/(p—1). The function also satisfies the following formulae,
in the region in which it is defined:
(1+2)* = exp,(alog,(1+ 2))
exp,(z1 +22) = exp,(z1)exp,(22)
ord,z = ord,(exp,(z) —1).

Finally we notice that we have the following result

Lemma 1.2.4. Let o € ), denote a p-adic unit. If

ord,(a — 1) > p—] (1.35)
then
ordy(a — 1) = ord,(log, @). (1.36)

Proof. The proof of this lemma follows directly from the above formulae satisfied by

exp,, within its region of definition. O]
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CHAPTER 2

Applications of Local Methods to Diophantine Equations

In this chapter we give some of the local considerations which either allow us to
completely solve a diophantine equation, aid us in locating the solutions or give us
information about the solutions which can be used in a more advanced method. We
show how to apply the p-adic analysis in the previous chapter to find solutions to
equations using Skolem’s method and then finally we discuss how various pieces of
local information can be put together in an algorithmic method using sieving. Sieving
is no more than a catch-all phrase for a process meaning applying local considerations
one after another to sieve out (or remove) non-solutions [8]. The idea behind sieving
is that anything left after we have used a sieve has a good chance of being an actual

solution.

2.1 Some useful preliminary results

Lemma 2.1.1. Let f € Q[X, Y] be a homogeneous polynomial in two variables X and
Y of degree n such that the degree of f(X,1) isn as well. Then f(X,Y) is irreducible
if and only if f(X,1) € Q[X] is irreducible.

Proof. Suppose f(X,Y) is irreducible. Then the coefficient for X™is non-zero, so
f(X,1) has degree n. Suppose that g(X) = f(X,1) were reducible, say g = h - k
with degh = m and degk = n —m. Now let A’ and k' be the polynomials obtained
by adding the power of Y to each monomial such that A’ is homogeneous of degree n
and its coefficient for X7Y "7/ is the same as the coefficient for X7 in hk. Therefore,

we conclude that W'k’ = f(X,Y).
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Coversely, suppose f(X,Y) were reducible, then a factorization of f(X,Y’) includes
a factor of X in both factorizations so that f(X, 1) would be reducible as well. This
completes the proof. O

The following lemma allows us to use the Dirichlet’s unit theorem, which is the

starting point for Skolem’s method

Lemma 2.1.2. Let f € Q[X,Y] be an irreducible homogeneous polynomial in two
variables of degree n such that f(X,Y) is monic and of degree n. Then for any
a,b€Q, f(a,b) = Ngjg(a —bl), where 0 is a zero of f(X,1) in C and K = Q(6).

Proof. Since f is monic, f(X, 1) has degree n. Consider
f(X, 1) = (X —a)(X —ag) (X —ay).
Using the same argument as in the proof of the previous lemma, we find that
fX)Y) = (X—aqY)(X —aY) - (X —a,Y).

Let 0 = oy and K = Q(#). Then by Lemma2.1.1} [K : Q] = n and we see that the «;
are the Galois conjugates of 6, so that f(a,b) = Ng/g(a — bf) for each a,b € Q. O

Lemma 2.1.3. Let K be a number field. An element a € O is a unit if and only if
NK/Q(CL) = 41.

Proof. Suppose a € O is a unit, then a~! € Ok is also a unit, and therefore, since

1

1 = aa™" we have from the properties of the norm that

1 = NK/Q(G,)NK/Q(G_1>.

Since both Nk /g(a) and Ng,g(a™t) are integers, it follows that N g(a) = £1.
Conversely, suppose aOg and Ng/g(a) = %1, then the equation

aa”' = 1 = =£Ngpgla),

implies that ™" = Ng/g(a)/a. But Ng/g(a) is the product of the images of ¢ in C
by all embeddings of K into C, therefore, Ng g(a)/a is also a product of images of a
in C, hence a product of algebraic integers, and thus an algebraic integer. Therefore,

a~! € Ok, which proves that a is a unit. O

Definition 2.1.1. Let K be a number field. The group of units Ug associated to a

number field K is the group of elements of O that have an inverse in Ok.
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Theorem 2.1.1 (Dirichlet, 1846). Let K be an algebraic number field. The group Uy
is the direct product of a finite cyclic group of roots of units with a free abelian group
of rank r + s — 1, where r is the number of real embeddings of K and s is the number

of complex conjugate pairs of embeddings of K.

Proof. See [2] O

2.2 Applications of Strassmann’s theorem

In this section we shall now give three examples where we can apply Strassmann’s the-
orem, from the previous chapter, to deduce information about diophantine equations.
In all the three cases we derive a p-adic power series and then apply Strassmann’s
theorem to bound the number of solutions to the diophantine equation. Its range of

application is, rather limited.

Example 2.2.1. We show that the Thue equation
X3 4+6Y% = 41, (2.1)

where we are only interested in integer solutions of the form (X,Y’) € Z?, has only
the trivial solutions (X,Y’) = (£1,0).

Firstly we consider the algebraic number field K = Q(6), where #°+6 = 0. The reason
why we choose this number field is because it is the one which springs immediately

to mind in such a situation as we can write our diophantine equation as
Ngjp(X —0Y) = =+£1. (2.2)

The field K is a cubic number field with one real embedding and a single pair of
complex conjugate embeddings, it therefore, by Dirichlet’s unit theorem, has a single
fundamental unit which is given by 1 + 66 + 36. Such a fundamental unit can be
determined quite easily by either using the modern methods of computing such units
or using a computer package to perform the calculation for you. It is clear that the
only units of finite order in K are +1.

By considering the factorisation our Thue equation
(X —0Y)(X — 0wY)(X — 0u°Y) = =1, (2.3)

where w is a non-trivial root of unity. We see from the the unique factorization of

the ideal (X — 0Y)Of that we must have
X —0Y = =£(1+60+36%)" (2.4)
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We can then formally expand the right hand side of (2.4)) as a power series in k using

the Taylor series expansion, to obtain

0(20 + 2)2(k2 — k) | 27(20 + 6°)"(k* — 3K* 1 2)

X -0y = i<1+3(26+92)k+ 5 3

= (1 + 3(0%k + 20k) + 9(26°(K* + k)) +27(...)).

We then notice that X346 is irreducible over Q3; this is because X3+ 6 has a solution
mod 3, namely 0, but it can not be extended to a solution mod 9. Thus it does not
have a zero in Q3, and being of degree 3, it is therefore irreducible over Q3. We can

then equate the coefficients of § in equation (2.5). The coefficients of 62 then give us
0 = £Bk+9(...). (2.5)

From Strassmann’s theorem we then deduce that there is only one 3-adic solution to
the above 3-adic power series. But we already know one solution, namely, & = 0, which
corresponds to our known solutions of the original equation. Hence (X,Y) = (£1,0)

are the only solutions.

Example 2.2.2. We now consider the Thue equation
X342y = 41, (2.6)

This only has the integral solutions (X,Y) = £(1,0) and £(1, —1), which we shall
show now.

As in the previous example, we consider the algebraic number field K = Q(6), where
62 + 2 = 0. In this field we again have one fundamental unit, namely —1 — 6. By

considering the factorization of X3 + 2Y3, this leads to the equation
X -0y = £(-1-0)" (2.7)

Unfortunately, applying the method given in the previous example above does not
give us any p-adic power series to which we can apply Strassmann’s theorem. What
worked in the first example was that the fundamental unit was congruent to 1 modulo
3 and hence the power series in k£ which we obtained converged 3-adically.

By Fermat’s little theorem we know that for every algebraic integer, «, of K and
every coprime prime ideal, p, we have a® = 1 (mod p), where o divides p/r — 1. By
raising a° to the p* where p' > e, we obtain, as we previously did in the previous
chapter, that

o =1 (mod p). (2.8)
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In our example if we consider the prime ideal lying above (3), which completely

ramifies, using the fact that 6 = —2 we see that
(-1-0)* = —1-30-30>—-0> = 1-30(1+0). (2.9)
Hence we should consider the following three equations
+(1-30(1+86))° it k= 3s,
X—-0Y = ¢+(14+60)(1-30(1+0))° ifk=1+3s, (2.10)
+(1460)2(1 —30(1+6))* if k=2+3s.
We then expand the right hand side of these equations in (2.10]) as a power series in
s and then equate the coefficients of 62 as before to obtain three 3-adic power series

in s which have to be zero for a solution to our original diophantine equation. The

three power series are given by

6s+9(...) if k= 3s,
0 = {6s+9(..) ifk=1+3s, (2.11)
149(.) ifk=24+3s.

We therefore deduce that there is at most one solution, s, to the first two 3-adic power
series equations and there is no solution to the third equation. By inspection we see
that our original diophantine equation has a solution when k£ = 0 and £ = 1. Hence
these two solutions must be the only solutions. Hence the only solutions are given by
(X,Y) ==+(1,0) and +(1,—1).

Example 2.2.3. In this example Strassmann’s theorem will also show us where to

look for a solution as well. We shall show that the only solutions to the Thue equation
XP+6XY?2-Y? = +£1 (2.12)

are given by (X,Y) = £(1,0), £(0,1) and £(1,6).
To see this we consider the algebraic number field K = Q(6), where 6% + 60 — 1 = 0.

In K there is one fundamental unit given by . We also notice that
0> = (1-60) = 1 (mod 3)

and that there is only one ramified prime ideal lying above 3. We look at the three

3-adic power series, given by setting a = 0, 1 or 2 in the equation below

X—-0y = 08 = 0°(1-60),
= 01 — 60s + 180%s* +27(...))
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from which we deduce that there are at most six solutions; two when k& = 1(mod 3)
and four when k£ = 0(mod 3). We easily find the solutions k = 0,1 which correspond
to (X,Y) = £(1,0),£(0,1). The other two solutions must lie in the family k =
O(mod 3) which suggests that we look at & = 43,46, .... Fortunately, we find the

final two solutions at k£ = 3.

Example shows how we can use p-adic arguments to locate solutions as well as
the bound on the number of actual solution. From these examples it appears that
the method works for all examples of cubic Thue equations of negative discriminant.
This is however rather optimistic. It also appears from the above examples that we
need to use primes for which there is only one prime ideal lying above it. This is
not true in general but using such primes makes the presentation neater. For more
general primes one needs to decide on which prime ideal to choose and then find a p-
adic power series which must be zero for the solution to exist. We cannot just equate
coefficients of 62 in the general case. We can however find a suitable p-adic power

series by, for instance, using Siegel’s identity which we discuss in the next section.

2.3 Skolem’s method

In the previous section we saw how, if we could produce a p-adic power series in
one variable, we could bound the number of solutions to a diophantine equation.
However, we could have to be dealing with very small problems for the above method
to work all the time. An obvious extension would be to generalize the method to the
case when we obtain a power series in many variables. In such a situation we will
require many power series as well. The idea behind this solution method, often called
Skolem’s method, is to generalize Hensel’s lemma rather than Strassmann’s theorem.
Then after a finite amount of ‘sieving’ we can hopefully locate all the solutions. In
any case we will atleast obtain an upper bound on the number of solutions if this
method works.

This method dates back to Skolem and his school in the 1930’s [§]. Until the 1980’s
it was the main method used to solve many diophantine equations [§]. However, we
shall see later than the modern methods and Skolem’s method often share the sieving
process in common. The sieving process will turn out to be the major bottleneck.
Hence from a computational point of view Skolem’s method, when it works, is often

no worse than modern methods. We explain this method with the following example.
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Example 2.3.1 ([§]). We shall now consider that the Thue equation,
Xt 2yt = 41, (2.13)

has at most 12 integer solutions. To study this equation we first have to consider
the quartic number field K = Q(f), where §* — 2 = 0. The unit rank of the ring of

integers is two and we can take as a pair of fundamental units the elements
mo=1+6% m = 1+6. (2.14)
We therefore have to determine all possible pairs a;, as to the equation below
X-0Y = g = =£ni'ny. (2.15)

The smallest prime number which stays prime in K is 5 and in the residue field the

image of n; has order 12 and the image of 7y has order 312, indeed we have
m? = (14+6)2 = 1+5-20* +5%(...),
m? = (1+60)* = 1+5(40%+36°) +5°(...).
Therefore, we could equate the coefficients of 2 and #3 in the identity
X—0Y = B = sfmp(+02-))P+@2-1))k  (216)

to find two power series in the two variables k; and ky. However, we would have to
do this for all possible values of the b; which range 0 < b; < 11, 0 < by < 312. Hence
this looks rather an unpromising situation.

We instead notice that over the algebraic closure of Q we have four equations of the

form
X—-0Y = p;, fort=1,23,4 (2.17)

which correspond to the four roots of our polynomial X* — 2. Eliminating X and Y

from these four equations gives us two equations for the (;, namely
(0; — 02)B1 4+ (01 — 6;) B2+ (02 — 61)5; = 0, fori=3,4. (2.18)

This last equation, (2.18)), is often referred to as Siegel’s identity. Now the prime 7
decomposes in the field K as a product of three prime ideals, one of which has degree
2 and two of degree 1. That is, in modulo 7 the polynomial z* — 2 factorizes as a

product of two linear and one quadratic polynomial:
" =2 = (r+2)(z+5)(2* +4) (mod 7), (2.19)
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as 7 is not an index divisor. We take 0,0, to be the 7-adic roots of z* — 2 given by

0 = 2+3-7T+7°(..), 0y = 5+3-T+T7(...). (2.20)

We then take 3 = 2 and 0, = Q' to be the roots of the 7-adic polynomial

(z* —2)

= =2°+4+5-7+4-74+0-7+5.7 ). (221
g(x) = 0)(z —0y) r°+4+5-74+4-T+0-74+5-T+0(7). (2.21)

In the two degree-one 7-adic localizations of K the elements 7; both satisfy:
7 = 1 (mod 7). (2.22)
In the degree-two 7-adic localization of K we find that the n; satisfy:
' = 1(mod7), n5° = 1 (mod?7). (2.23)

We write a; = b; + 6k and ay = by + 48ky. We first need to determine which values
of 0 < by <5 and 0 < by < 47 solve the following congruences, which come from

Siegel’s identity:
(0; — O2)n " 0% 4 (00 — 0" " + (05 — 00)n" nS"™ = 0 (mod 7) (2.24)

for ¢ = 3,4. To do this we we need only loop through the 6 possibilities for the b;
and test these in the previous equation. We first find that there are 6 possible pairs

(b1, by) given by
(bi,bs) = (0,0),(0,1),(2,23),(3,24), (3,25), (5,47).

Then given these solutions we need to expand the equations in (2.18]) as two 7-adic
power series in the variables ky, ky. We obtain the following 7-adic power series f;

and f, in each of our six cases:

1. bl :OZbQ
fi = Bki4ky+6Qky +7(...),
fo = Bki4ky+ Qe +7(..),
2. 191:0,172:1.
fl - 5k31+6k2+59k}2+7()7
fo = Bky+6ky+2Qky +7(...),
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3. b, =2 by = 23.

fi = 44 5ki 4 3ky + Q(2k1 + 5ko) +7(...),
fo = 44 5ky + ke + Q(5ky + 2ko) + 7(...),

4. by = 3,by = 24.

fi = 442k +6ka+ Q4+ ko) +7(...),
fo = 442k + 6ky + Q(3+ 6ky) +7(...),

5. bl == 3,b2 - 25

fi = 5+2]€1+k2+9(1+2l{1)—|—7(...),
foo = 542k + ko + Q64 5k1) +7(...),

6. by =5, by = 4T7.

S

6 + 2k + 4ky + Q(5ky + 2k2) + 7(.. ),

fo = 642k + 4ky + Q(2k1 + 5ko) +7(.. ),

In each of the above six cases we apply the multi-dimensional Hensel’s theorem,
Theorem [1.2.3 to find that in each case there is exactly one possible solution in Q2.

As every one of these cases corresponds to two solutions of our Thue equation, [2.13]

where we have an upper bound on the number of solutions as 12. A simple search

reveals six solutions given in the table below:

by | b | X | Y
0101110
010 (-110
O(1|1/-1
01 (-1|1
5 14711 |1
5 |47 -1 -1

Hence there could exist another six possible solutions. To eliminate, or find, these one

could either use another prime or apply some of the other modern methods. However,

our method has atleast told us that the remaining solution, if they exist at all, lie in

the following three families

(1) a; = 2 (mod 6), ay
(1) a1 = 3 (mod 6), ay
(13i) @ = 3 (mod 6), ay
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We also know that each family can only contain at most one pair of solutions. This
idea of finding congruence conditions on the exponents of identities satisfied by the
solutions of diophantine equations is discussed more when studying sieving an S-unit
equation [8]. We can treat the first part of the above method as ‘sieving’ out the six
possible families (by,by) from the 6 x 48 possible families. Hence although Skolem’s
method has not worked, using the prime 7, it has given us information which we could

use in the more advanced modern methods [§].

2.4 Hasse’s principle

Sometimes we use local methods to show the non-existence of solutions to certain
diophantine equations. Every local field, for instance R, Q, or K,, contains a copy
of Q. Therefore, if a solution to a given equation exists then there is a solution in
every such local completion. This often gives us a very easy way to check when a

diophantine equation is soluble.
Example 2.4.1. As a trivial example, we consider the equation

X4V = -4 (2.25)
This equation trivially has no real solutions. It therefore has no rational solutions
and hence has no integer solutions.
Example 2.4.2. As another example we consider the equation

X?—-13Y? = 5, (2.26)

This equation has no solutions in Qs because the congruence X? = 3 (mod 5) has
no solutions. Hence this equation also has neither rational solutions nor integral

solutions.

The previous two examples are special cases of the projective plane curve of degree

2, that is, a ternary quadratic form:
aX?+0Y?+cZ* = 0. (2.27)

Given a,b,c € Z, we are interested in determining whether such an equation has a
solution in relatively prime integers (X, Y, Z) which are not simultaneously equal to
zero. Trivially, we need to first check whether it has a solution in Q, for every prime
number p. A detailed procedure of how to do this is discussed in Chapter IV of [§].
It therefore turns out that this is all we need to do. The following result is due to

Hesse.
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Theorem 2.4.1 (Hasse [8]). The equation
aX®+bY?+cZ® = 0. (2.28)

has a non-trivial solution in Z> if and only if it has a non-trivial solution in Qg for

every prime p (including o).

Proof. This is a standard result which can be found in many books which discuss

quadratic forms. For the proof, for example, see [3]. ]

One should note that this result, Theorem [2.4.1] gives a little more than what is
really required. It can be shown that the number of primes (including oc) for which
the equation ([2.28)) is not locally soluble is always even. Given the above example we

have the following definition.

Definition 2.4.1. A diophantine equation is said to satisfy the Hasse principle if the
existence of rational (global) solutions is guaranteed by the existence of p-adic (local)

solutions for every prime (including o).

Therefore, the Hasse principle is also often called the local-global principle. We see
that the equations of the Hasse’s theorem satisfy the Hasse principle. However, we

are not always lucky. Consider the following example.

Example 2.4.3. The standard example of an equation which does not satisfy the

Hasse principle is
3X?+4YP +52° = 0. (2.29)

This equation is due to Selmer [7]. It has no rational solutions but has local solutions
in every p-adic field. A detailed study of the failure of the Hasse principle is discussed

after one studies elliptic curves which we shall not discuss in this research project.

2.5 Finding small solutions

Sometimes when one solves a diophantine equation one has a bound on the solution
space or one is only interested in ‘small’ solutions. It would be nice if there was a
fast method to locate all the solutions up to any given bound. In terms of chapter
2 language we wish to determine all the solutions with bounded logarithmic height.
We could just run through all possibilities checking each one in turn. We shall call

this the naive method. It is easy to see that this naive method applied to an equation
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in two variables would take atleast O(e?P) operations, if B were the bound on the
logarithmic height. For further details about the naive method, see [§].

We use the information gathered from considering small prime numbers to remove
large numbers of non-solutions from consideration. In other words we look at where
the solutions could be locally, using modulo p or p-adic arguments. This local in-
formation is then put together to deduce information about the location of global
solutions. We eliminate as many solutions as possible at the first stage using a single
prime. The remaining possible solutions are passed to a second stage where they are
checked modulo a different prime ¢ and so on. At each stage one has sieved out a

large number of non-solutions.

Example 2.5.1. For instance, suppose we wish to find all rational solutions to the

equation
Y2 = aX*+0X?+cX?+dX +e (2.30)

with h(X) < B, where B is some given constant. Firstly we homogenize equation
(2.30) by writing X as N/M with N, M € Z, (N, M) =1 and M > 1. We then know

we must find all solutions to the equation
(M?Y)? = F(M,N)

= aN*+bMN? + cM?*N? + dM?N + eM*, max{|N|,M} < e”.

Historically we believe that for a given, random prime p the expression F'(M, N), for
any given M and N, is a square modulo p about half the time. Therefore, looking
modulo p, for a single prime number p, will hopefully eliminate half of the solution

space.

We define a sieving procedure as follows:
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[8] Recussive algorithm for sieving a curve of the form Y? = F(X)

DESCRIPTION: Sieve (M, N, R):
Find all solutions to the equation Y? = F(X)
with h(X) < B.

INPUT: My, No,R€Z

QUTPUT: Solutions to equation (2.30) with h(X) < B such that
X = N/M with N — Ng = M — My = 0 (mod R) .

1. Choose the smallest prime, p, such that ged(p, R) = 1.
2. For My = M, to pR step R do

3. For Ny = Ny to pR step R do

4. If My and N; are both divisible by p then

5. If (M, Ny) is a square modulo p then

6. If pR > 2e” then

7. Check if Ny/M; or (N; — pR)/M; really

is a solution and if so print it.
8. Else
9. Call Sieve (M, N1,pR)
10. Endif
11. Endif
12. Endif
13. Enddo

14. Enddo.

37



Chapter 2.  Applications of Local Methods to Diophantine Equations

This sieving procedure is called via Sieve(0,0,1). It works in a recursive way by
assuming we have a solution (My, Ny) modulo R. It then lifts this solution to a new
solution modulo pR, where p is a prime such that (p, R) = 1. For every solution
modulo pR found it calls itself again until the current modulus is greater than 2e%.
When the current modulus is greater than 2e”, the current values are tested to see
if they are really global solutions. The method is therefore essentially a depth first
strategy.

It is probably best for every small primes p to use either prime powers or composite
moduli in the loops rather than just the prime p itself. An alternative approach would
be to only use primes larger than 5, for instance. Essentially we have combined local
information using a Chinese remainder process to obtain information about possible
solutions up to the desired bound. However, here, as each prime taken was coprime
to the current modulus, the Chinese remaindering needed was trivial.

It remains to discuss how much faster such a sieving technique will be. We first note
that

(z) = ) logp ~ O(x), (2.31)
p<z
hence the largest prime we need to take is of size loge®? = B, and there are roughly
B/log B primes less than B in size. At each step we eliminate roughly half of the
cases modulo p; hence the complexity can be estimated by

P I
Hm¢zﬁo+§c+§O+m0)

B? B3
SW@+70+7a+w»,
B/log B B2
- > o
=1
((BQ/Q)B/IOgB - 1)
B2 -2 ’
- O ((32/2)B/log3) )

= 2B? using sum of a G.P,

Therefore, we see that using sieving gives a slightly better running time than the naive
method. Clearly whether sieving is better in practice than the naive method would
depend on the implied constants which arise from the implementation. In addition
the above analysis of the sieving method has been very pessimistic so as to make the

formulae easier to handle [g].
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