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Abstract

In spite of a recent breakthrough on upper bounds of the size of cap sets (by Croot, Lev
and Pach (2017) and Ellenberg and Gijswijt (2017)), the classical cap set constructions had
not been affected. In this work, we introduce a very different method of construction for
caps in all affine spaces with odd prime modulus p. Moreover, we show that for all primes
p =5 mod 6 with p < 41, the new construction leads to an exponentially larger growth of the
affine and projective caps in AG(n,p) and PG(n,p). For example, when p = 23, the existence
of caps with growth (8.0875...)" follows from a three-dimensional example of Bose (1947), and
the only improvement had been to (8.0901...)" by Edel (2004), based on a six-dimensional

example. We improve this lower bound to (9 — o(1))™.

1 Introduction and Overview

The study of large point sets without three points on any line, in affine or projective spaces, is a
classical topic in geometry, and more recently also in additive combinatorics. An introduction and
some general information on these sets called caps, in particular from a geometric point of view,
can be found in several chapters of Hirschfeld’s three volumes on projective geometries over finite
fields [241 25] 27], in a survey by Hirschfeld and Storme [26], in relevant papers by Bierbrauer and
Edel, e.g. [ B, 06l I7], and on Edel’s website [I5].

A lot of results study the size of complete caps (i.e., caps which cannot be extended) in a fixed
dimension over a fixed finite field, see e.g. [1l 2 B]. It is even an open problem to characterize
complete caps in dimension 3 over Fy; see for example Hirschfeld and Thas [23]. Numerous papers
give alternative constructions for non-equivalent caps; see e.g. Kroll and Vincenti [28§].

An important breakthrough [Bl 12 [I8] 22] has recently lead to greatly improved upper bounds
for the largest possible size of these sets in the affine geometry AG(n, p).

In this paper, we improve longstanding lower bounds for caps when p € {11,17,23,29,41}.
In fact, the improvement is actually an exponential improvement (in the standard terminology,
see [I2]). It might be clear that this does not come from a refinement of previous methods but
from an entirely different approach.
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Previous cap set constructions are (recursively) based on a product construction from good
examples in low dimensions, which we think of as a “local” approach. See for example [7 [8] 14,
[16], 17, B2]. In contrast we construct a set of vectors with certain constraints with regards to the
occurring digits, similar to a construction by Salem and Spencer [30] in the integer case, and we
think of this construction as a “global” approach.

In this paper, we describe a new type of cap construction in the affine space AG(n,p) over
the field Z, with p > 5, (and therefore also in the corresponding projective space PG(n, p)) that
actually works for all dimensions over Z,. In its most basic case this includes the simple cap
construction {0,1}" C F%. This has been generalized previously to certain product constructions.
In this paper we generalize this in a novel way to combine well chosen digit sets with certain
conditions. It will be apparent from the construction below that for given n and p, there are
usually many non-equivalent caps; see Section |5l For some primes we can even achieve new records
of the largest known caps and we will concentrate on this aspect. These appear to be the first
improvements over the results of Bose, Bierbrauer and Edel; for details see below.

In the following, we consider the affine space AG(n, p), where n € N is the dimension and p is a
prime (and thus, AG(n,p) = ((Z/pZ)",+), or Z; for brevity). An affine cap S is a subset of Zj
such that no three points in .S are collinear, i.e., for any three pairwise distinct points z, y, z € .S,
the vectors y — x and z — z are linearly independent over Z,. This condition is equivalent to the
fact that for any (a,b,c) € Zg’ \ {(0,0,0)} with a + b+ ¢ =0, one also has ax + by + cz # 0.

Projective caps are analogue sets in the projective space PG(n,p) instead of AG(n,p). Since
affine spaces can be embedded into projective spaces, our improved caps in AG(n, p) also represent
caps in the projective space.

Related Work. It is known that for m € {3,4,5}, a cap in Z}}, is equivalent to a set in which no
three distinct points are in an arithmetic progression. (Note that Z} # AG(n,p).) There were
important contributions by Brown and Buhler [IT], Frankl, Graham and Rodl [20], Meshulam [31],
Lev [30], Bateman and Katz [], Croot, Lev and Pach [12], Ellenberg and Gijswijt [I§] as well
as Petrov and Pohoata [34]. Moreover, some readers may recall the case of caps in Zgl from the
popular card game SET [I3].

So far, the best known approach to construct caps for general prime modulus is to take a simple
product construction of large caps in low dimension. Let Cy respectively C}', denotel] the size
of the largest affine respectively projective cap in dimension n. It is known that the largest affine
cap in dimension 3 has size p?, i.e., C3p = p?; see for example in [7]. These maximal caps are also
called ovaloids. In PG(3,¢) with odd ¢, these maximal caps come from elliptic quadrics, see [33].
A representative for such a cap is the set

{(t* + st +as®,s,t,1)|s,t € F,} U{(1,0,0,0)},

where 22 + z + a is irreducible over F,. In the corresponding affine space, the point (1,0,0,0) is
removed. As a consequence, we obtain the bound C), ;, > p2"/3 by simply taking products of this
cap. This result can be considered classical, as the determination of the size of caps in PG(3, q)
for odd prime powers ¢ goes back to Bose [I0] in 1947.

The refinement by Edel and Bierbrauer is based on the fact that one can form an almost-product
of special projective caps, namely if they possess a tangent hyperplane (see [I7, Theorem 10]). In
particular, this gives (¢> + 1)2 — 1 = ¢* 4 2¢® points in PG(6, ¢), and the reduction to the affine
space gives ¢* + ¢® — 1 points in AG(6, q); see [I6], Section 1].

!Note that for projective caps the size of the largest cap is often denoted by ma(n, p), and sometimes mgﬁ(n,p) is
used in the affine case.
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There are several computational results on caps in small dimension; see [I5] 26]. However,
the only known asymptotic improvement over Bose’s result on the lower bound when p > 5 is
due to Bierbrauer and Edel [I7, Theorem 11] for projective caps and Edel [16] for affine caps,
and is based on a product construction of a large cap in dimension 6. If n is a multiple of 6,
then Edel’s construction yields CF)) > Cpp > (p* + p? — 1)”/ 6. If n is not a multiple of 6,
one can modify the construction slightly, but in any case this only influences a constant C), in
Crp = Cpl(p* +p? — 1)\/61.

It is known that the limit ¢, = limy,—00(Chp) exists and is in the interval [2,p); see for
example [I9, Proposition 3.8]. Numerically, Edel’s construction gives only a small improvement
of the earlier bound p?"/3. For example, when p = 17, then the bound 6.611 ... is improved to
6.615.... In this paper, we will improve this to 7. When p = 23, a lift of Bose’s result gives a
constant 8.087 ..., which Edel improved to 8.090.... We improve this to 9. However, while Edel’s
construction works for all primes, our construction has to be optimized for individual primes.

For p = 5, Edel’s construction gives ¢5 > 649'/6 = 2.942 . ... Recently, Elsholtz and Pach [19]
have constructed large progression-free sets and it emerged that in Zs, their construction is
asymptotically better than Edel’s bound; Edel’s lower bound was improved to ¢5 > 3. In the
case modulo 4 (i.e., working in Z} rather than F7}), Elsholtz and Pach [I9] gave a much more
substantial improvement from cq4 > 2.519... to ¢4 > 3. Improvements in the case of a prime base
seem to be much more difficult, since the existing construction of Edel seems to be good.

Another important measure for the size of caps is the exponent j(p) = limy, o (log, Cpnp)/n
2n/3

1/n

in the representation of the size as p*P)™. The mentioned result Cnp >0Dp clearly implies
wu(p) > 2/3. The recent breakthrough of Ellenberg and Gijswijt [I8] shows that u(p) < 1. Indeed,
their method yields the bound

Crp < (J(p)p)",
where ) 1
Tp) = po<i<i (1 — ¢) (=173

see [9. It is known that J(s) is decreasing and lims_,o J(s) = 0.8414...; see [0 Equation (4.11)].

Besides the mentioned product constructions, also another approach is known: In an unpublished
work of Lev [29], he describes an elegant method to “globally” construct large caps in F%. These
caps have basically the form

S = {(z,y,2% — \?) |2,y € Fy} gFg =3

where A € Fy is a fixed non-square, n is a multiple of 3 and ¢ = 3"/3. However, these sets have
size 32"/3 = (2.08008...)", which is of the same quality as Bose’s construction lifted to higher
dimension.

Overview of our Work. In this paper, we extend the combinatorial method of Elsholtz and
Pach [I9] from the case of sets avoiding arithmetic progressions to affine caps (with prime modulus
larger than 4). In particular, we introduce some new directions for finding good digit sets, which
are crucial for our constructions of large caps; see Section

Our results improve the lower bounds of ¢, for p € {11,17,23,29,41}, and the improvements
in these cases are indeed substantial. Especially the case p = 23 with an exponent of u(23) >
0.70075. .. comes quite close to the case of p = 3, where a construction is known based on a large
cap in dimension 480, giving p(3) > 0.72485. . .; see [16], Section 5].

Table (1| compares our new lower bounds to those by Edel [I6].
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lower bounds for ¢,
P exponent p(p)
p?/3 (p*+p?> —DV6 | new improvemen‘ﬂ

5| 2.92401... 2.94243 . .. 3 1.9562% 0.68260. ..

7| 3.65930... 3.67139... 3 0.56457 ...
11 4.94608. .. 4.95282. .. 5 0.9526% 0.67118...
13 | 5.52877... 5.53418. .. 4 0.54047 ...
17 6.61148. .. 6.61528 ... 7 5.8156% 0.68682...
19 | 7.12036... 7.12364. .. 6 0.60852...
23 8.08757... 8.09012. .. 9 11.2468% 0.70075...
29 9.43913. .. 9.44099... | > 10 > 5.9210% > 0.68380...
31| 9.86827... 9.86998 ... >38 > 0.60554. ..
37 | 11.10370. .. 11.10505... | > 10 > 0.63767 ...
41 | 11.89020... 11.89138... | > 12 > 0.9134% > 0.66914...

*Compared to the best previously known bound (p* + p* — 1)1/6.

Table 1: Comparison of previously known best lower bounds for ¢, to our new ones, and new lower
bounds for the exponent p(p). The >-sign is meant to indicate cases in which we cannot
ensure that our method is not able to produce better results than the stated ones.

2 Results and Construction

In the following, we use Vinogradov’s notation, where f(n) > g(n) means that there exists some
C > 0 such that f(n) > Cg(n) holds for all n > 0.
We directly start by stating our main result.

Theorem 1. If Cy,, denotes the size of the largest affine cap in Zy and ¢, = limnﬁoo(Cn,p)l/”,
then it holds that

n n n n n

) 7 10 1
Cn,ll > 15° CTL,17 > 257 Cn,23 > 35 CTL,QQ > 4 and Cn,41 > 5 )

and as a consequence, we have
cin>5, ar>T, 329, c9>10 and cn > 12.

Since every subset of AG(n, p) can be embedded into PG(n, p), this directly implies the following
corollary.

Corollary 2. The lower bounds from Theorem also hold for the largest caps in PG(n,p).

Moreover, our improved bounds on caps can also be transformed into improved bounds on linear
codes. For details we refer to [I7, Theorem 1].

These new bounds are based on a “global” construction of affine caps: We take a set of n-
dimensional points, where the set depends on n in a much stronger way than taking a tensor
product construction of a small (local) cap. The idea is, for a fixed prime p, to find a large set of
digits D C Z, and a subset D’ C D such that the set

S(D,D',n) = {(al,...,an) e D"

Vd € D': a; = d for % values of z} (2.1)
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is a cap in AG(n,p) for all n € N with |D| | n. If this is the case, then we say that (D, D’) is
admissible. Moreover, we say that D is admissible if there is some D’ C D such that (D, D) is
admissible. Note that if D] C D), C D, then the admissibility of (D, D}) implies the admissiblity
of (D, D5).

Next, we combinatorially determine the cardinality of the set S(D, D', n) and then asymptotically
estimate it by applying Stirling’s formula, which leads to

|D"[—1 in /
n — 7 n—2n ¢/ D"
|S<D,D',n>|=< 11 ( nD'>>(ID\—!D’|) ot A0 (22

=0 [D]

with 5/2
1 D
5 = min{|D/|,|D| — 1} and c:(| |) .

V1—=9/|D|\ 27
The form of the parameter 6 comes from the fact that fixing the frequencies of |D| digits leads
to the same result as fixing the frequencies of |D| — 1 digits, because then the frequency of the
last digit is fixed automatically. With the usual interpretation 0° = 1, also holds true for
D’ = D. The given cardinality is of order (|D| — o(1))™ as n increases.
In order to obtain a large cap, implies that, first of all, we need to

e choose the digit set D as large as possible, and then
e find a corresponding set D’ C D of digits with fixed frequencies which is as small as possible.

However, the minimization of the set D’ is restricted by the fact that the frequency conditions are
crucial to ensure that the resulting set is indeed a cap. More details can be found in Section
Finally, we give some additional comments on the construction.

Remark 2.1.  (a) For simplicity, the reader can assume in the first reading that D’ = D. This
still covers all the main improvements, and only slightly weakens the exponent of n in the
denominators of our results.

(b) It is not crucial for our method that the frequencies of the digits in are exactly n/|D|.
Other constants which can also vary depending on the digit and add up to n also work.
However, if we want to maximize the size of the cap S(D,D’,n), then n/|D| is the best
choice, in view of the multinomial distribution.

(¢) If the dimension n is not a multiple of |D|, then we can trivially extend the set S(D, D', n —
(nmod |D[)) to a subset of Zj by filling the remaining coordinates with a good cap in
dimension n mod |D|. As a consequence, holds for all n € N, understood as an
asymptotic lower bound with a slightly weaker constant c.

(d) One could also think of restrictions other than fixing the frequency of some digits, e.g., fixing
the “radius” of the points (compare Behrend’s construction for progression-free sets, the
application to the multidimensioanl setting as explained by Petrov and Poahata [34] in the
case modulo 8 and by Elsholtz and Pach [I9] more generally). Or one could think of fixing
the frequency of multiple digits together (as mentioned in [I9, Proof of Theorem 3.11]).
Both approaches do not seem to work for caps in general. However, we have refrained from
further optimizing the denominators in Theorem

(e) Tt turned out that if D is admissible, then the corresponding set D’ can be chosen in such a
way that |D’| < |D| — 2 holds. We believe that this is always possible.
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(f) So far, our method only leads to an improvement for primes p with p = 5 mod 6. We do not
know why it only works for this residue class.

(g) It seems to be possible to add some smaller caps to a large cap constructed in this way so
that the union of all points is still a cap. This would improve the constant ¢ by a small
factor (probably less than 2). For some details see [I9, Theorem 3.2 and Corollary 3.4].

3 Approaches for Finding Admissible Sets

As already mentioned in the introduction, for p = m € {3,4,5} the cap set condition can be
verified by only ensuring that no three points z, y and z from the set satisfy « + z = 2y (which
describes arithmetic progressions). For p > 5, the cap set condition is not only based on this
equation, but also on the other equations ax + by + cz = 0, where a, b, ¢ € Z, with a + b+ c= 0.
If m = p is a prime, then without loss of generality, it is enough to assume that ¢ = 1. With
¢ = —(b+1) we can assume that b € {1,...,p—2}. (If b =0, then ¢ = —1 simply means that z,
y and z are distinct. If b = p — 1, then we have ¢ = 0 with the same consequence.)

3.1 Modelling the Problem
For the moment, let b € {1,...,p — 2} be fixed and ¢ = —(b+ 1). Moreover, let

Py(D) = {(z,y,2) € D3|z + by +cz =0 and not = = y = z}

be the set of non-trivial “weighted progressions” corresponding to b. Assume that there is
some n € N with |D| | n such that there are three points = (z1,...,2,) ", ¥ = (Y1, .., yn)
z=(z1,...,2,)" € S(D, D’ ,n) which lie on a line. For each weighted progression v = (v1, v, v3) €
Py(D), we introduce a variable x, which describes the number of occurrences of v in the components
of these three points, i.e.,

)

xo={ie{l,...,n} ] (24, i, zi) = v}

Because every digit d in D’ has to occur the same number of times, we find the equations

Yooxe= Y, xv and D> Xo= D> Xu (3.1)

’UGPb(D) UEPb(D) ’UEPb(D) ’UEPb(D)
v1=d vo=d v1=d v3=d

for each d € D'.

Now it is easy to see that the non-existence of a non-negative non-trivial integral solution
X = (xv | v € Py(D)) for the equations above for all b € {1,...,p — 2} is equivalent to the
non-existence of three points on a line, i.e., the fact that S(D, D’,n) is a cap. So in order to prove
admissibility of some (D, D), we have to ensure that the polyhedron

P:{eréolA-sz}

only contains the zero vector for all b € {1,...,p—2}, where the system of linear equations Az = 0
describes the equations given in (3.1)) and clearly depends on b, and ¢ = |Py(D)|. This can be
done by methods of linear integer programming. In particular, the corresponding integer linear
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programﬂ (IP)

max 0
st.A-x=0 (3.2)
X € Zgzo

can be checked for feasibility with a usual IP solver. For this article, we have used the MILP
packages of SageMath [35] as well as JuMP, an optimization package of Julia [6]. A complete
list of all admissible digit sets of maximal size for small p can be found at https://gitlab.com/
lgalipnik/large-caps}

One way of ensuring that an admissible digit set has largest size, say size £, among all admissible
digit sets for fixed p is to find a feasible solution of the IP for alﬂ possible digit sets of size £ + 1
for at least one b (which implies that all these sets cannot be admissible). We have done this for
p < 23; see also Table[I] In order to give an idea of the computation times, our implementation
took about 95 minutes for the case p = 23 (and ¢ + 1 = 10), while it was executed on an Intel(R)
Core(TM) i7-7500U CPU at 2.70GHz. In other words, showing the non-admissibility of thousands
of individual digit patterns each took only a fraction of a second.

Unfortunately, deciding if a polyhedron contains an integer point is NP-complete [2I], which
implies, together with the fact that the number of possible digit sets also grows exponentially
for increasing p, that checking admissibility for all possible digit sets modulo p can only be done
for small p. Hence, it is very natural to look for simpler ways of checking whether digit sets are
admissible. Two such approaches are described in the following section.

For an illustration of setting up the equations given in as well as the corresponding
constraint matrix A, we refer to the case p = 23 in Section [4]

3.2 Digit-Reducibility as a Sufficient Condition

Besides the computational method presented in the previous section, we next give a sufficient
condition for the admissibility of a digit set, which allows us to verify very easily that a set is
admissible.

A pair (D, D’) with D" C D C Z, is said to be digit-reducible if for every b € {1,...,p — 2} and
¢ = —(b+ 1) the following recursively defined algorithm results in the empty set: If there exists a
position r € {1,2,3} and a digit d € D’ such that d does not occur at position r in any of the
triples in P,(D) but it occurs at one of the other positions in at least one of the triples in Py (D),
then remove all weighted progressions from P,(D) which contain d at any position. Recursively
apply this rule to the remaining set P,(D) again. If there do not exist an r € {1,2,3} and a
digit d € D’ such that d does not occur in any of the triples in Py(D) at position r but it occurs
in at least one triple at any position, then stop the process.

We now explain why the reducibility of (D, D) implies that S(D, D’,n) is a cap for all n € N
with [D| | n. Assume that (D, D’) is reducible and there are three pairwise different vectors
= (z1,...,22) , ¥y = W1, sYn) ", 2 = (21,...,2,)" € S(D,D',n) for some n € N and
b€ Zy\ {0,—1} such that = + by + cz = 0 with ¢ = —(b + 1). This implies that there exists
some ¢ with 1 < i <n such that the component (z;,y;, z;) of the vectors is a non-trivial weighted
progression, i.e., it is in P,(D). However, the test above says that there is no triple in Py(D) which
can occur, due to the fact that every digit in D’ has to occur |D|/n times in each vector. This is a

2Since we only need to check feasibility, the objective function is irrelevant but needed in an actual implementation.
3However, some equivalent digit sets can be neglected. For example, we can always assume without loss of
generality that an admissible digit set contains the digits 0 and 1.
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contradiction to the assumption that the vectors are pairwise different. Thus, the set S(D, D', n)
is a cap for all suitable n € N, and D is admissible.
For examples we refer to Section [4} cases p = 11 and p = 17.

3.3 Matrix-Reducibility as a Sufficient Condition

In order to show that a digit set D is admissible for some set D’ C D of digits with fixed frequency,
we can also use the following sufficient condition based on the matrix A, which represents the
linear constraints given in via Az = 0. Again, we consider each equation x + by + cz =0
separately and fix b € {1,...,p — 2}. Let A, be the reduced row echelon form of the matrix A.
For each row of A, which only contains non-negative respectively non-positive entries, it is clear
that the variables corresponding to non-zero entries of this row have to be zero (otherwise, the
equation that corresponds to the said row cannot be fulfilled). This is due to the fact that we
only search for non-negative solutions .

Thus, we can delete the columns of A, that belong to these variables, and proceed with the
next non-negative or non-positive row. Note that the deletion of columns can bring out new
non-negative or non-positive rows. Naturally, this process determines if no such row is left in A,.
If at the end all columns of A, are deleted, then all variables x; have to be zero. If this is the
case for all b € {1,...,p — 2}, then we say that (D, D’) (or simply D) is matriz-reducible, which
implies that the digit set D is admissible.

Remark 3.1. This procedure described here and the algorithm that we use for digit-reducibility in
the previous subsection are essentially of the same shape: While we start with the reduced row
echelon form of A here, we can reformulate the algorithm of Subsection in such a way that it is
the same as this one but with A itself as initial matrix instead of its echelon form. The reason for
the different descriptions of the two algorithms is our belief that it is easier and more convenient
to handle with digits and weighted progressions instead of the corresponding matrices—at least if
one wants to understand it and do it by hand.

One can also think of other transformations of A as initial matrices for the reduction than the
reduced row echelon form A, or A itself, and even combine them. However, we refrained from
optimizing this point because it works fine for our purpose.

For an example we refer to Section {4l case p = 23.

We remark that reducibility (both via digits or matrices) is only a sufficient condition for D to
be admissible, but not necessary. The system of equations involved could have a more sophisticated
structure, and there are indeed admissible digit sets which are not reducible. However, it turned
out that these algorithmically simple tests are in fact very useful. They help to keep the proofs
for the admissibility of digit sets simple and readable.

Moreover, digit- and matrix-reducibility are not equivalent: There exist digit sets which are
digit- but not matrix-reducible (see case p = 17 in Section [4)) and vice versa (see case p = 23 in
Section [4)).

Finally, it is of course also possible to combine the latter two approaches: We can choose
between the digit- and matrix-reducibility algorithm depending on the parameter b. Indeed, there
are digit sets which are neither digit- nor matrix-reducible, but if we combine the two approaches,
then reducibility of the digit set can be shown.

3.4 Elimination of Some Equations

So far, it seems that admissibility (respectively reducibility) of a fixed digit set has to be checked
in p — 2 cases, namely for all equations x + by + cz # 0 with b, c € Zj \ {0, 1} and b+ c = —1.
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This is in fact not necessary: The following two observations help to significantly reduce the cases
that have to be studied later on.

Remark 3.2. Let p be a prime, D C Z, and b, ¢ € Z, with ¢ # 0 and b+ ¢ = —1. Then the
following assertions are true:

(a) A triple (z,y,2) € Zg’, satisfies 2 +by+cz = 0 if and only if (z,y, ) satisfies z+c tby+c o =
0. In particular, this means that P,(D) contains the same elements as P,—1;(D) but mirror-
inverted. Hence, only one of the two equations z + by +cz =0 and z 4+ c by +c 12 =0
has to be considered.

(b) The equation x+by+cz = 0 implies that (z,y, z) € P,(D) holds if and only if (z, z,y) € P.(D).
In other words, P,(D) and P.(D) contain the same elements, but the last two components
of the triples are always flipped. Thus, it is enough to consider one of the equations
r4+by+cz=0and x+ cy+ bz =0.

We say that two equations  + b1y + c1z = 0 and x + bay 4+ coz = 0 are equivalent if either
by = c; by (case m above) or by = ¢y (case |(b)| above). Hence, only representatives of non-
equivalent equations have to be tested for the cap set property.

For the primes p considered in Theorem [T} the iterated application of the two cases of Remark [3.2]
implies an immense simplification in our proof: It reduces the number of relevant equations from
p—2to (p+1)/6.

4 Proof of Theorem (1]

If we find an admissible set of digits D and D’ C D of suitable sizes (depending on p), then the
statements of the theorem follow by (2.2)). Because of the comments above, it is enough to show
reducibility.

Case p = 11. We claim that D = {0, 1,3, 4,5} with fixed digits D" = {0, 1, 3} is digit-reducible (as
well as matrix-reducible, which is not shown here), and study solutions z, y, z € D of z+by+cz =0
with b € Zy \ {0, -1} and c = —(b+1).

1. Case z + z = 2y. We list all triples of digits (z,y, z) € {0,1,3,4,5}> that are solutions of
x + z = 2y, but leave out the trivial solutions x = y = z. These are the triples in P_5(D)

and are given by
(1,3,5),(3,4,5),(5,3,1), (5,4, 3).

We have 1 € D" and thus, the frequency of this digit has to be equal in any of the three
positions. However, 1 does not occur in any of the triples in the second position, and as a
consequence, the digits 1 can only occur in the trivial progression (1,1,1). So the triples
(1,3,5) and (5,3,1) cannot occur in any component of a potential weighted progression
in S(D,D’,n). Hence, we delete (1,3,5) and (5,3,1) from the above list and

(3,4,5),(5,4,3)

remain. None of these two triples has the digit 3 in the second position. Thus, we delete
both of them, and no triple from the set P_y(D) remains.

By Remark [3.2][(b)] this also solves the case x + 9z = 10y. Moreover, as 5 is the inverse of 9
modulo 11, also the equation x + 5z = 6y is covered due to Remark @
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2. Case x + 2z = 3y. For this equation (b = —3) the set of non-trivial weighted progres-
sions P_3(D) is given by

(1,0,5),(1,3,4),(1,4,0),(3,0,4),(3,1,0), (4,1,5), (4,5,0), (5,0, 3).

As 0 never occurs in the first position and 1 never occurs in the last position, we can remove
all triples with any occurrence of 0 or 1. Therefore, again no non-trivial solutions in D
remain.

By Remark l@] with 27! = 6 mod 11, also the equation = + 6z = 7y has no non-
trivial solution in D. By Remark @ this moreover solves the cases = + 8z = 9y and
z+4z = 5y. Again applying the observation from Remark [3.2|[(a)| to the latter two equations
with 871 = 7 mod 11 respectively 4=! = 3 mod 11, also the equations = + 7z = 8y and
T + 3z = 4y are covered.

Since we have (directly or via Remark considered all cases b € {1,...,p — 2}, we conclude
that (D, D’) is digit-reducible and thus, the appropriate size of S(D, D’,n) follows by (2.2). O

Case p = 17. We claim that the digit set D = {0,1,2,4,8,9,13} is reducible with fixed digits
D' ={0,1,2,4,8}, and argue in analogy to the case p = 11 above.

1. Case z + z = 2y. We list all triples of digits in P_9(D), which are

(0,1,2),(0,2,4), (0,4,8),(0,9,1), (0,13,9), (1,9,0), (1, 13,8), (2, 1,0), (4,0, 13),
(4,2,0),(8,0,9), (8,2,13), (8,4,0), (8,13,1), (9,0,8), (9, 13,0), (13,0, 4), (13,2, 8)

Since the digit 8 does not occur in any of the triples on the second position, we can delete
all triples that contain any 8 and obtain the remaining list

(07 17 2)7 (07 27 4)7 (O’ 9? ]')? (0’ ]‘3? 9)’ (]" 97 0)?

(2,1,0),(4,0,13), (4,2,0),(9,13,0),(13,0,4).

Next, we observe that no triple of this list has a 4 on the second position. Thus, we delete
all triples which contain the digit 4. This yields

(0,1,2),(0,9,1),(0,13,9),(1,9,0),(2,1,0), (9, 13,0).

Now this list contains no triple with the digits 0 or 2 on the second position. By deleting all
triples containing these digits, no non-trivial solution remains, which closes the argument
for this case.

By Remark this also solves the cases
e x+ 152 =16y (as 2+ 16 = 1 mod 17) and
e 7 +82=09y (as 15° =8 mod 17).

2. Case x + 2z = 3y. This equation yields

(1,0,8),(1,9,13),(1,13,2),(2,1,9), (2,9,4), (4,1,8), (4,2, 1),
(4,13,9),(8,0,13),(8,4,2),(8,9,1),(9,0,4),(13,0,2), (13,4,8)

10
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as triples in P_3(D). As 0 never occurs in the first position and 8 never occurs in the second
position, we can remove all triples with any 0 or 8. The remaining list is given by

(1,9,13),(1,13,2),(2,1,9),(2,9,4),(4,2,1),(4,13,9).
Next, we observe that the digit 4 never occurs in the second position, which leads to the list
(1,9,13),(1,13,2),(2,1,9).
Here, the digit 1 does not occur in the third position. So all triples can be removed, which

implies that there is no non-trivial solution of = + 2z = 3y in D3,

Moreover, by repeatedly applying Remark this also solves the cases

o x4 14z = 15y, o x4 7z =38y, e =+ 5z = 6y.
o z+ 9z = 10y, o r+ 11z =122,

3. Case x + 3z = 4y. This equation has the triples

(1,2,8),(1,13,0), (2,9,0), (4,1,0), (8,2,0), (8,13,9),
(9,1,4),(9,4,8),(9,8,2), (13,2,4), (13,4, 1), (13,9,2)

as non-trivial solutions. Since 0 never occurs in the first position, we can remove all triples
containing any 0 and obtain

(1,2,8),(8,13,9),(9,1,4),(9,4,8),(9,8,2),(13,2,4), (13,4, 1), (13,9, 2).

Furthermore, the digits 2 and 4 do not occur in any triple in the first position, which leads
to (8,13,9) as only remaining triple. Surely, a single triple leads to the empty set.

By Remark this also solves the cases

o z+ 13z = 14y, o v+ 4z = by, o v+ 12z = 13y.
o x4 62 =Ty, o v+ 10z =11y,

Since all cases b € {0,...,p — 2} are covered, this implies that (D, D’) is reducible and thus, also
admissible. The appropriate size of the corresponding cap S(D, D', n) follows by (2.2) again. O

Case p = 23. We claim that the digit set D = {0,1,3,4,8,9,10,12,17} with fixed digits D’ =
{0,1,3,4,8,10,17} is admissible. Unfortunately, D is neither digit- nor matrix-reducible for any D’
of size 7. So the admissibility has been checked by solving the IP given in (3.2)) with appropriate

software. This leads to the result n

Ch23 > 35

as stated in Theorem [Il

As a consolation price, we show that D is matrix-reducible for D’ = D, i.e., if we fix the
frequencies of all digits. (This would lead to a lower bound of 9" /n*.) For this purpose, we again
study solutions (z,y,2) € D3 of x + by + cz = 0 with b € Z, \ {0,—1} and c = —(b+ 1).

11
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The equivalent equations with respect to Remark are given as follows, where each set
represents an equivalence class:

{z+2=2y,x+ 21z =22y, + 11z = 12y},

{z +20z =21y,x + 152 = 16y, x + 122 = 13y, x + 10z = 11y, z + 7z = 8y, x + 2z = 3y},
{z +192 =20y, x + 172 = 18y, x + 14z = 15y, x + 82 = 9y, x + 5z = 6y, x + 3z = 4y},
{z + 182 =19y,x + 162 = 6y, x + 13z = 14y, z + 92 = 10y, x + 62 = Ty, x + 4z = Sy}.

Only one representative of each class has to be considered.
Let us have a look at the equation = + z = 2y. Here, the progressions in P_s(D) are given by

(0,4,8),(0,12,1),(1,9,17), (1,12,0), (1,17, 10), (3,10,17), (3,17, 8), (4,8, 12),
(8,1,17),(8,4,0), (8,9,10), (8,10,12), (8,17,3), (10,9, 8), (10, 17,1),
(12’ 3’ ]‘7)’ (]‘27 87 4)7 (]‘27 107 8)’ (]‘77 ]" 8)7 (17’ 3’ ]‘2)? (]‘77 97 1)7 (]‘77 ]‘07 3)7

and we call them vq, ..., vyy in the given order. The corresponding constraint matrix A (defined
by the equations in (3.1))) then has the form

[y
[y

—_
—_

—
[asy

—_
—_

[ay
—
—
—

[y
—_
—_
—_

—
—_

—_
[y

[y
—_
—_

—_
—_

[y

Ja
—_
—_
—_
—_

—

| coorocococococococorocol o
Jun

[u
—_
| HOOOOOOOoOOHrHOOOO | [elen)

| cocoocorococool cooro
o~

[asy

—_
—_

o

I
cooco! coorocoocoo ! cor
—

coocococool mol coococoor
coococococor ol coococoro
colcococorolcooccocoro
| cocooroocoo !l cooroo
cooolo~ocolcocococo~oo
ol coorococooococol ~rooo
cococorooo | coocor | coo
colorococococococol ~ococoo
ol co~rocococococol o~rocooco
coocorol col coo~oooo
corol coocococor !l coocoo
corocococol ol orocoococoo
oroool coocorocol cooco
orool coococor | coocooo
—~ococo ! cocorocococoocol o
~ | cocoococoroocooco !l co
—~ocococooco!l orocol coococo
—~ocococoo !l corol coococoo

[y

where the first nine rows represent equations which arise from the first and second position in the
vectors of P_o(D) (left equation in (3.1))), and the last nine rows represent the constraints for the
positions one and three in the vectors of P_o(D) (right equation in (3.1])).

Let us take a closer look at the construction of A: For the first row of A we consider the first
digit of D, which is 0. This digit occurs in the triples v; = (0,4, 8) and v9 = (0,12, 1) in the first
position, and in none of the triples in the second position. Hence, following the left equation
of with d = 0, this leads to the equation

Ty + Ty = 0,

which is represented by the first row of A.

As a second, more sophisticated example, we consider the fourteenth row of A and the corre-
sponding fifth digit in D, which is 8. Now the first and the third positions of the progressions
are significant (because the row is part of the last nine rows). In the vectors vg = (8,1,17),
v = (8,4,0), vi1 = (8,9,10), vi2 = (8,10,12) and vz = (8,17, 3), the digit 8 occurs in the
first position. The vectors v; = (0,4,8), v7 = (3,17,8), vi4 = (10,9,8), vig = (12,10,8) and
v1g = (17,1,8) contain 8 in the third position. Hence, due to the right equation in with
d = 8, this yields the equation

Tog T Ty + Toyy + Loy + Loy = Toy + Tog + Toyy + Tygg + Togg-

12
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The reduced row echelon form A, of A is given by

This es exactly the equation represented by the fourteenth row of A.
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entry (symbolized by red lines). This means that we eliminate the variable which corresponds to

matrix). Next, we delete all columns of A, in which any row r with » € R; has some non-zero
this column. As a result, the first reduction step looks like

Now we look for non-zero rows of A, in which all entries are either non-negative or non-positive.

The indices of these rows are given by Ry

— — — — — [—]

=TT =T =7ken T e e
— f—
cooo ool o~oleoe
i —
[ [

— — —
7T ool T ~klokoo
— — i —

[ [ T
P ey S
— == A A
— — — —

[m=T e Hlo—Terlelrree
co~oT T —lep ookl o
coocoooolokoolklcblkoo
coooooolok o —lohlcbloo
coocoooolob —olblolkbloo
coocooooloHoolkblckbloo
coooo ook o olblcbloo
coocoo—olok o olblckblkoo
cooo—oolok o ollblclklkoo
coo-ocoolok o olklclklkoo
co—~oooolok o olblcklkoo
c—ooooolok o olblckblkoo
—~ocooo ootk o olkloklkoo

The rows r for r € Ry are zero now. Next, we proceed the same way with the resulting smaller

matrix on the right-hand side. The only non-negative respectively non-positive non-zero row in
this matrix is row 13. So we delete the corresponding two columns, and again proceed with the

smaller matrix, and so on. The full remaining reduction is given by

— — — — — —
[ [ [ T
— —
coocoTocoT o~ cooco
~7 =7 ccco ~oopocco
i — — —
=T o]~oo~" cooco
-
coro T Hoooo: cocoo
coocococococooo—~ cooco
coococococooo—O cooco
coocococococo~ooodoboocoo
cococococo—~ocooodokocococo
coococo~00o000 cococo
cooco—~ocooooodoboococo
coorocoooooodoboocoo
co—~ococoocoooodokoococo
c~ocoooooooO cococo
~oooooooooodoboocoo
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0000000 |

/ 00000 T 00000
010000001 01000

00010000 | 00000
000100001 1 00100

[00000100 | 00000
0000000 00000
qRenetug t & | | pones

~ 00000010 -1 ~loo0001 | )

00000000 | 00000
0000000 00000
0000000 00000
0000000 00000
0000000 00000
0000000 00000
0000000 00000
0000000 00000

where the last step trivially follows.
All other equations can be handled analogously. O

Case p € {29,41}. For these moduli, we only give the digit sets for which the digit-reducibility
can be checked analogously to the cases p = 11 and p = 17: The sets (D, D’) with

e D=1{0,1,2,3,4,6,14,16,22,26} with D' = {1,2,3,4,6, 16,22, 26} for p = 29 and
e D=1{1,2,4,56,9,15,16,27,32,33,35} with D’ = {1,2,4,5,6,9,15,27,32,33} for p = 41

are digit-reducible.
Finally, we give the lists of equivalent equations with respect to Remark [3.2} each set of equations
represents an equivalence class. In the case p = 29, we have

{x+ 2z =2y,x + 27z = 28y, x + 14z = 15y},

{x + 262 =27y,x + 192 = 20y, x + 15z = 16y, z + 13z = 14y, x + 9z = 10y, = + 2z = 3y},
{z + 252 =26y, x + 21z = 22y, x + 182 = 19y, x + 10z = 11y, z + 7z = 8y,x + 3z = 4y},
{x + 24z = 25y, x + 23z = 24y, x + 222 = 23y, x + 62 = Ty, x + 5z = 6y, x + 4z = by},
{x+20z =21y, + 172 = 18y, x + 16z = 1Ty, x + 122 = 13y, x + 11z = 12y, = + 8z = 9y},

and for p = 41, the classes are given by

{z+ 2z =2y,x + 39z = 40y, = + 20z = 21y},

{z +382 =39y, x + 272 = 28y, x + 212z = 22y, x + 192 = 20y, x + 132 = 14y, x + 22 = 3y},
{z + 372 =38y,x + 30z = 3ly,z + 26z = 27y, x + 14z = 15y, + 10z = 11y, z + 3z = 4y},
{z + 36z =3Ty,z + 322 =33y, z + 31z = 32y, z + 92 = 10y, z + 8z = 9y, x + 4z = by},

{z + 35z =36y, x + 34z = 35y, x + 33z = 34y, z + 7z = 8y,x + 62 = Ty, x + 5z = 6y},

{z + 29z = 30y, z + 25z = 26y, x + 23z = 24y, x + 172 = 18y, x + 15z = 16y, z + 11z = 12y},
{z+ 282 =29y, x + 242 = 25y, x + 22z = 23y, xz + 182 = 19y, x + 162 = 17y, x + 122 = 13y}.

Only one representative of each of these classes has to be considered.
This concludes the proof of Theorem O

5 Non-Equivalent Caps

Two caps are equivalent if there is an affine transformation from one cap to the other. In some
cases, two caps in AG(n, p) based on the above digit constructions but with different digit sets D;
and D are equivalent, while in other cases they are not. We briefly discuss this in the cases p =5
and p = 11.

14
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If a digit set Dy C Z, can be mapped by an affine transformation f(x) = ax + b to another
digit set Do C Z,, then the corresponding caps are equivalent.

For example, modulo p = 5 all digit sets consisting of three distinct digits are egivalent. One
can first map two arbitrary digits to 0 and 1. Then the three remaining digit sets D; = {0, 1,2},
Dy ={0,1,3} and D3 = {0, 1,4} can be seen to be equivalent: Dj is mapped to Dy by f(x) = z+1
and Dy is mapped to Dy by f(z) = 3z + 2.

A simple criterion to see that two digit sets are not equivalent is as follows: For a given digit
set write the multiset of differences (including the gap from the largest digit to p). If the multiset
of differences of two digit sets D1 and Do contain different frequencies of differences, then the two
digit sets are not equivalent.

Applying this modulo 5 to the above digit sets gives twice the set of differences {1,1,3} and
once {1,2,2}. This helps finding the map f(z) = 3z + 2.

On the other hand, we easily find many admissible digit sets are not equivalent modulo 11:
Dy =1{0,1,2,3,4} with difference multiset {1,1,1,1,7} is non-equivalent to Dy = {0,1,2,3,6}
with difference multiset {1,1,1,3,5}, and both are different from D3 = {0, 1,2, 3, 7} with difference
multiset {1,1,1,4,4}.

Another criterion is that the order of gaps of the same frequencies must also be preserved:
Dy ={0,1,2,6,7} is different from the earlier three digit sets, as D4 does not contain four elements
in an arithmetic progression, which would be preserved by an affine map. We leave it to the reader
to argue why D5 = {0,1,2,6,8} and Dg = {0,1,2,8,9} lead to further non-equivalent digit sets.

For larger primes, the number of admissible digit sets is typically much larger than the number
p(p — 1) of affine transformations of the digit sets. Hence, our digit-based constructions typically
indicate the existence of many non-equivalent caps with the same number of points. (However, we
do not formally prove these caps are non-equivalent.) In any case this seems to be of interest even
for those primes for which these caps are not larger than previously known ones.
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