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Upper bounds for prime k-tuples of size log N and oscillations

By

Christian Elsholtz

Abstract. We prove the estimate

Ek(N) � N

exp
(
( 1

4 + o(1))
log N log log log N

log log N

) ,

for the number Ek(N) of k-tuples (n + a1, . . . , n + ak) of primes not exceeding N , for k of size
c1 log N and N sufficiently large.

A bound of this strength was previously known in the special case n − 2i (1 � i <
log n
log 2 ) only,

(Vaughan, 1973). For general ai this is an improvement upon the work of Hofmann and Wolke
(1996).

The number of prime tuples of this size has considerable oscillations, when varying the prime
pattern.

1. A discussion of the prime k-tuple conjecture. The prime k-tuple conjecture states
that for any admissible set A = {a1, . . . , ak} of positive integers there are infinitely
many integers n such that all n + ai, (i = 1, . . . , k), are prime, simultaneously. The set
A = {a1, . . . , ak} is admissible if there is no trivial congruence obstruction, i.e. if the set
A does not contain a complete set of residues modulo any prime p � k.

A quantitative version of these conjectures has been suggested by Hardy and Littlewood,
see [8], and later by Bateman and Horn, see [1] and [2]. Let

EA(N) = |{n � N : n + ai prime for i = 1, . . . , k}|,
then they conjecture that

EA(N) ∼
∏
p

(1 − ω(p)
p

)

(1 − 1
p
)k

N∫
2

du

(log u)k
,
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where ω(p) is the number of solutions to the congruence

k∏
i=1

(n + ai) ≡ 0 mod p.

Halberstam and Richert [7], Theorem 5.1, proved upper bounds for the number of such
tuples.

EA(N) � 2k�(k + 1)
∏
p

(1 − ω(p)
p

)

(1 − 1
p
)k

N

(log N)k

(
1 + Ok

(
log log 3N + L

log N

))
.

While in the above statements k is assumed to be constant, we investigate the prime k-tuple
conjecture for non-constant k.

Note that the above result by Halberstam and Richert cannot be extended to k ≈ log N ,
for example. There are only very few results in the literature concerned with this question.

The range k ≈ c1 log N (where c1 is a positive constant) is of particular interest since
previous work emphasized the study of this problem with the set A = {2, 4, . . . , 2k}. Let
�x� denote the largest integer a with a � x, and let

E(N) =
∣∣∣∣
{
n � N, all n − 2i are prime for i = 1, . . . ,

[
log(n − 1)

log 2

]}∣∣∣∣ .
Using the large sieve method, Vaughan [17] proved that there exists a positive constant

c such that

E(N) � N

exp(c
log N log3 N

log2 N
)
.(1)

Here logi N denotes the i-fold iterated logarithm.
For an arbitrary prime pattern of this size, Hofmann and Wolke [9] implicitly obtained

the following bound:

EA(N) � N

exp(C(c1)(log N)
1
2 )

.

In the following we improve this bound and obtain a bound comparable to the bound that
Vaughan obtained in the special case where the ai are powers of 2.

Theorem 1. Let c1 be a fixed positive constant and let N be sufficiently large. Let A =
{a1, . . . , ak} ⊂ [1, N ] be a set of integers with k � c1 log N . Then the number of those
n � N for which all n + ai are prime is bounded by

EA(N) � 2N

exp(( 1
4 + o(1))

log N log3 N

log2 N
)
.

The same estimate also holds for primes of type n − ai .
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Note that the size of c1 does not occur in the upper bound. The dependence on c1 is
hidden in the o(1) notation. One would be able to work out more precise bounds with a
more careful analysis of 1

4 + o(1).
On the other hand, it is conjectured that there are only finitely many integers n, such that

all n − 2i , with 1 � i <
log n
log 2 are prime. Investigations of this problem were started by

Erdős [5]. He found that n = 4, 7, 15, 21, 45, 75 and 105 have this property and conjectured
that 105 is the largest such integer. He verified this up to 203775. These calculations were
extended up to 187934724677955 by Mientka and Weitzenkamp [12], and up to 277 by
Uchiyama and Yorinaga [16], [18]. No further examples were found. This problem is
related to the order of 2 modulo primes. In fact, such an n would be a multiple of all primes
p, with 2 as a primitive root and with 2p−1 < n. Thus, on Artin’s conjecture on primitive
roots, an n of this kind must be a multiple of many small primes. Using the quantitative
version of Artin’s conjecture, it can be shown that

E(N) � Nα+ε.

Hooley [11] (chapter 7) proved this with α = 1−∏
p

(1− 1
p(p−1)

) and Narkiewicz [14] with

α = 1 − 1
log 2

∏
p

(1 − 1
p(p−1)

) ≈ 0.46.

Here we shall show that one can give a much better upper bound, if only one allows to
take a few more restrictions: If n + 2i is required to be prime for 1 � i � c log N and c

sufficiently large, we prove, assuming a quantitative version of Artin’s conjecture, the best
possible EA(N) = 0. Unfortunately, in this variant of the original problem the ai = 2i

become large, i.e. ai ∈ [1, N1.9].

Theorem 2. Suppose that the Extended Riemann Hypothesis for Dedekind zeta functions
holds. Let N be sufficiently large. Then the sequence A = {2i : i ∈ N} has the property that
there is no n ∈ [1, N ] such that all n+2i are simultaneously prime, for 1 � i � 2.7 log N .

This means that for prime k-tuples of size c log N we expect considerable oscillations,
depending on the set A. Generally, it may be difficult to analyse

∏
p

(1 − ω(p)
p

). In this

direction, the author has proved in [4] that for many primes p � (log N)2 a set A ⊂ [1, N]
with |A| 	 log N lies in νA(p) 	 p1/2 distinct residue classes modulo p. Similarly, it
follows from the method described below that for many primes p � (log N)2 log2 N we
have ω(p) 	 log N . Therefore, the expression

∏
p

(1 − ω(p)
p

) in the heuristic formula of

Bateman and Horn may be of a dominating influence, for large k.

R e m a r k 1. Pomerance, Sárközy and Stewart [15] proved that for k < log N there exist
sets A, B ⊂ [1, N ] with A + B ⊂ P if |B| = k and |A| < N

k(log N)k
. In particular, this

implies that there exists such sets of size |A| � c1 log N and |B| = k 	 log N
log log N

. The
proof is a combinatorial existence proof and the patterns described by the sets A and B may
depend on N .
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R e m a r k 2. While remark 1 describes that there exists patterns of size c1 log N that
occur at least 	 log N

log log N
times in [1, N ] we know by theorem 2 an explicit pattern of size

c1 log N which (on the stated assumption) does not occur at all. Another explicit pattern
(which depends on N ) is a long arithmetic progression of primes. Suppose that for some
d < N all numbers n + d, n + 2d, . . . , n + kd are prime. Then the following argument
shows that k � (1 + o(1)) log N must hold. The common difference d is divisible by
all primes p � k. Let P = ∏

p�k

p, then P | d. Suppose that k � (1 + ε) log N . This

would imply that P = exp(
∑
p�k

log p) > exp((1 + ε
2 ) log N) > N but d < N , which is a

contradiction. Therefore the size of the largest arithmetic progression of primes in [1, N]
is less than (1 + o(1)) log N .

The author would like to thank anonymous referees for comments.

2. The details. A crucial observation is that A must necessarily lie in many residue
classes modulo many small primes. We will make use of Gallagher’s larger sieve and of
Montgomery’s large sieve.

Let us state Montgomery’s sieve:

Lemma 1 (Montgomery [13]). Let P denote the set of primes. Let A ⊂ [1, N ] denote
a set of integers which lies outside νA(p) residue classes modulo the prime p. Here
νA : P → N with 0 � νA(p) � p − 1. Then the number A(N) of elements satisfies

A(N) � 2N

L
, where L =

∑
q�N1/2

µ2(q)
∏
p|q

νA(p)

p − νA(p)
.

Vaughan [17] gives a suitable evaluation of L if
∑
p�y

νA(p)
p

is known.

Lemma 2 (Vaughan [17]). The following lower bound holds:

L �
∑
m

exp


m log


 1

m

∑
p�N1/(2m)

νA(p)

p





 .

The size of this sum can be approximated by choosing a value of m which maximizes

the summand. Since p � 2 we can assume that 1 � m � log(N1/2)
log 2 .

We recall Gallagher’s larger sieve.

Lemma 3 (Gallagher [6]). Let S denote a set of primes such that A � [1, N ] lies in at
most νA(p) residue classes modulo p (for p ∈ S). Then the following inequality holds,
provided the denominator is positive:

A(N) �
− log N + ∑

p∈S log p

− log N + ∑
p∈S

log p
νA(p)

.
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P r o o f o f T h e o r e m 1. We first apply Lemma 3 to the set A that we use in Theorem 1.

Put y0 = �2 log N�, m = � log N
4 log2 N+2 log3 N

� and y = N
1

2m so that (log N)2 log2 N � y �
(log N)2 log2 N . The set of primes used in Lemma 3 is defined to be

S = {p ∈ [y0, y] : νA(p) � c2 log N}
and similarly we define

T = {p ∈ [y0, y] : νA(p) > c2 log N}.
Suppose that

∑
p∈S

log p � c3y for some positive constant c3 > c2
c1

+ ε > 0. Note that for

fixed c1 we may choose ε > 0 and c2 such that c3 can be arbitrarily small. We then have,
for N � N(ε),

A(N) � − log N + y

− log N + c3y
c2 log N

� c2

c3 − ε
log N < c1 log N,

which contradicts A(N) = k � c1 log N .
So the set S contains only an arbitrarily small proportion of the primes of the interval

[y0, y]. Therefore, we find that

∑
p∈T

νA(p)

p
� 1

2
c2 log N(log log y − log log y0).

We also have

log log y − log log y0 ∼ log(2 log2 N + log3 N + O(1)) − log log(2 log N)

= log 2 + log3 N + o(1) − (log3 N + o(1)) � c4.

In a second step we apply Lemma 2 to those integers n to be counted in Theorem 1. We
obtain

L � exp


(m + o(1)) log


 1

m

∑
p�y

νA(p)

p







� exp

(
(m + o(1)) log

(
2 log y

log N

c2

2
c4 log N

))

� exp

(
log N

(4 + o(1)) log2 N
log

(
c5 log2 N

))

� exp

((
1

4
+ o(1)

)
log N log3 N

log2 N

)
,

for sufficiently large N . An application of Lemma 1 shows that EA(N) � 2N
L

, which
establishes the theorem.
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In the case of n − ai we proceed as before for intervals [2i , 2i+1]. Summing up over the
� log N

log 2 � intervals gives the same upper bound.

Using partial summation for the estimation of
∑
p�y

(
log p

p
)1/2 and an application of the

Cauchy-Schwarz inequality would lead to


∑

p�y

log p

νA(p)





∑

p�y

νA(p)

p


 �


∑

p�y

(
log p

p

)1/2



2

	 y

log y

only and thus to a bound weaker by the log3 N factor. �

P r o o f o f T h e o r e m 2. It was proved by Hooley [11] that the Extended Riemann
Hypothesis for certain Dedekind zeta functions implies a strong form of Artin’s conjecture
on primitive roots. Let F2(N) denote the number of primes p � N such that 2 is a primitive
root of p. Hooley proved under this assumption that F2(N) = ∏

p

(1 − 1
p(p−1)

) N
log N

+
O(

N log log N

(log N)2 ). By partial summation we deduce that F(N) := ∑
p�N,ordp(2)=p−1

log p ∼
∏
p

(1 − 1
p(p−1)

)N � 0.373N , for sufficiently large N . Let A = {2i : i ∈ N}. Since n + 2i

shall be prime we have for all primes p � 2.7 log N with ordp(2) = p − 1 that n lies in
only one residue class (namely the zero class) mod p. Because of

∏
p�2.7 log N

ordp(2)=p−1

p = exp
∑

p�2.7 log N

ordp(2)=p−1

log p � exp(2.7 × 0.373 log N) > N

it follows by an application of the Chinese Remainder Theorem that there cannot be any such
n ∈ [1, N ]. (An application of Gallagher’s larger sieve would also show that EA(N) =
O(1)). Moreover ai � 22.7 log N < N1.9. �
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