TRIPLES OF PRIMES IN ARITHMETIC PROGRESSIONS

by CHRISTIAN ELSHOLTZ

(Institut fur Mathematik, Technische UniveiitClausthal, Erzstrassg D-38678
Clausthal-Zellerfeld, Germany

[Received 10 January 2002]

Abstract

We show that there exist sets of primds B € P N [1, N] with | A| = s, |B| =t such that all
%(a +bj) are also prime, and whese> 0.33 N/(log N)!+? holds, for sufficiently largeN.

Grosswald 4] considered the number of triples of primes in arithmetic progression:

p1+ p3
2

G3(N) := H(pl <p2<p3):p3<N, p1, P2, p3€Pandp; =

)

whereP denotes the set of primes. Grosswald proved that the following asymptotic expansion
holds:

1. N2 L. a 1
G3(N) = Eci(logNﬁ {1+Z o N} +o<7(|ogN),+l)},

j=1

whereC = [, , (1 - 1/(p— 1)%) = 0.6601618.. is the twin primes constant, and where the
aj are computable constants.

In a different additive problem involving primes, Pomerancark8zy, and Stewartd] proved
that for sufficiently largeN andt < log N there exist sets of integey$, B C [1, N] with |5] =t
and

A=~ t(log N)t
such thatA+ B ={a+b:a e A b e B} € P. Inparticular, they deduced for larg¢ and
arbitrarye > 0 that there exist such set§ B with

logN

>(l-8)i——r.
AL 1B] = ( €)|OQ|OQN

1)

In this paper we combine the two approaches and show the following results.

THEOREM1 Let N be sufficiently large. For £= 2 there exist disjoint sets of prime4, 5 C
P N[1, N], with |B] = t and|.4] = s > 0.33'N/(log N)!*1, such that all%(aa + bj) are also
prime.

In particular, this has an implication for sets of equal size.
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THEOREMZ2 For large N there exist disjoint sets of primds 5 € P N [1, N] with
logN 10 logN

. _ 10
AI1BIZ 15510gN ~ 9 (loglogN )2

and where all%(a- + bj) are prime.

For the proof of Theorem 1 we use Grosswald’s theordin [This will be combined with a
counting argument. A very nice and convenient way of counting is based on a result from extremal
graph theory and was described by Gyarm@ltj \vho constructed large square-free sumsets. The
main difference from our situation is that the square-free integers have a positive density and that
the density of square-free integers is considerably higher on certain arithmetic progressions. In our
present application we adapt this method to thinner sequences.

We use the following lemma due todari, $s and Tuan [8]. (Compare 2, Theorem IV.10] of
Bollobas.)

LEMMA 1 Let G(V1 x Vo, E) denote a bipartite graph with m vertices in the first clagsavid n
vertices in the second class.VLet zm, n; s, t) denote the maximal number of edges of G such
that G does not contain a complete bipartite grapk; Kvith s vertices in the first class and t in the
second. Then, for all natural numbers m s and t we have

zim, n; s, t) < sYtnmt~Yt 4 tm.

Proof of Theoreni. We define the bipartite grap& (V1 x Vo, E) as follows: the sets of vertices
areVy = Vo = P N[1, NJ; the set of edges is

E:{(vl,vz)elev2|vl;évzandv“;vz ep}.

So, an edge corresponds to a tripf®, pz, p3) with p> = %(pl + p3). Note thatp; = p2 = p3
is not allowed. A complete bipartite graps + corresponds to disjoint sets of primgsand B of
sizess andt such that all% (& + bj) are also prime. Grosswald’s theorem says that this g@ph
contains many edges. Theébari-s—Tuan theorem says that a bipartite graph with many edges
must have a larg&st as a subgraph.

Suppose thab does not contain a complete bipartite grapfy, where the first class dfs lies
in the first clas3/; of G and the second class \h. We then find by the lemma that

2

N
0.3307—— < |E| < sY'n(N)Z VYt -t (N).
(log N)2 |E] m(N) +tn(N)

Herer (N) denotes the number of primes less tinBy the prime number theorem we know that

= N o N
T = logN ~ (log N)2 (log N)3
so that in particular for larghl we have the estimate(N) > N/log N. This implies fort = O(N¥?)
that

0.3307 _ Ut (logN)¥/t  logN
logN N1/t N

1/t 1
1/t (logN)
S N1/t 1+ N1/3
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and therefore

s> 03306 ———.
(|Og N)t+l
Note that since we can assume without loss of generalityshatt the choicet < O(N?) is
not restrictive. Hence fogs smaller than the above bound the gr&pleontains a complete bipartite
graphKs which proves Theorem 1.

For Theorem 2 we want both sets to be of the same size, that-ist. An easy computation
shows that

| logN 10 logN
"~ |loglogN 9 (loglogN)?2

is an admissible value, for sufficiently lardé since1—90 + log 0.33 is positive.

Grosswald 4] also considered the numb&i (N) of prime k-tuples in arithmetic progression.
However, in this case, he was only able to prove a corresponding fo@uiM) ~ CxN/(log N)¥
subject to a strong version of a conjecture of Hardy and Littlewd@d [Unconditionally it is

unknown whether there are infinitely many quadruples of primes in arithmetic progression. It is
of course possible to adapt the counting argument to deal with the conjectured asymptotic formula

for Gk(N), but we refrain from stating such conditional results.
Background material may be found it 3, 5].
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