05. Continuous functions

Definition. Let (X,7), (Y,0) be topological spaces , f: X — Y a
function and zo € X .

1) f is called continuous at =z, € X if

VV elU(f(xo)) 3U €U(xy) suchthat f(U)CV .

2) f is called (globally) continuous if f is continuous at each = € X .

Remark. If (X,d) and (Y,p) are metric spaces with topologies 74
and o, then a function f:X — Y is continuous at zp € X if and only
if for each ¢ > 0 there exists d = (xp,e) such that

d(wo,x) <0 = p(f(20), f(x)) <e.

Theorem. Let (X,7), (Y,0) bespaces and f: X — Y . Then the
following are equivalent:

1) f is continuous
2) VVeo : fYV)er (ie preimages of open sets are open)
3) If S isasubbaseof (Y,0) then f~1(S)er foreach S€8

4) BCY closedin (Y,o0) = f}(B)C X isclosed in (X,7)

5) VACX : f(A) C f(A)
6) VBCY : fLB)C f\B)

Proof.

1)=2): If Veo and z € f1(V) then f(z) €V and therefore
Vel(f(z)) .

By assumption, there exists U, € U(z) with f(U,) CV .
Then U, C f~%V) and f1(V)eU(x). Therefore f1(V)erT.
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2) = 3) : Is trivial.

3) = 2): Let S be asubbase of (Y,0) such that f~1(S) € 7 for each
SeS.

If Veo and € f71(V) then f(z)eV .

Then there exist S7,59,...,5r € S such that

flx) e S1NSN...NS, CV = xefYSHnN...nf1(Sy) C fHV)
By assumption, f~1(S1)N...Nf7YSy) erT.

Therefore f~1(V) € U(x) and consequently f~1(V)er.

2) = 4): Let BCY beclosed. Then Y\ B € 0 and
fAY\B)=X\ fYB)er. Thus f7(B)C X is closed.

4)=5): Let ACX.If B= f(A) then B isclosed and f(A)C B.
By assumption, f~1(B) is closed and A C f~1(f(A)) C f~YB) .

Hence A C f~Y(B) and f(A) C B = f(A).

5 = 6): Let BCY andlet A= f"1(B).

By assumption, f(A) C f(A) ,ie. f(f7(B)) C f(f(B)CB.

Thus f~1(B) C f~'(B) .

6) =1): Let 2oV , Vel(f(xy)) andlet B=Y \V .
Since f(z0) € intV we have f(zo) ¢ Y \intV =Y \V =58 .
So o ¢ f~Y(B) and, by assumption, xo ¢ f~1(B) .

Hence there exists U € U(x) such that UN f~1(B)=10.
Consequently 0 = f(U)NB = f(U)N(Y\V) and f(U)CV .

Thus f is continuous at an arbitrary point zp € X . [

Corollary. Let X.Y,Z bespacesand f: X —Y and ¢g:Y — Z be
continuous.



Then go f: X — Z is continuous.

Proof. Let W C Z beopenin Z . Then g }(W)CY isopenin Y
and f g t(W)=(go f)'(W)C X isopenin X . O

In a similar manner one can show that if f is continuous at zy € X and
g is continuous at yy = f(zg) € Y then go f is continuous at z .

Examples.
1) If 7 is the discrete topology on X .

Then every function f:(X,7) — (Y,0) is continuous.

2) Let 7,0 be topologies on X .
Then 7 C o if and only if the identity function id : (X,0) — (X, 7) is

continuous.

3) Constant functions are always continuous.
Let f:(X,7) = (Y,0) with f(z)=y VzelX.
If Veo then f[fY(V)=X if ypeV and fYV)=0 if yog V.

4) Let (X,7) be a space and let have R the usual topology.
Consider C(X)={f:X — R : f is continuous} .
One can show that for f,g € C(X) and A € R that

f+g, f—g, fg, \f € C(X)

% € C(X) whenever g(z) #0 forall z € X

[fI, min{f, g}, max{f, g} € C(X)

C(X) is called the ring of continuous functions on X .

5) (Exercise) Characterize the continuous functions f: (X,7) — R where
7 is the cofinite topology on X .



Definition. Let (X,7) be a space.

A sequence (f,) of functions f, : X — R converges uniformly to a
function f: X — R if

Ve>0 3N &N suchthat [f(z)— fu(z)|<e VzeeX,Vn>N

Theorem. If the f,: X — R are continuous and converge uniformly to
f:X — R then f is continuous.

Proof. Let xp€ X and >0 .
Then 3 N €N with |[f(z) - fu(z)|<5 V2zeX,Vn>N.
Since fy is continuous there exists U € U(xy) such that
fvlao) = fu(a) <5 VaeU
For x € U we now have
£ (o)~ @) = (£ (o) — Filwo) + (o) = fla) + () — F ()] <
£(20) — Fao) + | (ao) — @) + () — F(@)] <
ctits=c¢

Therefore f is continuous at xp € X . [



