09. Convergence

I. Sequences

Definition.
Let (X,7) be a space, (z,) asequencein X and z € X .
1) (z,) converges to x ,x, — x, if

VUeU(x) INeN suchthat z,€U Vn>N.

2) x is called an accumulation point of (z,) if each neighbourhood of
x contains infinitely many members of (z,,) .

Remark. Let (X,7) and (Y,0) bespaces, AC X and z € X .

It is easily seen that if a, — = where a, € A Yn €N then z € A .
Moreover, if f : X — Y is continuous in z and x, — x then
flan) = f(z) .

The converse, however, need not be true in general!

Example. There is an uncountable well ordered set Y such that each
element of Y has at most countably many predecessors.

(Take a well ordering ” <7 of R . If every element has only countably
many predecessors, let Y =R .

Otherwise let z be the smallest element having uncountably many prede-
cessors and let YV ={yeR : y<z}.)

We now add a largest element to this well ordered set. Take any a ¢ Y
and let X =Y U{a} . Extend the order to X by y<a Vye A.

X is again well ordered and can be written in the form X = [0,a] where
0 denotes the smallest element with respect to the well ordering.

Let 7 be the order topology on X .



If (y,) is asequence in Y then [J [0,y,] is countable (!) hence there
neN

is y €Y suchthat y, <y VneN.

(y,a] is a neighbourhood of a so (y,) does not converge to a .

On the other hand, we clearly have a €Y .

Consider f: X — {0,1} with f(y)=0 VyeY and f(a)=1 then f

satisfies the condition "z, - = f(x,) — f(z)” but is not continuous

at a € X .

Remark. This unsatisfactory state of affairs leads to the necessity to
generalize the notion of a sequence. There are two equivalent approaches
to accomplish this.

A sequence in X is a function x : N — X . If we replace N by any
directed set D we obtain the notion of anet z:D — X in X .

(A directed set is a partial ordered set where each two elements have an
upper bound.)

The other generalization is via filters that we discuss later.

Remark. If (X,7) is first countable (in particular, a metric space) then
the closure of subsets and the continuity of functions f: X — Y can be
described by sequences.

I1. Filter

The notion of a filter can already be defined on a set. To define convergence
of a filter, we need a topological space.

Definition. Let X # () be a set.

1) A nonempty family F of subsets of X is called a filter on X if
(F1) 0 ¢ F

(F2) i, Fhe F = FINkKeF

(F3) FeF and FCF = F eF



2) A nonempty family B of subsets of X is called a filter base on X
if

(FB1) 0 ¢ B

(FB2) B;,BoeB = dB3e B suchthat B3 C BiN By .

Remarks.

1) Every filter is a filter base.

2) To each filter base B on X we can assign

F={FCX : 3BeB suchthat BC F}
F isin fact a filter, the filter generated by B .

3) A nonempty family B of subsets of X with () ¢ B which is closed
under forming finite intersections is obviously a filter base.

4) Let F be afilter on X . Then
r={0}U{F : FeF} isatopologyon X .

Examples.

1) Let X beasetand 0 #AC X .

Then B ={A} is a filter base.

F={FCX : ACF} is called the principal filter generated by A .

2) Let (X,7) be aspace and =z € X .
Then U(x) is a filter, the so called neighbourhood filter in = € X .

Every neighbourhood base in = € X is a filter base generating U(x) .

3) Let X be an infinite set. Then
F={FCX : X\F isfinite} is called the Frechet filter.

4) Let X beasetand (z,) be asequence in X .



Then S ={x, : n >k} is called the kth tail of (z,) .

Obviously B = {S; : k € N} is a filter base generating the so called
elementary filter of (z,)

F={FCX : 3keN suchthat S, C F}

Thus we can assign to each sequence the corresponding elementary filter.

5) Let X,Y besets, f: X — Y a function and F a filter on X .
Then {f(F) : F € F} is afilter base on Y (in general not a filter).
The filter on Y generated by this filter base

f(F)={BCY : 3 FeF suchthat f(F)C B}
is called the image filter with respect to F and f: X —Y .

We now define the convergence of filters.

Definition. Let (X,7) be aspace, F afilteron X and z € X .
1) F convergesto z ¢, F —ux,if U(x) CF.
(We say that F is finer than U(z) , resp. U(x) is coarser than F .)

2) x is an accumulation point of F , x € HP(F) , if every neighbour-
hood of x has nonempty intersection with each F € F |

ie.if reF VFelF

Remarks.

1) HP(F) = ng

2) U(x) >z foreach x € X
3) F—>z = x¢€HP(F)

4) Let x € HP(F) . Then, as is easily seen, {UNF : U €eU(z), F € F}
is a filter base for a filter G . Obviously, F C G and G — x .



5) Let F be the elementary filter of the sequence (z,) . Then
(i) x € HP(F) < z is accumulation point of (z,) .

(i) F=>2 & (2, —=z

The following results show that the notion of a filter is the appropriate
generalization of the notion of a sequence in the context of topological
spaces.

Proposition. Let (X,7) beaspace, 0 #ACX and z€ X .

Then z € A if and only if there is a filter F such that F — = and
AeF.

Proof. Let z € A. Then UNA#( foreach U €U(x) .
Hence {UNA : U €U(x)} is a filterbase generating a filter F .

Since UNACA and UNACU wehave A€ F and U(z) C F ,ie.
F—ux.

Conversely, suppose that x ¢ A . Then there exists U € U(z) such that
UNA=0(. Since Ue€ F and A€ F wehave UNA=0¢€ F,a

contradiction. [J

Proposition. f:(X,7) — (Y,0) is continuous at zp € X if and only
if for each filter F on X with F — zo we have f(F) — f(zo) .

Proof. Let f: (X,7) — (Y,0) be continuous at zy € X and let
F = x.

If Vel(f(xg)) there exists U € U(xy) with f(U) CV .

Since F — xo,U € F and f(U) € f(F) and thus V € f(F) . Hence
J(F) = f(@o) -

Conversely, we always have U(xg) — xy and so, by assumption,

fWU(wo)) = f(wo) , Le. U(f(w0)) € f(U(20)) -
Hence, if V e U(f(xp)) I U € U(xy) such that f(U)CV . O



Proposition. A space (X,7) is T, if and only if every filter on X
converges to at most one point.

Proof. Let (X,7) be T, and suppose for a filter F we have F — x
and F —y where x #y .

By assumption, 3U € U(x) , V € U(y) with UNV =0 .
Since U,V € F we have ) =U NV € F , a contradiction.

Now suppose that (X, 7) is not 75 . Then there exist = # y such that
UNV£Q) VYUeU(x) Veluly).

But then {UNV : UelU(x), Vel(y)} is a filter base generating a
filter F with F -2 and F -y . U

Remark. We will see later that the notion of compactness can also be
characterized via filters.

A space (X,7) is compact if and only if every filter on X has an
accumulation point if and only if every ultrafilter on X converges.

Proposition. Let F be afilteron X =[] X; and x € X . Then

i€l

F—ozx & Viel : pi(F)—
Proof. 7=" holds since each p; is continuous.

7«<": It is sufficient to show that every member of the canonical base
containing x is a member of F .

Solet z € p; (0;,)N...Np; (O0;,) where each Oy, is openin X;, .
Then xz;, € O;, and so, by assumption, O;, € p;,(F) .
Hence there is F; € F such that p;, (F1) C O, ,ie. F; C pi_ll(Oil) .

In the same manner we obtain Fb,...F) € F with

F2 gpz_Ql(Olg) PIEILIE Fk gpz_kl(Olk)



Since FiN...F, € F wehave p;'(O;)N...Np; (0;) e F. O

The set of all filters on X is partially ordered by the relation F; C F; .

Definition. A filter U4 on X is called ultrafilter if there is no filter
F on X with UCF and U # F .

It follows easily from the lemma of Zorn that for each filter F on X
there is at least one ultrafilter ¢ such that F C U .

By a previous remark we have

Proposition. Let U4 be an ultrafilter on X . Then
reHPU) = U—=x

Proposition. Let U be a filter on X . Then
U is an ultrafilter & VACX : Aecld or X\AeclU

Proof.
7=": Suppose that AC X and A¢U .

Then we have (X \ A)NF #0 for each F €U (otherwise FF C A and
Aecl).

Hence {(X \A)NF : F € U} is a filter base for a filter G with
X\Ae€G and UCG.

Since U is an ultrafilter, Y =G andso X\ Ael .

7<«<=": Suppose there is a filter G with Y CG and U #G .
Then there exists A C X with A€ G but A¢U .

By assumption, X \ A € Y C G and therefore ) = AN(X\A)€g,a
contradiction. [



Proposition.
Let U be an ultrafilter on X and f: X — Y a function.
Then f(U) is an ultrafilter.

Proof. Let B CY . By a previous result,
B euU or X\fYB)=fYY\B)elU.

If fY(B)eU then B e f(U) since f(fY(B))CB.
If fFA(Y\B)€U then Y\ Be€ f(UU) since f(f"'(Y\B)CY\B.
Hence f(U) is an ultrafilter. [

Remark. Let X beaset and z € X . Then
F={FCX : x€F} isan ultrafilter.

Observe that () F ={z} .
FeF

Filters F with the property that () F # () are called fixed, otherwise
FeF
free . The Frechet filter on an infinite set is an example of a free filter.



