10. Covering properties

Definition. A space (X,7) is called
1) compact if every open cover of X contains a finite subcover, i.e. if
X = JO; , where each O; is open, then there exist iy,is,...,ix € [

el

such that X =0, UO;,,U...UQO;, .

2) Lindel6f if every open cover of X contains a countable subcover, i.e.
if
X = O; , where each O; is open, then X = |J O, .

el neN

3) countably compact if every countable open cover of X contains a
finite subcover.

Definition. Let (X,7) be a space. A C X is called a compact (resp.
Lindel6f, countably compact) subset if the subspace (A, 7|4) is compact
(resp. Lindel6f, countably compact).

This is, in the compact case, equivalent to:
if AC |JO; ,whereeach O; isopenin X , then there exist iy,1s,...,0; €
1el

I such that ACO;, UO;,U...UQO;, .

(Similar for Lindelof and countably compact.)

Remark. Obviously,

compact =- Lindelof , and compact = countably compact.

It follows also from the definition that if (X, 7) is compact (resp. Lindeldf,
countably compact) and o C 7, then (X, o) is compact (resp. Lindelof,
countably compact).

Remark. Consider X =R" (or X = C") with the usual topology.
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It is shown in calculus (Theorem of Heine-Borel) that C C X is
compact if and only if C is closed and bounded (with respect to the
norm).

Hence R"™ is not compact but each closed ball B(z,r) = {y € R"
|z —y|| <r} is compact.

We observe also that the Sorgenfrey line cannot be compact (since the
usual topology on R is coarser and not compact).

However, the Sorgenfrey line is hereditarily Lindelof, i.e. every subspace is
Lindelof (Exercise).

Proposition. (X,7) is countably compact if and only if every sequence
has an accumulation point.

Proof.
Suppose that (X, 7) is countably compact and let (x,) be a sequence.

The set HP(x,) of accumulation points of (x,) is HP(x,) = () Sk,
keN
where Sy = {x, : n >k} . Observe that S,, C Sy whenever m >k .

If HP(x,) =0 then the open cover X = |J (X \S;) has a finite subcover
keN

X =(X\S,)U...U(X\S) andso S;, N...NS, =0 which is not
possible.

Therefore (x,) must have an accumulation point.

Now suppose that every sequence has an accumulation point but (X, 7)
is not countably compact. Then there is a countable open cover (O,,) of
X without a finite subcover.

For each n € N let V,=0,U...UO, . Then V,, # X for each n ,
V, CV,, whenever n<m and X = |J V,.
neN

For each n € N pick z, € X \V, .

Observe that for the sequence (z,) we have Sy C X\ Vj , since X \V, C
X\ Vg foreach n>k.



Since X \ 'V}, is closed, we have S, C X \ V; for each k .

By assumption, there exists an accumulation point = of (x,) . It follows
that = ¢ V) for each k which is not possible. [

Example. Previously we showed that there is an uncountable well ordered
set (X, <) where each element has at most countably many predecessors.
Let X have the order topology 7 .

Then (X,7) is not compact since the open cover X = |J [0,y) has no
yeX
finite subcover.

However, one can show that (X, 7) is countably compact.

(Idea of proof: First observe that every sequence has a supremum. For a

sequence (a,) the set |J[0,a,) is countable therefore 3 x € X such
neN
that x ¢ |J[0,a,),1ie a, <z Vn & N. Sothere exists an upper bound
neN
for (a,) . Since X is well ordered, we have a smallest upper bound.

Suppose we have a countable open cover {Oy : k € N} of X having no
finite subcover. We may assume that Op C Opy1 V1 .

Inductively one can construct a sequence (a,) with the following proper-
ties.

[0, a,] is covered by finitely many Oy . a,.1 is the smallest element not
contained in the union of those O and O, . Considering the supremum
of (a,) leads to a contradiction.)

Remark. For metric spaces (X, d) with topology 7; we mention without
proof:

compact < countably compact < Every sequence contains a convergent
subsequence

Proposition. Let (X,7) be aspace, C' C X compact (resp. Lindeldf,
countably compact), A C X closed with A C C .

Then A is compact (resp. Lindeldf, countably compact).



Proof. Let A C |JO; , where each O; isopenin X .
el
Then C C JO;U (X \ A) and, since X \ A is open, there exist
il

i1,19,...,i € I such that C C O, UO;,U...UO; U(X\A).
Hence ACO;, UO;,U... U0, . O

Remarks.

(i) Closed subspaces of compact (resp. Lindeldf, countably compact)
spaces are compact (Lindel6f, countably compact).

(ii) Consequently, a closed discrete subspace of a compact (resp. Lindelof)
space must be finite (resp. at most countable).

Therefore, the Niemitzky plane is not Lindelof.

(iii) From a theorem in the chapter about bases it follows that every second
countable space is Lindelof.

Since every subspace of a second countable space is second countable, a
second countable space is hereditarily Lindelof.

Observe that the Sorgenfrey line is hereditarily Lindelof but not second
countable.

For metric spaces, however, we have the following important result.

Theorem. Let (X,d) be a metric space with topology 7; . Then the
following are equivalent:

1) (X,74) is second countable,

2) (X, 74) is Lindelof,

3) (X,74) is separable, ie. there is a countable dense subset D C X
(with D = X).

Proof.

1) = 2) always holds.



2) = 3): Foreach neN, X = |J K(z,%) is an open cover.

zeX

By assumption there exists a countable subset D, C X such that

X= U K1)

"n
xzeD,

If D= D, ,then D is countable. We claim that D = X .

neN

Suppose 3y € X with y¢ D = ImeN with K(y,-)ND=10.
Jx €D, CD suchthat y € K(z,+) .

Hence x € K(y, %) . a contradiction. Therefore, D = X .

3) = 1): Let D be a countable subset with D = X .
Let B={K(z,5) : €D, neN}.

Then B is a countable (!) family of open sets. We claim that B is a
base.

Let OC X beopenand y€ O . Then IneN with K(y,5) C O .
Choose = € DN K (y, 37) -
Because of the triangle inequaltiy we have

y€ K(z,577) CK(y,5:)CO. O

Compactness can also be characterized via filters.

Theorem. For a space (X, 7) the following are equivalent:
1) (X,7) is compact
2) Every filter on X has an accumulation point

3) Every ultrafilter on X converges.

Proof.

1) = 2): Let F be a filter on X and suppose that F has no

accumulation point, i.e. (| F =10 .
FeF



Then X = |J (X \ F) is an open cover of X .
FeF

By assumption, there exist Fi,..., Fy € F such that
X=X\F)U...UX\F) .
Hence FiN...NE, =0 andso FyN...NE, =0, a contradiction.

2) = 3): Let U be an ultrafilter on X . By hypothesis, there exists an
accumulation point x € X of U .

Previously we showed that in such a case U — x .

3) = 2): Let F beafilter on X . Then there is an ultrafilter U such
that F CU .

By hypothesis, 4 x € X such that U — x .

Since z€ (Y UC () F, x is an accumulation point of F .
Ueu FeF

2) = 1): We assume that (X,7) is not compact. Then there is an open
cover {O; : i€ 1} of X having no finite subcover.

Hence VI'C 1T | I’ finite , we have X # (J O; resp.

iel’

Fpr= N (X\0O;)#0. Observe that Fp is closed.

el
The family B={Fp : I'C I , I' finite} is obviously a filter base,
Since F[/ M F[// = FI/UI” .
Let F be the filter generated by B . By hypothesis, F has an accumu-
lation point =z € X .
There exists iy € I such that z € O;, . Let I = {ip} .

Then Fp=X\O0;, = Fp-e€F , hence € X \ O;, , a contradiction.
O

Without the (not so easy) proof we mention another important charac-
terization of compactness, known as the Alexander subbase theorem.



Theorem. A space (X,7) is compact if and only if every cover of
members by a subbase S of (X,7) has a finite subcover.

Next we consider the relationships between covering properties and sepa-
ration axioms.

Theorem. Let (X,7) be Tp , C C X be compact and z ¢ C .

Then there exist open sets O; , Oy such that z € O;, C C Oy and
O1NOy=10.

Proof. For each y € C' there are open sets V,, W, such that
yeV,, zeW, and V,NW,=10.

Since C'C |J V, thereexist yi,...,yr € C such that
yeC

CCV,UV,U...UV, .
If O=V,uV,u...uV, and O, =W, NW,,Nn...NW,, then
O; and O, areopen,xEOl,CgOg and Olﬂng(Z). Ul

Corollary. In a T,—space, compact subsets are closed.

(Note that if 7 is the cofinite topology on a infinite set X then every
subspace of (X, 7) is compact but not closed.)

Corollary.
Let (X,7) be To , Cy, Co C X be compact and C;NCy =10 .
Then 4 01,02 € 7 such that C; € Oy , Cy C 0Oy and O1N0Oy = 0.

Proof. With the previous theorem, for each y € C5 there exist open
sets V,, W, such that yeV,, C; CW, and V,NW,=0.

Since Cy C |J V, there exist yi,...,yy € C such that
yeC



C’QQVMUVWU...UV%.

If Op=V, UV, U...UV, and Oy =W, NW,N...0 W, then
O; and Oy areopen, C; CO;, CoC Oy and O; N0y =0 . O

Theorem. Every compact Th—space (X, 7) is normal.

Proof. Let A, B C X be closed and disjoint. Then A, B are also
compact.

By the previous Corollary, there exist open sets O; , Oy with A C
Ol,ngQ and Olﬂ()g:@. ]

Corollary. Every subspace of a compact To—space (X, 7) is completely
regular.

Remark. One can show that every regular Lindel6f space is also normal.
Therefore the Sorgenfrey line is normal (since it is easy to see that the
Sorgenfrey line is regular).

Certain covering properties ”"behave well” with respect to continuity.

Theorem. Let f: (X,7) = (Y,0) be continuous and let A C X be
compact (resp. Lindeldf, countably compact).

Then f(A) CY is compact (resp. Lindel6f, countably compact).

Proof. (for the compact case)

Let f(A) C |JV; whereeach Vi€ o . Then AC |J f1(V;), so there
el iel

exist i1,42,...,9% € I such that A C f~Y(V,)Uf (Vi) u...Uf Vi) .
Hence f(A)CV,uV,u...uV;, . O

Corollary. In particular, if f:(X,7) - R is continuous and A C X is
compact, then f(A) C R is closed and bounded.



Therefore there exist ag,a; € A such that
f(ap) = min{f(a) : a € A} and
f(a1) =max{f(a) : a € A}

Proposition. Let (X,7) be compact, (Y,;o) be Tp and f: (X, 7)—
(Y,0) be continuous.

Then f is a closed function.

Proof. A C X isclosed = A C X is compact = f(A) CY is
compact = f(A) CY isclosed. [O

Remark. If f is, in addition, bijective then f is a homeomorphism!

We now consider a family (X;,7;) , ¢ € I of spaces and the product space
X=]]X:.

el
Since the projections are continuous and surjective we conclude that if

X =[] X; is compact then all the spaces (X;, 7;) are also compact.
il

The converse of this observation is a fundamental theorem in topology with
widespread applications, known as Tychonoff’s theorem .

Using several previous results we are able to give a short proof.

Theorem. (Tychonoff)
For each i € I let (X;,7;) be compact. Then X = [[ X, is compact.

1€l
Proof. Let U be an ultrafilter on X . Then p;(Uf) is an ultrafilter on
X; foreach 1€ 1.
Since each X, is compact, for each 7 € I there exists x; € X; such that

By a previous result, U — = . Therefore X = [] X; is compact. [

el



Corollary. The set of all functions f: R — [0,1] with the topology of
pointwise convergence is a compact Hausdorff space, since it is [0, 1]® .

It is clear that the class of compact spaces plays a fundamental role in
topology and analysis. However, many interesting spaces are not compact
globally but in a local manner.

Definition. A space (X,7) is called locally compact if each = € X
has a compact neighbourhood.

Remarks.

(i) Every compact space is locally compact.

(ii) R™ is locally compact but not compact. The discrete topology on an
infinite set is locally compact but not compact.

In the following we will show that each locally compact T5 space can be
embedded into a compact T5 space in a special way.

Let (X,7) be locally compact, 7o and not compact.

Let a¢ X andlet X* = X U{a} . We add one point to X , obtain in
this way the set X* and construct a topology on X* .

Let 7* be the family of all subsets V C X* such that
either VC X and V €7 or
a €V and X \V iscompactin (X,7).

Observe that 7 C 7* and that Ver™ =VnNnXer.

We now show that 7* is a topology on X* .
0 er* since Der Cr1*.

X*er* since X\ X*=0 is compactin (X,7) .
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Let Vi,V er*.
If Vi,V b, C X then Vi,Vo €7 and ViNVoer C 71" .

If aeVy and Vo C X then ViNVo=(WVinX)Nl,er C1*.
Similar if V; C X and a € V5.

If aeViNVy then X\ (ViNVy) = (X\ V1)U (X \Va) is the union of two
compact subsets of (X, 7) and therefore compact. Hence Vi NV, € 7 .
Now let V; € 7* foreach 7€ 1 .

If V;CX foreach i€l then (JV,er C7*.

el

Otherwise there exists iy € I such that a € V;, . Then X\V;, is compact
and closed in (X, 7) .

Then X\ (U Vi) isaclosed (in (X, 7)) subset of the compact set X \ V;,
el
and therefore itself compact. Consequently (JV; € 7 .
iel

Hence 7* is a topology on X* .

Definition. The space (X*, 7*) is called the 1-point-compactification
of (X,7).

Remark. It is obvious that 7*|x = 7 therefore (X,7) is a subspace of
(X*,7*) and the inclusion function j: X — X* is an embedding.

We now show that (X*,7*) is compact and 75 .
Let X*=JV; where V; € 7% foreach i€ .

i€l

Choose iy € I with a€V;,. Then X\V;,, C [J(XNV).

1€l
Jiy,...,0 €1 suchthat X\ V,, C( XNV, )uU...u(XnV,).
Hence X* =V, UV, U...UV, showing that (X* 7%) is compact .

Now let z,y € X* with x #y .
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If x#a and y # a then there exist disjoint open neighbourhoods as
(X, 7') 18 T2 .

Solet xre X and y=a.

Let W C X be a compact neighbourhood of x (with respect to (X, 7))
and let V =X*\W .

Then a € V and V € 7. Obviously, W and V are the required
disjoint neighbourhoods and therefore (X*,7%) is T5 .

Remark. According to a previous result (X*,7%) is also normal, and
therefore every locally compact T5 space is completely regular.

Example. It is easily checked that the 1-point-compactification of R is
homeomorphic to S' and the 1-point-compactification of R? is homeo-
morphic to S? .
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