Topology - Exercise Sheet 1

1. Show that, in general, in a topological space the arbitrary union of closed sets need

not be closed.

Definition. A family {A; : i € I} of subsets of a space (X, 7) is called locally
finite, if each point z € X has a neighbourhood U, that intersects at most
finitely many A; .
Show that if {A; : i € I} is locally finite then |J A; = |J 4; .
(In particular, |J A; is closed whenever all A; azreelclosedz.e)j
i€l
2. A subset U C X is called regular open (resp. regular closed) if U = intU
(resp. U = intU). Show the following:
(i) U C X isregular open < I A C X closed with U = intA .
(ii) U C X isregular open < X \U is regular closed.
(iii) U,V C X regular open = UNV isregular open.
(iv) Find a subset of R that is open but not regular open.

3. Let X be aset and & be a function & : P(X) — P(X) with the following
properties:
P@)=0 , ACPA) , P(AUB)=P(A)UP(B) and P(P(A)) = D(A) .
Show that there is a unique topology 7 on X such that ®(A) = A for each
ACX.

(® is called a Kuratowski closure-operator)

4. Let (X,7) beaspaceand BC AC X .
Show that U C A is a neighbourhood of = € A with respect to (A, 7]4) if
and only if there is a neighbourhood V C X of z with respect to (X,7) with
U=V nNA. Furthermore, 7|p = (7]4)|5 -

5. Let (X,7) beaspaceand AC X .
(i) BC A isclosedin A <



there exists F' C X closed in X such that B=FNA.
(i) For B C A | the closure of B with respect to (A, 7|4) is denoted by B,
Then B =BNA.

. Let 7 be the cofinite topology on a set X . Show:
i) If X is countable then (X,7) is second countable.

ii) If X is uncountable then (X,7) is not first countable.

. Show that every subspace of a second countable (resp. a first countable) space
is second countable (resp. first countable). From this conclude that R cannot
have an uncountable discrete subspace and that the Niemitzky plane is not second

countable.
Show that the Sorgenfrey line is not second countable.

. Definition. Let (X,7) be a space. We say that a sequence (x,) converges to

reX,x,—ax,if VUeUx) INEN suchthat x, €U for n >N .

Now let (X,7) be first countable. Show that
i) r€¢ A < 3 (a,) €A suchthat a, — .
(ii) f:X — Y iscontinuous at xy € X if and only if for every sequence (z,)

with z, — x¢ it holds that f(z,) — f(z0) .



