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Abstract. Let G = (G,), be a strictly increasing sequence of positive integers with
Go = 1. We study the system of numeration defined by this sequence by looking at the
corresponding compactification g of N and the extension of the addition-by-one map t
on g (the ‘odometer’). We give sufficient conditions for the existence and uniqueness of
T-invariant measures on K g in terms of combinatorial properties of G.

1. Introduction and notation
1.1. Systems of numeration. Throughout the paper, N denotes the set of non-negative
integers, thatis {0, 1, 2, .. .}.

Let (A, <) be a totally ordered set, called an ‘alphabet’; in most cases the alphabet is a
subset of N. We denote by A* the set of finite words over A, A* = {apa; - - - a, | a; € A}
U {e}, where € denotes the empty word. The basic idea of ‘numeration’ is to give a
bijection between N and a set of words W C A*, which respects a suitable ordering on W
inherited from the ordering on A. Before we give the precise definitions of this bijection
and the set W, we introduce some basic notation about words. For more information on
word combinatorics we refer to the book [27].

For finite words v and w we write vw for their concatenation and v® for the
concatenation of k times the word v; we write the exponent in parentheses to avoid
confusion with powers of numbers. Absolute values denote the length of a word. We

have [v®| = k|v|.
pref
We shall use two different orders on W: first we write v < w if v is a prefix of w, i.e.

if there exists a word u such that vu = w. In particular, for |x| > m, we denote by x[m]
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the prefix of x of length m. By convention, x[0] = €. Secondly, we consider the ‘reverse
genealogical order’ on W (inherited from the ordering on A): for v, w € W with |v| = |w]|
we have v gg w if v = w or if there exists some index 0 < k < |v| such that vy < wy and
v; =wj forall [v| > j > k. If |v| < |w|, then v gg] w. As opposed to the lexicographical
order, this order takes the length of the words into account. The word ‘reverse’ refers to
the fact that we read the digits from right to left.

A system of numeration is given by an increasing sequence of integers (G,), with
G = 1, called the scale. In this system, any non-negative integer n can be represented as
a (finite) sum

n=>_ex(nGi. (1.1)

k=0

The digits e, (n) are computed by the so-called greedy algorithm: if n = 0, then g (n) =0
for all k. If n #0, let L(n) be the smallest k such that n < G} and proceed with the
Euclidean division n = er;)—1(n)Grm)—1 +n'. Apply the same procedure to n’ and
repeat it recursively. After finitely many steps, the remainder of the Euclidean division
is zero. Finally, set g (n) = O for all those k that did not occur during the process. With
the computed values, the relation (1.1) holds. Obviously, for an arbitrary n, one has that

forallm e N: Z ex (M) Gy < Gum; (1.2)
k<m

notice that these conditions imply &;(n) < (Gr+1/Gr). These inequalities are called
“Yaglom conditions’ (cf. [13]); they characterise the expansions and provide a necessary
and sufficient condition for their uniqueness in the following sense: if n =) x; G, with
> kem Xk Gk < Gy, for all m, then x; = i (n) for all k (cf. [35]). In other words, the greedy
algorithm provides a bijection between N and the set of expansions. Let V¥ be the set of
admissible words

w={w=w0w1...wm |m >0, wy #0,Vk<m+1,Y w;G, <Gk}u{e}.
j<k
We introduce the two maps ‘representation’ and ‘value’
val: W — N
rep: N — w m
n &) erm-1(n) wo - wa > Y wiG
i=
gen
with rep(0) = €. The order < is defined so that the maps rep and val are mutually
gen
inverse order preserving bijections between (N, <) and (W, <). Such representations
of the positive integers for various base sequences have been investigated from different
points of view. As a general reference for systems of numeration in this generality, we
refer to [13]. In the general case of an increasing base sequence (G), the corresponding
language does not have any nice structural properties, like recognisability or even
factoriality.
For sequences (G,), with bounded sequence of quotients (G,+1/G,), the alphabet A
is finite; for such sequences the recognisability of the language W by a finite automaton
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and the representability of arithmetic operations by finite automata are natural questions.
The most prominent and best investigated sequences of this type are linear recursive
sequences; i.e. sequences satisfying a recurrence relation

Gntd =a4-1Gpya—1 + -+ a1Guy1 +apG, forn >0

with fixed non-negative integer coefficients ay, . .., azj—1. Numeration based on linear
recurrent scales have been studied in [14-20] with respect to the representability of
the addition-by-one map by a finite automaton. In the context of linear recursive base
sequences the case when the characteristic polynomial

x4 — ad_lxd_l — - —a1x —aop
is the minimal polynomial of a Pisot-number (i.e. an algebraic integer all of whose
conjugates have modulus < 1) plays a special role. The underlying language }V can
then be related to S-expansions (cf. [29]) of real numbers. In this case the language
W is recognised by a finite automaton (cf. [18]). For a more detailed discussion of
recognisability of W in the context of linear recursive base sequence (G,), we refer
to [18].

The special case of the sequence G, = (n 4 1)> and some properties of the according
representations have been studied in [28].

A different approach to number representation is based on substitutions over a finite
alphabet (cf. [11, 12]). In this context the non-negative integer n is represented as the
prefix of length n of the fixed point of a substitution on a finite alphabet. This prefix
is expressed in a unique way as a concatenation of iterates of the substitution applied to
certain prefixes of the fixed point. This finite number of prefixes plays the role of digits
in this numeration. We remark here that numeration systems with linear recurrent base
sequence can be seen as special cases of this type of numeration.

In a similar vein, let £ be a regular language endowed with the genealogical order
originating from an ordered alphabet. Then the integer n can be represented as the nth
word in £. This language- and automata-theoretic approach has been used in [26, 31] to
define abstract numeration systems. Again, numeration systems with linear recurrent scale
are a special case.

1.2. Odometer. For convenience, we introduce a further notation of rep*(n) =
rep(n)O(Oo). We introduce the compact set

K = {(xn»,eN [0 1, [Gui1 /Gl = 1} | Vm eN: Y~ Gy < Gm}, (1.3)
n k<m
which is the closure in ]_[n{O, 1,...,[Gut+1/Gy,] — 1} of the set of infinite expansions

rep  (N) with respect to the product topology. For an infinite word x = xoxx2 . . .,
we denote by x[m] = xox1 - - - x,,—1 the prefix of x of length m, extending the previous
notation. Furthermore, we extend concatenation vw for infinite words w as well. Notice
that v € W and w € K does not imply that vw € Kg. The function rep” is the
embedding of N into /g, and the image of N is dense in Kg.
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In order to describe cylinders in KCg, we first define
pref
W ={weA*|IxeKs, w < x},
the set of prefixes of elements of Cg. By the properties of greedy numeration this set
satisfies

pref
W ={w0® |weW, keN={weA* | TveW,w < v} DW.

The map val as defined on W extends readily to W’; notice that val is no longer injective

on W, but it is still injective on words of fixed length. For a finite word w € W', we denote
pref
by [w] the cylinder associated with w, that is [w] ={x € K¢ | w < x}; by convention

we set [e] =Kg. Let we W, w# 0™, The word w™ is defined to be the word v €
W' satisfying |v| = |w| and val(v) = val(w) — 1; by the above discussion such a word
exists and is unique. It is the predecessor of w for the reverse genealogical order among
the elements of length |w| in W'.

As proved in [2, 21], the operation 7: n — n + 1 can be extended from N to g by

T(x) = nll)rgo rep*(val(x[n]) + D).

Notice that the addition of 1 either affects only the digit xo, which yields t(x) = (xg + 1)

X1Xx2 ..., or there occurs a carry, which means that the sequence (x;); has a prefix of the
form rep(G,, — 1). If m is the largest value with this property, then the addition of 1 gives
T(x)= (0", x, + 1, Xm+1, - - .); if there are infinitely many m with this property, then

7(x) = 00°, That yields a dynamical system (K¢, 7), called an odometer, the subject of
this paper. We emphasise that the odometer need not be continuous; the set of discontinuity
points has been determined in [2] as

Disc(t) = {rep" (G, — 1) | n e N} \ z 71 ({0}),

the set of accumulation points of the sequence (rep*(Gn — 1)), which are not mapped
to 0 by . The set of accumulation points of (rep” (G, — 1)), can even be the whole
space; an example of such an odometer is given in [2, Example 15]. In that example the
odometer is even uniquely ergodic. Notice that the set 7~!({0}) has measure O for any
invariant probability measure as a consequence of Proposition 3. This lack of continuity
makes the existence of invariant measures of (/Cg, t) an important question in the context
of odometers. For instance, Example 7 in §5 provides a family of examples of odometers,
which do not admit an invariant measure.

In the classical case of b-adic numeration, g is Zp, the topological group of b-adic
integers. Addition by one is then a group rotation. The general theory has been developed
in [21]. The paper [6] inter alia gives an example of an odometer with continuous
spectrum, disproving a conjecture stated in [21]. For systems of numeration arising from
regular languages as in [26], the according odometer has been introduced and studied
in [5]. A different approach related to Bratelli diagrams and Markov compacta has been
pursued in [34] (see also [33]). For a survey on the subject we refer to [9]. For a general
survey on dynamics and numeration we refer to [1].

A further classical example of a numeration system, which has been studied intensively
in the context of Diophantine approximation, is Ostrowski numeration. Given an irrational
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real number 0 < o < % and its continued fraction expansion « = [0; ay, az, ...] the
denominators (gy,), of the convergents satisfy the recursion

Gnt1 =Ani1qn +qn—1, qo=1, q1=a.

Taking (g,), as the base sequence gives the Ostrowski numeration system. This has been
studied from the dynamical point of view in [4]. In particular, it has been shown that the
system (g, 7) is conjugate to the rotation by o on R/Z and is therefore uniquely ergodic.

1.3.  Content of the paper. The subject of the present paper is a deeper understanding
of the dynamical properties of the odometer based on the combinatorial structure of the
underlying base sequence (G,),. Section 2 will define an infinite triangular array of
coefficients that we call greedy recurrence coefficients. These coefficients are obtained
from the greedy expansion of the numbers G, — 1 and provide a linear recursive
expression of G, in terms of its preceding values Gy, ..., G,—1. Most of our results
will be formulated in terms of these coefficients. Our approach is more direct than the one
chosen in [3]: there, instead of considering the expansions of the non-negative integers and
studying the associated compactification K¢, the G-valuation

vg(n) =min{k € N| gr(n) > 0} e NU {o0}

is introduced. The valumeter is then the dynamical system ((N U {oo})N , o) obtained
as the orbit closure of the sequence (vg(n)), under the shift o in the compact space
NuU {oo})N . The valumeter is then shown to be conjugate to the odometer. Results on
the existence and uniqueness of invariant measures are then obtained for the valumeter
and translated to the odometer. For instance, it is shown that the convergence of the series
>.Gn ! is sufficient for the existence of an invariant measure on (g, ), whereas the
relation lim sup,, G,/n = oo provides a necessary condition. Furthermore, it is shown that
lim,(G,4+1 — G,) = oo plus boundedness of the sequence (G, Zk>n Gk_l)n is sufficient
for unique ergodicity.

In §3 we discuss in more detail a condition for the existence and uniqueness of an
invariant measure on (g, ) given in [3, Théoréme 8], namely the boundedness of
the sequence (G, Zk% G,:l)n. We relate this condition to combinatorial properties of
the greedy recurrence coefficients, namely a weak non-lacunarity of these coefficients.
Furthermore, we show that this condition implies exponential growth of the base sequence

(Gy)n in the sense that
log G,

lim inf > 0.
n—oo n

Section 4 is the heart of the paper. Here we relate the existence of an invariant measure
to the existence of a solution of an infinite linear system of equations (Theorem 1). These
equations are built from the greedy recurrence coefficients introduced in §2. In §4.2
we give a sufficient condition for the existence of invariant measures (Corollary 2) and
describe all invariant measures in terms of cluster points of certain combinatorially defined
measures (Theorem 2). In §4.3 we derive an explicit and computable sufficient condition
for the uniqueness of the invariant measure (Theorem 3). Our approach of using the greedy

recurrence coefficients allows less restrictive conditions (compared to [3, Théoreme 8])
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which ensure uniqueness of the invariant measure, especially as our conditions for unique
ergodicity do not imply exponential growth of the base sequence (G,);,.

Several simple examples are given throughout the paper to illustrate notation and
theorems. The last section, §5, is devoted to families of more elaborate examples, which
show that the sufficient conditions given in the present paper are weaker than those given
in [3], but that they are still not necessary. Furthermore, we give examples of odometers
which are not uniquely ergodic. The examples are worked out using the greedy recurrence
coefficients associated to the base sequence and computing the invariant measures as
solutions of the linear system of equations derived in §4.1. This allows for a very direct
and explicit understanding of the combinatorial structure of the odometer and the invariant
measure.

2. Greedy recurrence coefficients

It will turn out that the expansions of the integers G, — 1 play an important role in the
description of the invariant measures on the odometer. The coefficients ai ,;, we introduce
below are related to these expansions; they consist in non-admissible expansions of the G,
which can be read as a recurrence relation for the base sequence (G,,),. They will be used
in §4 to build r-invariant measures. Those coefficients are constructed from a so-called
descent function introduced in [2] as

pref
T(m) =max{k <m | rep(Gr — 1) < rep(G,, — 1)}, form >1. 2.1)
In particular, T(m)=0, if rep(G, —1) has no non-empty prefix of the form

rep(Gy — 1). The motivation for this definition is that the addition of 1 to x € Kg
pref
produces a carry, if and only if there exists a k > 0 such that rep(Gy — 1) < x, as

mentioned in the definition of T above. We will provide examples illustrating this definition
in the end of this section.

Remark 1. In [2], atree of carries has been introduced as follows. The set of the vertices is
N; the edges are given by the relations 7 (m) = n. Then, it turns out that the transformation
7 on the odometer is continuous if and only if the tree is of finite type, that is all vertices
have finite degree (cf. [2, Théoreme 5]).

For m > 1, using the definition of T, the expansion of G,, — 1 can be written as

T(m)—1 m—1
Gm—1= Y &i(Grem —DGj+ Y &j(Gn—1G,, (2.2)
j=0 j=T (m)

which can be understood in two ways:
rep(Gp — 1) =rep(Grm) — Derem)(Gm — 1) - - - em—1(G — 1) (2.3)
as a concatenation of expansions, and as numerical equality. We now define coefficients
ak,m by
ex(Gm — 1) ifTm)+1<k<m—1,
Akm = Y eTm)(Gm — 1)+ 1 ifk=T(m), 2.4)
0 ifk < T(m)ork>m.
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We call them the greedy recurrence coefficients of the scale (G,),; they will be used
throughout the paper to describe the combinatorial structure of the system of numeration.
Some special values of the ay ,, are a;,—1,m # 0, arm),m # 0, ap,1 = G1. The following
equations are equivalent to (2.4)

0 ifk <T(m),
> ajmGj= : 2.5)
: val(rep(Gy, — Dk]) +1 ifk > T(m).

In particular, this allows us to rewrite (2.2) as
m—1
Gp = Z armGr = Z ak,m Gk, (2.6)
k=T (m)
a ‘recurrence relation’ for G, in terms of the preceding values. The expression (2.6) can be
obtained as the greedy expansion of G, in terms of the values Go, G1, . .., Gp—1, which
is not the expansion of G,, with respect to the scale G, since obviously rep(G,,) = 071,
Then T (m) is the smallest index of a non-zero digit in this expansion of G,,. That remark
shall be used frequently in §4.1.
Reinterpreting (1.2), we have

x=x0x1x2 - € Kg < forallm >1:x[m] < ao.mAlm - Am—1,m- 2.7)

Later we will need the inequality
k—1
fora11m>k>1:2aj,m0j<ck, (2.8)
j=0
which we prove by using (2.5): either the left-hand side vanishes, then the inequality
is trivial, or it equals val(rep(G, — 1[k]) + 1 < Gg. Assume now that k <m and
val(rep(G,, — 1)[k]) + 1 = Gg. This can occur if and only if k = T*(m) for some
s > 1, 1i.e. k and m belong to the same branch of the tree of carries. But then k < T (m)
and hence the left-hand side of (2.8) vanishes.
In order to make the definition of the ax ,, more transparent, we present three simple
examples.

Example 1. Consider the usual d-adic expansion, where d > 2 is an integer. We have
G,=d" and rep(G, — 1) = (d — 1)"™. Therefore, for all k < m, we have rep(Gy —

pref

pref
1) X rep(G,, —1). For fixed m, the greatest k <m such that rep(Gy — 1) <
rep(G,, — 1) isthen m — 1 and we have T (m) =m — 1. We may write

m—1
Gm—1=) d—1)Gj=dGp_1 -1, (2.9)

j=0
Gpn=dGpm_1. (2.10)

Expansion (2.9) is the admissible expansion of G,, —1, since (d — 1) e W.
Expansion (2.10) is not admissible and corresponds to (2.6).
We have g = {0, 1, ..., d — 1}* and its elements can be characterised by

x e Kg << Vm >0:x[m] lom=g,
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Example 2. Consider the so-called Tribonacci sequence, given by the linear recurrence
Go=1, G1=2, Gy=4, foraln>0:Gu43=G,2+ Guy1+ Gy
It was shown in [7, 8] that
K ={(xan € 0, Y [V € N: xyxys 142 # 1),

Then we have
011)™ ifr=0,
rep(Gapyr — =101  ifr=1,
1101H™  if r =2,

and T(n) =n —3forn > 3,and T(1) =0, T(2) = 1. Equation (2.6) reads as
G1=2Gy, G2=2G1, G,=Gu-1+G,2+G,_3 forn>=3. 2.11)

G. Rauzy initiated the study of dynamical systems related to substitutions and numeration,
as well as related fractals (nowadays called ‘Rauzy fractals’) in his seminal paper [30] on
the Tribonacci numeration system.

Example 3. Consider the scale of slowest possible growth. It is given by G, =n 4+ 1. We
have G,, = G,,—1 + Gg and T (n) = O for all n. Furthermore,

K6 = {(n)n €10, BN [ #{n | x, = 1} < 1)

3. Scales with locally slow growth
The following condition for the uniqueness of the invariant measure on (g, 7) was given
in [3, Théoréme 8]

1
there exists M : foralln e N: G, Z — <M and lim (Gp41 — Gy) =00. (3.1)
Gk n—00
k>n

These conditions are concerned with the order of growth of the sequence (G,),. We now
investigate in detail the boundedness of the sequence (G, D ;- , G;l )n, giving equivalent
formulations, which shed more light on the growth conditions on the scale behind (3.1).
For that purpose, we introduce a further notation. Using (2.2), set

0 ifam—1m =2,
e(m) = . ’ 3.2)
¢ fap ym=Llanom="=amitm=0,am¢-1,m #0.

Since G, > G;,;,—1, e(m) is well defined for all m > 1. As a motivation for this definition,
we note that
em)=0< G, 22Gp—1

>
(3.3)
em) <L Gy 2 Gpuo1+ Gu—i—1;

the larger values e(m) attains, the slower the sequence (G,,), grows. This is made precise
in the following proposition.
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PROPOSITION 1. Let (Gy), be a system of numeration.
Forany £ > 1, let

G G
"t and By = lim inf —22X
n— 00

Ag = inf

n

n n

Then both sequences (Ag)e and (Bg)g satisfy
forallk, £ e N: Apy¢ > ArA¢, Biye > BiBy

and we have that
lim Ay = lim By € {1, oo}. (3.4)

Furthermore, the following properties are equivalent:

(i) limgoo Ag = 00;

(i) thereexists£>1:A; > 1;

(iii) there exists £ > 1 :sup, min{e(n), e(n + 1), ..., e(n +£ — 1)} < oo;
(iv) the sequence (G, Zk>n G,;l),, is bounded.

If one of these properties holds, then

log G
lim inf ~22" < 0. (3.5)
n— 00 n
Proof. We have forall¢ > 1andalln >0
G G
1< Ap = inf 22 <lim inf 2+ = B,.
n n—oo

n n

Since the sequence (G, ), is increasing, both (A;), and (By), are non-decreasing, hence
the existence of their limits. Furthermore, taking the infimum (respectively the inferior
limit, both with respect to n) in

Guiitt  Gniite Gnik

= (3.6)
G, Gn+k Gy
yields Ax4¢ > A¢ Ay (respectively Bi4¢ > B¢ By). Then, Fekete’s lemma yields
log A log A
lim —22¢ _ gup 28 2C 3.7)

£ £

Then, we either have Ay = 1 for all ¢, or there exist a C > 0 and £ such that log A; > C¢
for £ > £ (this will be used later). On the other hand, since G, +¢ > G, for all n, it follows
from Ay =1 that By =1 as well. We thus have proved both (3.4) and the equivalence
between (i) and (ii).

Assume that (iii) is true and choose m > 1 and r > 0 such that

foralln € N: min{fe(n),en +1),...,e(n+m—1)} <r.

Given n, by (3.3) there exists 0 <k <m — 1 such that G, = Guik—1 + Gnik—1—r-
From this inequality and the fact that the sequence (G,), is increasing, it follows that

Gnim—1 2 Gnik 2 Gpyk—1 + Gnik—r—1 > 2Gp 11

holds, hence (ii) holds for £ =m + r.
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Assume conversely that (iii) is false. Take £ arbitrary. Then there exist infinitely many n
such that e(n + k) > £ for all 1 < k < £, hence again by (3.3) we have G,k — Gpk—1 <
Gpitk—1—¢. Summing up these relations yields

Gnye < Gp +LGr1 < (U4 DGy, 3.8)

hence Ay < £+ 1 forall £ > 1. Then we have lim, ((log A¢)/¢) = 0 and therefore Ay =1
for all £. Hence (ii) does not hold.

Assume now that (ii) holds with some Ay > 1. Then

1 —1 oo -1 1 00 1
G, =G, <G, —
lg = Sg(:) Gn+s€+k = On+k g Ay
-1
1 A LA
_G, ¢ ¢

< .
Gk Ar— 1 Ag—1

This proves that (iv) follows from (ii).
Conversely, one has that

n+-¢

1 1 Gy

k>n k=n n+t

Assume that (ii) does not hold. Then, for all £, we have

lim s GZ 1 >(z+1)1 041
im su — > — = .
n%oop " Gk Bl
k>n
Then (iv) does not hold either.
Finally, if (ii) holds, then by the trivial inequality G, = G,,/Go > A, we have
log G, > Tim log A,

lim inf > lim inf
n—oo n n—oo n

> 0. (3.9)
O

Remark 2. By Proposition 1 the condition for unique ergodicity given in (3.1) implies
exponential growth of the scale (G,), in the sense of (3.5). Our approach, especially
Theorem 3, will allow us to show unique ergodicity for scales which increase much more
slowly. We call sequences which do not satisfy the conditions of Proposition 1 scales of
locally slow growth to indicate that we can especially allow linear growth in arbitrarily
long intervals (see §5 for examples of this type). However, in contrary to condition (3.1),
the condition (4.34) we give in Theorem 3 is not a pure growth condition, but also takes
into account the combinatorics of the scale.

Remark 3. The conditions (3.1) are satisfied, if G, ~ Ca" for C > 0 and @ > 1. Thus an
exponential asymptotic growth of (G,), implies unique ergodicity of the odometer.
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4. Invariant measures on the odometer
4.1. Equations. Let u be an invariant measure on (g, 7). We use the invariance of

to get relations between the measures of the cylinders. We denote a disjoint union by &. We

pref
first recall that by the definition of 7'(n) in (2.1) we have rep(G,, — 1) < rep(G, — 1)

if and only if m < n and n and m belong to the same branch of the tree of carries, that is if
there exists » such that 7" (n) = m. This observation and the definition of the addition of
1 yield

(09D = [JIrep(Gn — D= | [rep(Gn — D). (4.1)
m>=k m>=k
T (m)<k

Observe that m = k always occurs in the disjoint union above. This yields
0O\ [0%FV]) =[rep(Gr — DI\ |H [rep(Gn — D], (4.2)
T (m)=k

where the disjoint union is a subset of [rep(Gy — 1)], since for T (m) =k,
pref
rep(Gy —1) < rep(G,, —1) by the definition of T (m). Furthermore, let w € W' be

a word of length k, w # 0% then we have
T (wh=[w I\ [Jlrep(Gn = DI=w 1\ |4  [rep(Gw - DI,

m=k m=2k, T (m)<k
pref
w” X rep(Gyp—1)

4.3)
where the disjoint union is a subset of [w™].
In the following we will use Iverson’s notation: [P] is defined to be 1 if condition P is
satisfied, and O otherwise. From (4.1) and (4.3) we derive

p(@0®) =" pulrep(Gm — DDIT (m) <] (44)

m=k
and for |[v| =k, v # 0%,
pref
u(vD) —p(v D) =— Z pn(rep(Gu — DDv™ < rep(Gu — D). (4.5)
m2>2k,T (m)<k

Summing this equation for all v € W’ of length k with 0 < val(v) < val(w) we obtain
p(wl) — w00
== Y wvarw<vaia] Y. ullrep(Gm — DD[r'% resGa1]

lv|=k m>=k, T (m)<k
ref
= — val(v)<val(w) ullrep(Gy — vp< rep(G,,—1)|.
([rep(Gpm — D)
lv|=k m>k, T (m)<k

Inserting (4.4), rearranging the double sum and using (2.5) in the second line we get

pwh= Y u(rep(Gn — DD[val(rep(Gn — DIK]) > val(w)]
m>=k, T (m)<k
=Y ulrep(Gn — DD[TA) ajmGi>varw)]. (4.6)

m=k
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Equation (4.6) is even true for w = 0%, since it then coincides with (4.4). Furthermore,
equation (4.5) shows that u([w]) < w([w™]). Therefore, we have that

n([rep(Gy — D) < u([rep (Gx — KD < - - - < u([rep (DK < w(0P7).
4.7
In particular, since ZweW’,IwI:k w([w]) =1, we have

1 1
p@09D > — and p(lrep(Gr — DN < (4.8)
k Gk
To get a relation between the numbers u([rep(Gy — 1)]), we use

[rep(Gr—DI= ¢  [w]

lw|=k+1
pref
rep(Gy—1) xw

and (4.6) to write
p([rep(Gr — D)

ref
= Y uwDlrepGi— D' u]
|w|=k+1

pref
= Y [repGi—1) < w] Y ullrep(Gm — DDy ajnG >vaiw)]

lw|=k+1 m>k+1

= Y u(lrep(Gn — D))
m>2k+1
pref k
X #{w e ' lwl=k+1, rep(Gr—1) < w, and Zaj,mGj > val(w)}.
j=0
4.9)

The words to be counted in the last line are those w satisfying
k
valw)+ 1=+ DG <) ajmG;.
j=0

By (2.8) the possible choices for 1 are exactly O, . . ., ar» — 1. Hence we get
u([rep(Gy — D)) = > akmp([rep(Gyu — D))
m=2k+1,T (m)<k+1

= Y axmp(lrep(G, — D)), (4.10)
m=k+1

where the last expression comes from the fact that ay ,, = 0 whenever k < T (m) by (2.4).
We can now summarise the results.

PROPOSITION 2. Let (Gy), be a system of numeration and ay ,, be given by (2.4). If
is an invariant probability measure on the odometer (K¢, T), then w has the following
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properties:

forallw e W, |lw| =k : u((w]) = Z w([rep(Gn — D[ ’;;(‘) ajmGj>valw)], (4.6)
m=>k

forallk >0 u([rep(Gy — D) = Y arminlrep(Gm — D). (4.10)
m2k+1

For an invariant probability measure © on the odometer (if there exists any), we set
oy = w([rep(Gy — 1)]) with the convention g = 1. By (4.8) limy, o, = 0 holds.
It turns out that equation (4.10) characterises invariant measures on the odometer.

THEOREM 1. Let (G,), be a system of numeration and ay ,, be given by (2.4). For any
finite non-negative invariant measure [L on the corresponding odometer K¢, let

A(w) = (@m)mz0 = (([rep(Gpn — DI))m>o0-

Then U realises a homeomorphism between the set of T-invariant non-negative measures
on the odometer endowed with the weak topology and the set of the non-negative solutions
(@m)m>0 of the infinite system of equations

=Y agmom (k=0), (4.11)
m=k+1

endowed with the product topology.

Proof. If w is an invariant non-negative measure and o, = w([rep(G,, — 1)]) for all m,
it follows from (4.10) that (a,)m>0 satisfies (4.11). Obviously, o, > 0 and u(Kg) = ap.
Moreover, 2 is continuous by definition of both weak convergence and product topology.

On the other hand, let (), >0 be a non-negative solution of (4.11). We first define a
function m on the cylinders as follows: for w € W', [w| =k > 1, set

m([w]) = Z om [X42) ajnG > valw)] (4.12)

m>k

and m([€]) = «p. By (4.6), if w is such that 2A(n) = (,)m, then u and m coincide on
all cylinders. Since the set of cylinders is stable under finite intersection and generates
the Borel o -algebra, there exists at most one measure p with this property. The existence
of p will follow from Kolmogorov’s consistency theorem if we prove that m defines a
consistent system.

For k> 1, let Fr =o({[w]|weW, |w|=k}). On (Kg, Fr), the set-function m
induces a non-negative measure P;. To prove the consistency of the system (K¢, Fk, Pr)k,
it is enough to show that for any w € W, the equality

ref
Pea(wh = Y Pe(wDw 5 o]

[v|=|w|+1

ref
= Y wm@Dw 'K o] =m(w]) = P((wl)

lvl=lw|+1
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holds. Indeed, for fixed w € W, |w| = k, we have
pref

> m@Dw < v]
[v|=k+1
pref
= Y [wsv] Y an[TiyanG>va1w)]
[v|=k+1 m>=k+1
pref k
= Z am#{v lv|]=k+1,w < vand ZajymGj >val(v)}.
m k41 j=0
Thus we have to count the number of words v = wn € W’ such that
k k
val(v) =nGi +val(w) < Zaj,mGj = Z ajmGj.
Jj=0 j=T(m)

That inequality is automatically satisfied if n < ag m; for n =ag , it is satisfied if and

only if
k—1

val(w) < Z ajmGj.
Jj=0
Therefore, we can write

pref
> mDw < ]

Z A Z HZ§:0aj1mGj>val(w)+aGk]]

[v|=k+1 m>=k+1 v=wa
= Z Afe,mQm + Z Ay [[Zl;;(l) aj~mGj>val(w)H
m=k+1 m>=k+1
=or + Z Ay [[Z,]:(l) a_,',mG_/->val(w)]]
m=k+1
=Y an[Ti ajnGi>varaw] = m([w)),
m=>k
by (4.11) since Gy = Y52 aj wGj > val(w). For [w| =0 we get forall k > 1
Pe(Ke)=Y_ mvh =Y > anlaom>val(®)]
lv|=1 lvl=1 m>1
= Z [ Z [ao.m > val(w)] = Z ag.mtm = Q0.
m2>1 lv]=1 m>1

Let u be the extension of m on B(Kg). We check t-invariance of p. Equations (4.1)
and (4.12) give u(z~1([0%])) = w([0%)]); for v # 0K we apply p to (4.3) to obtain

pref
u( () = (™D - Z pn(rep(Gn — DDv™ < rep(Gpu — D].
m>k,T (m)<k
On the other hand, we obtain from (4.12)

w(v™D — pn(v]) = Z U ([[Zf,:(‘) ajmGj>valw)—1] — [¥4Z) uj,mGj>va1<v>ﬂ)

m=k

=Y aw[SihajnGi=varo)].

m=k
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For v e W' with [v] = k and v 0% the equality >-5_{ a;,»G; = val(v) holds, if and

only if the conditions v~ p;ef rep(G, — 1) and T (m) < k are satisfied. Thus we have
proved (7' ([v])) = u([v]). It follows that y is t-invariant. Hence we have proved that
any non-negative solution of (4.11) defines a unique invariant Borel measure on Xg.

It remains to prove that A~! is continuous. For convenience, we define Ln([w]) =
[[ZL";‘O’ Y4;wGj>valw)] if m > |w| and O otherwise. Every open set O can be written (not
uniquely) as a countable disjoint union of cylinders

0= &J [w].
weA(O)

Given this decomposition of @ we have for 1 = A~ (&) m)

wO)y= > pwh=Y an Y, Lu(w).

weA(O) m=1 weA(O)

Let («) be a sequence of solutions of (4.11) converging to (ap)m. Set i, =
Ql_l((oz,(,f ))m) and p = 2A""((@n)m) be the corresponding measures. For any finite M
we have

M
n(O) = ) N u(w)),
m=1 weA(O)

from which we conclude lim inf, _, oo w, (O) > 1 (O).

Therefore, ©(O) < liminf w,(O) for every open set O, which by regularity of the
measure implies that lim u,, = u weakly. For K > 0, the set of invariant measures with
w(Kg) < K is compact. Therefore, 20 induces on it a homeomorphism onto the set of
solutions with og < K. It follows that 2 realises itself a homeomorphism and the theorem
is proved. O

Remark 4. The above theorem ensures that the set of invariant probability measures is
compact. It was not clear without any topological assumption on t that t-invariance is
stable under weak convergence.

From now on we restrict ourselves to the study of invariant probability measures, i.e.
those such that ¢g = 1. We denote by Inv (K ¢) the set of T-invariant probability measures;
the set of ergodic probability measures is denoted by Erg(Kg). These are the extremal
points of Inv(/Cg). With the introduced machinery, we easily retrieve a result of [3].

PROPOSITION 3. Any non-zero invariant probability measure on the odometer is
continuous (i.e. all countable sets have zero measure). Furthermore, every such measure
charges every open subset of K. In other words, oy # 0 for any k.

Proof. Assume that 1 ({x}) > 0 for some x € Kg. Then

0<pn(xh) = mlgmw u(lx[m]]).
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Since by (4.7) u(x[m]) < w([0]), this implies that 1({0}) > 0. By t-invariance it
then follows that u({rep”(n)}) > n({0}) > 0 for all n € N, which would assign infinite
measure to g.

Assume that there is an invariant measure u on Kg and a word w € W with
u([w]) = 0. By (4.7), we have o = u([rep(Gy — 1)]) = 0. Inserting this into (4.11)
for k = |w| and using that aj x4+1 7 0, we get o, =0, hence oy = 0 for all £ > |w| by
immediate induction. Then (4.6) shows that all cylinders of length |w| have measure 0,
hence u(Kg) =0. O

We illustrate this section by continuing to investigate the examples of scales given in §2.

Example 1 (continued). We have already seen in (2.10) that a,,—1 ,, =d and ax , =0
otherwise. Hence equations (4.11) become oy = dag1 for k > 0. The system has a unique
solution such that og = 1, namely oy = d~*, and (4.6) becomes u((w]) = d=* for any
word w of length k. On K ={0,1,...,d— 1}N we get the product measure of the
uniform probability measure on {0, 1, ..., d — 1}. Alternatively, it is also easy to extend
the addition on Kg by x4y = lim rep*(val(x[k]) + val(y[k])), defining the compact
group (Zg, +) of d-adic integers. Existence, uniqueness and the description of 1 of course
also follow from the properties of the Haar measure.

Example 2 (continued). From (2.11) and taking g = 1, we get
=201 4+a3, ar=2+o3+a4, op=0cp1 +orp2 +oyp3k>=2). (4.13)

The polynomial X3 4+ X%+ X — 1 has a real root p~0.543 689 and two complex
conjugate roots of modulus greater than 1. Since the solutions (o ); of (4.13) we are
interested in are bounded, they have to be of the form oy = C,ok for k > 2. Inserting
this into the first two equations of (4.13) yields C = p, hence o1 =1 — p and o} = ,okJrl
for all k > 2. This shows unique ergodicity of the odometer. Furthermore, we get
,u([O(k)]) = pk = u([rep(Gr—1 — 1]). We notice that in this case the odometer does not
come from a topological group as in the previous example. This can be seen, for instance,
by observing that 7 =1 ({0°}) = {(101)>°, (011)>°, (110)>}.

Example 3 (continued). Equations (4.11) become
1= o, ax=axpi(k > 1),
k>1
which obviously does not have any solution. Therefore, there is no invariant probability
measure on this odometer.
The following proposition describes the case of equality in (4.7) for one fixed length j.

PROPOSITION 4.
(1) Let (ay)nen be a solution of (4.11). Let j be a non-negative integer. Then the
following statements are equivalent:
(1) o; Gj =1 holds,
(i) forallk < j, forallm > j:ak,, =0,
(iii) forallm> j:Gj|Gp,
@{v) forallm > j:T(m) > j.
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(2) Let G=(Gy)n be a numeration system as above. Define G, = Gnyj/Gj for
all n >0 and consider the numeration system G'=(G)),. Let p and q be the
projections p(x) = (xj, Xj41, ...)and q(x) = (xo, . .., xj—1) on Kg. Furthermore
introduce a function ¢ on /G jZ by ¢(—1) = t¢ and ¢(a) =idg, ifa #—1. On
the product Kg' x Z/ G ;Z, we define a transformation T (x, a) = (¢(a)(x), a + 1).
Then ®: x+— (p(x), q(x)) gives a homeomorphism between Kg and Kgr %
7/ G ;Z which commutes with tc and T (if (K¢, Tg’) is a group this is a skew
product). Furthermore, Inv(Kg) and Inv(Kqg/) are homeomorphic through the
transformation LG — uG' @ hz,;G,;z, where h denotes the Haar measure.

Proof. (1) Assume that (i) holds. From equation (4.11) for k from O to j — 1 and (2.6), we
deduce

m—1

Zaka_ZGk Z akmam—zamzakak+ Z Um Zakak
m=1

m=k+1 m=j+1

00 Jj—
—Zame+ Z Z kak

m=j+1 k=0

After simplification, we get

l=ay=a;G; + Z ocmZakak (4.14)
m=j+1

Since ajG; =1, the sum has to vanish. Moreover, all o, are strictly positive, which
implies (ii).
If (ii) holds, then ay , =0 for 0 < k < j < m. By (2.6), this implies

Gj+1 =Clj,j+1Gj hence Gj | Gj—H'

The assertion (iii) then follows by induction using (2.6) again.

It follows from (2.6) that G | G4 if and only if 7(j + 1) = j. By induction on p,
one shows using (2.6) that G; | G4, for all r from 1 to p if, and only if, T'(j +r) > j for
all r from 1 to p, hence the equivalence between (iii) and (iv).

If (iv) holds, then, again by (2.6), (ii) holds as well, which implies that the sum in (4.14)
vanishes, hence ;G ; = 1.

(2) This statement relates the structure of the odometer for which «;G; =1 for
some j to the odometer generated by the sequence G’ = (G4+;/G;),. The proof is
straightforward. O

Remark 5. The situation described in Proposition 4(2) is equivalent to the fact that
the sequence (t"(x)[j]), formed by the first j digits of any orbit is purely periodic.
Furthermore, all cylinders [w] (w € W) with |w| = j have the same measure.

COROLLARY 1. The sequence (oG ) is constant equal to 1, if and only if G ; | G j1 for
all j. In this case K¢ is the group of a-adic integers with a = (G j11/G ) as described
in [23].
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4.2. Invariant measures as cluster points. For m a positive integer and w € W we
define

Ck =#{0<n <G, |rep (n) € [rep(Gy — 1)1}, (4.15)

Dy(w)=#0<n <Gy | rep*(n) € [w]}. (4.16)

The initial values are C,’; =0 for m <k and C,](‘ =1. For m<|w|, Dp(w)=

[Gm < val(w)]; in other words, for w = w10%) with w; € W, we have Dy(w) = - - - =

Dy -1(w) =0and Dy, |(w) = - - = Djy(w) =1. Notice that C,’ﬁl = Dy, (rep(Gy —1)).
LEMMA 1. The quantities C,],‘1 satisfy the recursion

m—1
C,lﬁ,zzaz,mcf‘f‘(sm,k andC§=~--=C;]f_1 =0. (4.17)

=0

For m > |w| the quantities D,,(w) can be expressed in terms of C,’; in the following way

o
Dp(w) =Y CplEhly! ajGy=varaw]. 4.18)
£=lw|
Proof. We define
m—1
Newm = Z ajmGj O<t<m). (4.19)
j=t

Notice that Ny, is non-decreasing in the index ¢, with Ny, ,, = 0 and No_, = G, by (2.6).

Form e Nand w € W, we have

m—1 m—1
Dy(w)=Y_ Yo Lwm=)_ > Lo+ Nepiw)

=0 Noj1,m<n<Ngp =0 n<agnGe
m—1
= Z Z Liw(n) + Z Liwi(n 4 Npwlm)
l=|w| n<ap Gy n<Gu—Njw|m
m—1
= Z ai,mD((w) + [[Gm > le\,m + Val(w)]]
{=|w|
m—1
=Y armDe(w) + [£V7" ajnGi>varw)]. (4.20)
{=|w|

In particular, for w = rep(Gy — 1), we get (4.17), and, for w = €, we get (2.6).
We prove (4.18) by induction on m. For m = |w| the formula gives D)y (w) =1 and
is therefore correct. Assume that the formula holds for |w| < £ < m and insert (4.18) into
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the right-hand side of (4.20) to obtain

D,,(w) = Z ao.m Z Ck [[Z‘w‘ ! quij>val(w)]] + [[lewlo ! a;mG ‘>val(w)]]

{=|w| k=|w|

m—1

_ Z [[Z\w\olajkG >val(w)]] Z ay ’"CZ +[[Z\u\0 aj, ,71G->val(w)]]

k=|w| {=|w|

—_—

Cykn_é‘m,k

Z [[Z‘w‘ 1aj’ij>val(w)]]C,lil. O
k=|w|

LEMMA 2. The quantities C,’fl satisfy the equation

m
= Y aiCh k=Y aiCl+dmi 4.21)
=k+1 0>k+1

for all m and k.

Proof. By the definition of D,, (w) we have

pref
Ch= > Dn)rep(Gi—1) < w].
|w|=k+1
If K > m, (4.21) is obviously fulfilled. If k < m we may apply (4.18) which gives

Ch= Y [rep(Gi—1) Sl Y LIS anGimvaiw)]

|w|=k+1 2k+1
pref
=) C# {weW —k+1,rep(Gr— 1)< wand Za]gG]>val(w)}
£2k+1 j=0
By the argument given after (4.9) the cardinality in the last line equals ax ¢. This gives the
desired equation. O

LEMMA 3. The following inequalities hold for the quantities C,],‘1 for all k and m
Gm

Ck < 4.22

Ge (4.22)

Proof. The inequality is obviously true for m =0, ..., k. Then induction using the
recursion (4.17) for the values C fn gives the inequality for all m. O

In the following, we are interested in a description of the set of invariant measures. For
that purpose, let us introduce the measures

1
= 3 (4.23)

j<k
where k is a positive integer and §; denotes for short the Dirac measure at point rep™*(j)
in Cg. Let
M={wy|k>1} and Mg={vg, |n=0}. (4.24)
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THEOREM 2. Let (G,), be a system of numeration, ay , be given by (2.4), v be the
measures defined in (4.23), and M and M the sets of these measures given by (4.24).
Then the following assertions hold.

(1)  The sets of cluster points of the sequences

n n

<Z 7 (k, n)vk> with for all n - Z w(k,n)=1
k=1 n k=1
and forallk: lim w(k,n)=0 4.25)
n—o0

as well as those of the sequences

(Z E(k, n)va) with for all n: Y &(k, n) = 1

k=0 k=0
and for all k : hrrgo Ek,n)=0 (4.26)
n—

coincide.
(ii) All invariant measures on Kg are cluster points of sequences (4.26).

(iii) If the series
3o G 4.27)

G
m2k+1 n

converge for all k >0, then Inv(ICg) is the set of cluster points of sequences
(4.26). More precisely, if (in)n is a sequence of measures as in (4.26), and if
(n([xep(Gx — D)), converges for all k > 0, then (), converges weakly to a
T-invariant measure on Kg. Moreover, the set Inv(Kg) is not empty, and Erg(Kg)
is the set of extremal points of the weak closures of both M and Mg.

Proof of (i). Let w € W’ be a word of length at most m and take a positive integer N > G,,.
According to (1.1), we define

L(N)—1 L(N)—1
N = Z ej(N)Gj, Np= Z ej(N)Gj, Npwy=0. (4.28)
j=0 =k

Setting the summation variable n = Ny + r in the second line below we obtain

L(N)—1

vN(wD—— YooY saw)

k=0 Npy1<n<Ni
L(N)—1

DYDY 8r([w1>+o<%)

k=m r<er(N)Gy

L(N)—1
e (NG Gn
;ﬂ %vak([wmo(W), (4.29)

where the implied constant in the O-notation can be taken as 1. Let (iux) g be a sequence
of probability measures on g as in (4.25) (without loss of generality the number of
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summands can be assumed to be some G g by completing if necessary with zero-weights).
We can write

Gk Gk
= , K ith ,K)Y=1andforalln < Gg: li , K)=0.
UK X;n(n v, wi X;)n(n ) and for all n K Kgnoon(n )
n= n=

Assume that (ug ) converges weakly to u, say. We shall show that the sequence (éx )k
converges to p as well, where

Gk L(n)—1 Sk(l’l)Gk K
Ex=y 7w K) ) G =Y pk, K)vg,.
n=1 k=0 k=0

By construction, we get Zf:() p(k, K) = 1. To prove that the sequence (£x)x converges
to , let w € W’ be a word of K with lengthm < N < K. Then, using n =), &x(n)Gx,
we have

L)

L ex ()G
ek (w]) — px (WD < ) 7w (n, K) Z G, ([w]) = v ([w])
n=1 k=0
Gy—1 L(n)—1
G
< A k)| Y Ek(n) J¢ G,(([w])—vn([w]»‘
n=1 k=0
Gk L(n)—1
G
£ am k| Y EWG, quw])—vn([w]))'
n=Gy k=0 n
Gy—1 Gk Gy—1
<> A K+ Y wn, K)%g > wn, K)—i—(G;—Z,
n=1 n=Gy n=1

where we have applied (4.29) for estimating the second sum in the middle line. We first
let K tend to infinity; then letting N tend to infinity shows that limg_. » |éx ([w]) —
uk ([wh] =0.

Proof of (ii). We first prove that ITnv(Cg) C Conv(M) (the closed convex hull of M).
Assume that ITnv(Cg) # @ and let u € Erg(Kg). By the ergodic theorem, there exists a
generic point x for the measure w: for any cylinder [w], we have

1 n
~ ;V L (7"0) ——— pu([w]). (4.30)

Take a positive integer m, that we fix for a while. Let w € W be a word of length m.
Let k1, ka, . . . be the sequence of return times of x to [0(’”)] under the action of 7; we set
ko = 0 for convenience. We have k; 1 — k; < Gy, for all j and

forall j > 1,foralli €{0, 1, ..., kjy1 —kj — 1} : T (x)[m] = rep*(i)[m]. (4.31)
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We split the counting in (4.30) according to the k;. Setting s =max{j | k; < N} and
using (4.31) we get

s—1 kjr1—k;j—1 N-1
Do L) =) L@ +Y 0 Y L@ @)+ Y L)
n<N n<ki j=1 i=0 n=kg
s—1 kjr1—k;j—1

=0Gw)+Y. > luy(rep () +OGn)
j=1 (=0

#H1<j<s—1lkjy1 —kj>val(w)}+ O(Gn)

G
=Y #I<j<s—1lkjp1—kj=n} > Lu(rep (©) + O(Gm).
n=1 l<n
Thus we have
1 G
5 2 L@ =37 plu.m. Nyvy([wl) + OGN ), (4.32)
n<N n=1
with #1<j<s—1lk k
P(n,m,N)=n Usjss= 1k = ]_n}.
N
Summing this yields
> pm N)—ks_kl <1
p ’ ’ - N X .

1<n<Gy,

Thus there exists an increasing sequence of integers (N;); such that the limits
lim; p(n, m, N;) = p(n, m) exist for all n < G,. Define

Gm
fm =) Pl m)vy.
n=1
Taking N = N; in (4.32), letting ; tend to infinity and using (4.30) we get for all w € W'
of length m, hence by additivity for all cylinders of length at most m,

G Gm
(W) =Y P, myv,((wh) = p((wl) and Y pln, m)=1.

n=1 n=1

Therefore, the sequence (i), converges weakly to u.

We have proved that Erg(Kg) C Conv(M), hence Inv(Kg) C Conv(M), since
Inv(Kg) is the weakly closed convex hull of Erg(Kg).

We now turn to the proof that Inv(/Cg) is a subset of the cluster points of the sequences
in (4.25).

With the notation introduced above, we shall show that the sequence (p(n, m)),, tends
to 0 when m tends to infinity. This will show that Erg(K) is a subset of the cluster points
of the sequences in (4.25). If we prove that the latter set is convex, this will also show that
Inv(Kg) is a subset of these cluster points.
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We first show convexity. Assume that we have two cluster points u; (i =1, 2) of
sequences of the form (4.25)

Then take N; = max(N](.l), NJ(.Z)) and observe that the definitions of w; can be rewritten
in terms of N; filling the shorter sum with zeros. Then it is clear that every convex
combination of ©1 and 7 can be realised as a limit of a convex combination of sequences
of that form.

Let us consider a sequence of probability measures &, = Z’;’zl m(n, m)v, on Kg with
0<m(n,m)and ), _, w(n, m)=1 for all m and assume that (§,,),, converges weakly
to&.

Lets > 1 and m > max(ng, G,). Then we have

Em([rep’ (no — DIsI)

" w(n, m) * pref # 7 (ng, m)
=) —,—#l<nirep (g~ DlsI < rep W)} > —=—.

n=1
Assume that, for some integer ng, the sequence (7 (ng, m)),, does not tend to 0 when m
tends to infinity. Then we have

7 (ng, m)

£([rep (no — DIs1) = lim &,([rep” (no — )[s]]) = lim sup ———= >0,
m— 00 M—>00 no
and letting s tend to infinity, we obtain
E({rep” (0 — D)) = lim &(rep” (np — DIsT) > lim sup 702" g
§—>00 M—>00 no

Thus £ is not atom free and cannot be t-invariant by Proposition 2.

Proof of (iii). Let
n
=Y &k n)vg,
k=0
and assume that, for all k£, lim @, ([rep(Gi — 1)]) = ax. We first show that (¢, ), satisfies
equation (4.11) for all k£ > 0. For this purpose we use vg, ([rep(G¢ — D]) = Cf/Gk and
the fact that cylinders have empty boundary to write

Z
= lim_ Z £k, n)G—k.

In order to show that oy, = Zm> k1 @mQm, WE Write

Z Ak.m hm ZE(L n)—: _)OOZé:(J ") Z ak,mcj'na

m>k+1 Gj m>k+1

where the interchange of the limit and the summation is justified, because C ;” /G <1/Gp
by Lemma 3, which together with (4.27) implies uniformity of the convergence of the
series with respect to n. We now use Lemma 2 and the assumption on the limit of
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the £ (k, n) to rewrite the inner sum

n .
Z ak,mam=nlln;ozé(é"n) Z akmC’

m=k+1 j=0 b mk+1

lim

n—oo

= .

n .
, . k,
Z £(J n)Cf + lim §(k, n)
= Gj n—oo Gy
Theorem 1 now shows the existence of an invariant measure & such that
w([rep(Gy — 1)]) = ar for all k.

It remains to show that (u,), converges weakly to 1z, i.e.

im ;0 5k, mvg, ((w)) = E([w]) (4.33)
for all cylinders [w], the existence of the limit in the left-hand side of (4.33) being part of
the statement. For this purpose we use (4.6) to write

A(wh = Y aw[Sh ajnGi>vaiw)]

mz|w|

n
Cm

E : fw|-1 _ ; E : k.
[[E =0 ajmGj >val(w)]] nhm : OE(k, I’l) .

m>=|w|
n
. EKM) N~ oo
=nll>rgoz Gr Z [[Z o aj mGj >val(w)]]
k=0 m2=lw|

where the interchange of limit and summation is justified by the same arguments as above.
Furthermore, since C,’:‘ =0if m > k, we have

k,
Zg( DS IS wnGymvarw]

m>=|w|

- Z 5(2 n) Z IS )Gy val )],

k=lwl  ~F >

hence, by Lemma 1,

k,
nw([w]) = 1 Z é‘_( n) Z Cmﬂzlw‘o aj,,,G->val(w)ﬂ

k |w] m>=|w|
. §(k, n) &k, n)
=1 D = 1 D
"l’n;okaw G k(w) = Tim. E Gr k(W)

dim ;} £(k, n)vg, ((w])

using that lim,, §(k, n) = 0, which proves (4.33).

The theorem of Banach—Alaoglu ensures the existence of cluster points of the sequences
given by (4.25) or (4.26). By the above arguments condition (4.27) ensures that they give
invariant measures.
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Milman’s theorem [25, p. 335] asserts that if a subset M of a locally convex topological
vector space has compact closed convex hull, then the extremal points of Conv(M) lie in
‘M, hence are extremal points of M as well. Since ergodic invariant measures are exactly
the extremal points of the set of invariant measures, we get the last assertion of (iii). O

COROLLARY 2. If the series Y G, Lig convergent, then the odometer (Kg, t) admits at
least one invariant measure.

Proof. According to Theorem 2, we just have to prove that the series (4.27) converge for
all k. Indeed, we have

o0 o0

> G Y G
Gn = Gy G

m=k-+1 m=k-+1

O

4.3. Conditions for unique ergodicity. In this section we develop the combinatorial
theory of the scale (G,), further to obtain a sufficient condition for unique ergodicity
in terms of the greedy recurrence coefficients ay .

THEOREM 3. Let (Gp), be a system of numeration and ay y, be given by (2.4). Assume
that

o] n—t
lim lim su — Y a,iGr=0. (4.34)

Then the odometer (K g, T) is uniquely ergodic.

Proof. According to (iii) in Theorem 2, we have to prove that the sequence (Cfn /Gm),,
converges for all k.

Fix k. Set y,~ = lim inf (C,];/Gm). By Lemma 3, we have 0 <y, < 1/Gy. Then there
exists an increasing sequence of integers (m ;) ; such that lim;_, oo (C,’j” / ij) =y, - Now
let ¢ > 0. There exists an integer jy such that

forallm > mj,: Cfn 2 Gu(y, —e) and forall j > jo: C,';j < ij(ykf + ¢&).
(4.35)
We assume first that y,~ > 0. Using (4.17), we have

k
amj—l,mjcm/._l

mj mj—2
—Ck k k
=Ch, =2 aem,Ci = 30 atm,C
=0 Z:mjo-‘rl
mj—2
<ij(3/]: +8)_O_(V]: —¢€) Z aﬁ,ijE
(:mj'o-‘rl

mjy
SGm; (v +8) =y — 8)<ij —amj—1,m;Gm;—1 — Zaﬁ,ij€>
£=0

< Am;—1,m;j ij—l()/k_ —&)+ 2‘9ij + (yk_ - rS")G’"jo"'l'
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Dividing by am;—1,m;Gm;—1, using Gp; <2am;—1,m;Gm;—1 (Which comes from

Am;—1,m; # 0 and (2.8)) and taking j sufficiently large such that (G’"foH/G’”j) <e, we

get
Ck

— < (y —o+
ij—l Vk

26Go, Vi Gmjy+1

<yo4de. (436)
Amj—1,m; ij—l Amj—1,m; ij—l k

Using that ¢ can be chosen arbitrarily and iterating, we have proved
k

forallf €N: lim —2—" =y, (4.37)

Jj—>00 mj—t

In the case y, = 0, we replace the lower bound for C ,’,‘1 in (4.35) by 0, and obtain the same
conclusion.

We now introduce new coefficients, which are useful for the proof of the theorem. By
iteration of (2.8), we set a( ) — =aj,;, and get

1 1
Gm =a,§1>1me,1 +am)2me,2 +- - +ag) Go

m—2
ad (1) (1) 1) (1) (¢Y)
m 1,m Za IGI+Za Z(am—l,maj,m 1+a )GJ
j=0
m—2
— 2
=2 anG
j=0
Recursively, we get G, = Z o a (r) G j» where
(r=1) (1) (r D e
(r) _ am—r+1,maj,m—r+1 + a; ifj<m-—r, (4.38)
“m 0 otherwise.
Note in particular that
%, Gmr < Gn. (4.39)
The crucial point is that the iteration of (4.17) gives the same formula with ajr’)n instead of
aj . Indeed, we have form > k +r
m—1
k _ 1) ~k
Cn = Z 4j, mCJ
j=0
m—2 m—2
ad 1 k 1) ~k 1 1 (1)
m 1,m Zajm IC +Za]mcj Z(am—l,maj,m 1+a )Cj
j=0
m—
— 2 ~k (r) ~k
Z @imC = Z amC)
We now write

—m — Z L G—j (4.40)
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and prove by induction on r that

forall s <m—r: 3 il < 3 Za,, @.41)

Jj=0 m i=m— r+1

For r = 1, the inequality (4.41) is an equality. Assume that it is satisfied for r — 1. For
s <m —r, (4.38) yields

s r) ~. s

amGi =0 M -1\ G
Z - Z amfrJrl,maj,mfrJrl +a / m ~
= G
) s G

Gj
Ay — r+1 m (1) j m
Syl ey e

1 N
> dimri1Git Z Eza,-,,-c,-

<
Gy—
m-r+l 7, i=m—r42 ' j=0
< Z Z"/l i
i=m— r+1

by (4.39) and the induction hypothe31s, which proves (4.41). To complete the proof, we
assume that (4.34) is satisfied. Furthermore, we use the sequence (m ) ; introduced in the
first part of the proof. Take a positive integer m. There is a unique £ such that my <m <
me+1. Take r =m — my and t > 1. We use (4.40) and split the sum to get

me—t  (m—myg) k m (m—myg) k

Cn _ i 4Gm G5 G i G Gi €

Gu = Gu G, =, Gn G,
= S1(m) + S$2(m). (4.42)

To get an upper bound for the S;(m), we use (4.41) with s = m, — ¢, which yields

my—t o0

1
Si1m) < Z Z“/'G/ o 2 o Za,,G,
i= mg+1 z—szrl ! j=0
According to (4.34), we have
lim lim sup S;(m) =0. (4.43)
=0 m—o0
We treat the second sum as follows,
Ck my (m ml)G Ck
Sm)<  max L »° Lim _7i < max L. (4.44)
me—t+1<j<me Gj G me—t+1<j<me G
Jj=mg—t+1
Finally, (4.43), (4.44) and (4.37) yield
k k
lim sup —= =lim inf —* =y,
m—00 m m—0o0 m

and the theorem is proved. And this also shows that y,~ > 0 by Theorem 2. O
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Remark 6. Assume that the conditions of Proposition 1 are satisfied. Writing

%] 1 n—t 00 G . G . 9] 1
L ar:G < n—t+ — n—t+ G — ).

2 G LGS 2 =g G % 2 G,

i=n+1 k=0 i=n+1 i=n+1

it follows from (i) and (iv) in Proposition 1 that (4.34) holds. Therefore, the equivalent
conditions in Proposition 1 imply (4.34). Moreover, the condition that lim,(G,+1 — G,)
= 00 is not needed any more.

5. Examples

In this section we collect a number of examples that show how the machinery developed
in this paper can be used to understand invariant measures. In §4.1 we have already given
simple and classical examples illustrating how Theorem 1 can be used to show the unique
ergodicity of the odometer (K, 7) or the lack of invariant measures.

The investigation of Example 4 has been the subject of [10]. The equation (4.11) have
a unique solution, which shows unique ergodicity.

Example 5 is closely related to S-numeration on the real numbers. For every g > 1 a
sequence of integers (G;,),, has been constructed in [22] using the S-numeration introduced
in [29]. This sequence grows like CB”, ensuring unique ergodicity by Remark 3. In this
example it is not difficult to construct an explicit solution of (4.11).

The next examples are more involved and are given to show what Corollary 2 and
Theorem 3 can and cannot achieve. These examples do not correspond to classically
studied numeration systems. They are constructed using the same principle: alternating
expressions of G,4+1 where G,+1 — G, is small with respect to G, or not, with the very
lacunary relations (2.6). It allows us to control both local and global growth of the scale,
constructing scales satisfying (or not) the assumptions of Proposition 1 or (4.34). The
lacunarity of the ax ,, yields systems of equations (4.10) that are explicitly solvable, so
that Theorem 1 can be applied, which allows us to test the efficiency of Corollary 2 and
Theorem 3. In general, Theorem 1 is of rather theoretical interest (except for very specific
examples), whereas Corollary 2 and Theorem 3 can be checked for many scales given in
any form. It turns out that the conditions given in Corollary 2 and Theorem 3 are not
necessary, and that Theorem 3 is strictly stronger than [3, Théoreme 8]. Notice by the way
that Example 9 uses Theorem 1 in both directions.

Finally, Example 10 describes an odometer with exactly two ergodic invariant
probability measures.

Example 4. The method we develop here has been used in [10]. Let ¢ > 2 and, for all n,
Gn+1 =qG, + 1. Then, we have

qn+1 -1

ap1=q9+ 1, appt1=qifn>1 and ap,=1ifn>1; G, :—1.
q—
The equations give

l=ap=(@+ Do+ +az3+---

op =qoyy forn>1
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with the unique solution
_a-1

o = —an forn > 1.

The odometer is thus uniquely ergodic by Theorem 1. Furthermore, the point x =
g(g— 1) e K¢ satisfies
() =0"q(q — 1)

and is therefore not dense in Cg.

Example 5. Let B > 1. Parry [29] has introduced and studied the transformation 7g :
[0,1) = [0, 1), Tg(x) =pBx — |Bx]. Writing e(x) = [Bx], we get a fibred number
system in the sense of [32] as described in [1]. One obtains an expansion of any
real number x € [0, 1] as a convergent series x = Zk)() s(Té‘x)ﬂ_k_l. We write ¢, =
s(Té‘(l)). Then a series Zk>0 & B —k=1 is the expansion of a real number x if, and only
if, for any integer k, one has &;&x41 - - - <iex CoCI - - . -

One associates a system of numeration to the sequence (c,), by setting, for every n,
Gpy1=c0Gnp +c1Gy—1+-- -+ (cn + 1)Gyp. It turns out that this is also the greedy
recurrence relation (2.6), and that G, ~ CB" for some C > 0 (see [22] and also [18]).
Therefore, we have

aom =cm—1+1 form>1,
Ak.m = Cm—k—1 forl<k<m—1,

(5.1
{1=ao=<co+1>a1+(c1+1)a2+--~ ,

o = CQ0g+1 + C10k42 + - - - fork > 1.

By construction of the sequence (c;)j, @j = ¢~/ (j > 0) gives a solution of the equations
ok = Ccolk+1 + c1k+2 + - - - . Inserting into the first equation yields ¢ = 1 — 1/8, which
gives an invariant measure. Furthermore, the function e(n) defined in (3.2) is stationary;
thus the scale (G,), satisfies (iii) in Proposition 1, hence the underlying odometer is
uniquely ergodic by Theorem 3 or even by [2, Théoreme §].

In [24, §2] the system of equation (5.1) occurs in the context of additive functions on the
above mentioned S-expansion. There the question concerning uniqueness of the solutions
has been posed as an open problem.

Example 6. We construct a scale G as follows. We choose an increasing sequence of
integers 0 = ko < ky <kz <--- withkj | — k; > 2 and set, for all j,

Gij+1 =2Gy;,
ij+g+1 = ij+g + ij for1 <€<kjp —kj—1.

The corresponding greedy recurrence coefficients given by (2.2) are

07
Oand 1 <€ <kjyr —k; — 1,

akm =0 otherwise.

gy kj+1 =12 for j >
i kj+0+1 = Akj+ekj+e+1 = 1 for j >
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According to (4.11), we obtain the following equations for ay = ug([rep(Gy — D]):

ok; = Zakj+1 o2 o,
Ok j+0 = Ok j+0+1 for1 <€<kjp—kj— 1
This gives
ok, = (kj+1 —kj + Doy
ak_j-i-] = =akj+1~

Hence the solution of (4.11) is unique and the odometer (K¢, ) is uniquely ergodic. On
the other hand we get

Grjve =+ DGy; forO<l<kjp —kj,

hence
n—1

Grore =+ [Jhkjrr —kj+ 1) for 0 <L < kg1 — ka.
j=0

It follows from the calculations above that

G el for0< €<k kj.

. [0 = —-— or

kj+0%%;+¢ ki1 —kj+ 1 jHl—

Condition (iii) in Proposition 1 corresponds to the boundedness of the sequence

(kj+1 — kj)j. Therefore, if limsup;_, . (k;j4+1 — kj) = 0o, then we have an example of

a continuous (by Remark 1) uniquely ergodic odometer with locally slow growth.
However, Theorem 3 does not provide a better result than [3, Théoréeme 8] here. Indeed,

for givent and j,andt <€ < kj;y1 — kj, we have

0o kj+e—t kjt1
1
Z Z ar,iGr = Gk Z G therefore (5.2)
z=k,+/é i=kj+e
1 n—t k_H—l 1
lim su ar,iGy = hm su <Gk —>,
maw 3 4 L o 2 G,
i=n+1 k=0 =kj+t
noting that the left-hand side in (5.2) is 0 if £ < ¢. The above computation of Gy, 1, yields
kj1 kjp1—kj+1
1 1 i1 —kj+1—1 1
Gy, — = LAY, ! -).
b Y gm X el o)
l:k_,'-‘rt m=t+1

Hence (4.34) is not fulfilled as soon as (k1 — k;) j is not bounded. This gives an example
of a uniquely ergodic odometer, which does not satisfy (4.34).

Example 7. We construct a scale G as follows. We choose an increasing sequence of
integers 0 = ko < ki <k <--- withkj;1 —k; > 2 and set, for all j,

Gi;+1=2Gy;,

(5.3)
ij+e+1 = ijJrg +1 forl1<€<kjp —kj— 1L
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The corresponding greedy recurrence coefficients given by (2.2) are

akj,kj+l = 27
A j40,kj+0+1 = A0,k j+L+1 = 1 forj>0and1< €<k —kj—1,

akm =0 otherwise.

According to (4.11), we obtain the following equations for ay = ug([rep(Gr — 1)])

oo kjr1—k;j
1=a0=2a1+2 Z k405
j=0 =2

7 =2akj+1 for j > 1,

k40 =0k;j+¢+1 forj=0and 1 <€<kjp —k; — 1.

From the preceding equations we derive the equality

o
1= (ki + Dar + Y _(kj —kj1 — Doy,

j=2
o0 oo
kj—kj_1—1 k;
= a ((k1 +D+) %) = ) o5 (5.4)
j=2 j=1

It turns out that either the series ) k; 27/ converges, hence the solution of (4.11) is unique
and the odometer (/Cg, 7) is uniquely ergodic, or it diverges, hence (4.11) has no solution
and the odometer does not have any invariant probability measure.

By induction on j, the construction given in (5.3) yields

j—1
. k;
Gi, =k +2/7! Zz—§+1. (5.5)

i=1

Assume now that the series ¢ = Zloil k;27i~1 converges. Then (5.5) shows that Gy, ~
¢2J. For t > 1, the sums arising from condition (4.34) become

o0 1 n—t o0 1
Z aZ“kin?Z G—i[[vj': i #k;+1]. (5.6)
i=n+1 k=0 i=n+1

Clearly, the series ) ; (1/G;)[forall j : i # k; + 1] converges if, and only if, the series
>; (1/G;) converges. Furthermore, using G, ~ c2/, we get

k;
Lo kj—kj kj

—:O —] J >:O<_] >1 57
2. G ( G G (57)

i=kj71+]

hence the convergence of ), 1/G;.

In this example, Theorem 3 gives the unique ergodicity in all cases where it holds.
Notice that (i) in Proposition 1 is equivalent to the fact that the sequence (k; — k;j_1); is
bounded, which is much stronger than the convergence of ) ;2 k2t
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Example 8. The scale G is constructed as follows. Let2 = k; < kp < - - - be an increasing
sequence of integers. We define

G =2=2Gy,
G, =5=2G| + Gy, (5.8)
Gn1=G,+Gj+Go forkj<nm<kjyrandj>1.

The corresponding greedy recurrence coefficients given by (2.2) are

ap,1 =2,

ap.n =1 forn > 2,

ajp=2,

arove =1 forl1 <€ <ky—2,
ajj+1=aji+¢=1 forj>2, and 1 <L<kjy —kj,
aim =0 otherwise.

We obtain the following equations for the o:

l=ap =201+ o (5.9)
i>2
ko
o =2a2+Za,~, (5.10)
i=3
kjy1
wj=ajt+ Y @ (j=2). (5.11)
i=kj+l

Note that for i > 1, a; ; = 0 for all but finitely many j; hence condition (4.27) is satisfied
fork > 1.
We now consider the system of equations given by (5.10) and (5.11) and replace o by
—1 fork >2and setog =1,
ka—1
1=&0=2a1+2&,», (5.12)
i=2
kjya—1
F=d+ Y @ (=D. (5.13)
i=kji
This gives the system of equations for the invariant measures of the odometer defined by
the scale (G,) given by

51222250,
5n+1:6n+6j—1 forkj —1<n<kjrg—1landj>1.

Then we can apply Theorem 2 to the scale (5,,),, to obtain a non-zero solution () of
the equations (5.12) and (5.13), since all series (4.27) are finite, and hence convergent.
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We now observe that the equations (5.12) and (5.13) show that the sequence (arg)y is
strictly decreasing, thus convergent. Summing equation (5.13) for 1 < j < m gives

Letting m tend to oo shows the convergence of the series

o
>
i=ky
and lim,, @,,, = 0. We now set

oo
Go=2+ ) .
i=1

Then ~
o
o = 7 fori >0

o

gives a solution of the equations (5.9), (5.10), and (5.11). Therefore we can claim that
any choice of the sequence (k;); in (5.8) yields an odometer with at least one invariant
probability measure.

However, the divergence of the harmonic series ensures that we can choose the sequence
(k;); such that Zf’: +klj +1 1/Gi =1 forall j (notice that the sequence (G,), is piecewise
linear). Then the series Y j (ao,j/ G j) diverges, which gives an example of an odometer
with invariant measure for which the assumptions of Theorem 2 are not fulfilled.

Example 9. The scale G is constructed as follows. We construct an increasing sequence
of integers 0 = ko < k; <kp < ---. We take k| arbitrary and define G, for 1 <m < k;
arbitrary as well. For a while, we consider the values of k; to be indeterminate if j > 2.
For m > Gy, that is for j > 1 below, the scale is defined piecewise by
Gij+e41 = Gijpe + Gi;, for0<l<kjp —k; — 1.
The corresponding greedy recurrence coefficients given by (2.2) are
akj+ekj+e+1 =1 forO<E€<kjpr—kj—landj>1,
akj—lskj+e+1=1 forO0<e<kjp1 —k;j—1landj>1,

aim=0 otherwise and if m > k.

According to (4.11), we obtain the following recursions for o:

K k
l=0oy = Z ag,m®m + Z 0778
m=1 m=ki+1

ki
aj = Z ajmoyy, forl<j<k —1,
m=j+1
kjro—kjp1—1
;=41 + Z ok +e+1 forj =1,
=0
Ok ;0 = Ok 4041 forl1 <¢ gij —kj —landj > 1.

ok
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These equations transform into

ki

1= aomom + (ka — k1) g, (5.14)

m=1

1
Y ajmem for1<j<ki—1, (5.15)

m=j+1

k0 = Qkjy for1<€<kjr1—kj—1land j>1, (5.16)
O; =041 + (kj+2 —kjt1) k)4 for j > 1. (5.17)

The equations (5.15) form a triangular system. Therefore, we can express o (1 < j < k)
linearly in o, . Hence, we obtain

aj = Ajag, for1 <j<k —1,

1 = co, + (ko — ki) o,

Ol 40 = Ok j+e+1 for1<€<kjr1—kj—1land j > 1,
ok, = k1 + (kjp2 —kjy1) ax,, forj =1

where the A; and ¢ are explicit positive constants depending on the greedy recurrence
coefficients ay , for 0 <m < k < ky. Therefore, setting u; = o and Mj =kj —kj_1,
the previous system reduces to

1=cu; + Mauy, (5.18)

uj=ujy1 +Mjpujp forj>1.
Clearly, if one fixes the value of up, then all the u; are determined. The solution is
acceptable if and only if all values u; are positive. An easy induction shows that
(=D"

Up = m(Pn(M3, e My1) — Ou(Ma, ..., My_1)uy),

where P, and Q, are polynomials with non-negative coefficients in the indicated variables
satisfying
Pop1 =Py +MPy,y and Quy1 =04+ MyQu-1.

The conditions that all u,, have to be positive translates to the inequalities

P: P
foralln > 1: 2l <up < 2”.
O2n+1 Oon
We choose M> > 1. Then we choose two sequences (a,), and (b,), with the properties
1 .
=ay <az=a4 <d4s---<dyp—1 = A < aA2p+1 <11mam = <,3
c+ M,
a<pB=limby, <---<byy1=by <byy_1---<b3=by<by=-
Note that

1 P3 P> 1
=—<a3<by<—=-.
c+ M, Q3 0y ¢
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Assume now that M», ..., M, _1 have been chosen such that the inequalities

P P
r S
— <ar <b; < —

r N

are satisfied for all odd r and even s with » < n and s < n. Notice that on R, the function
t— (P, +1tP,_1)/(Q, + t0y—1) is increasing if n is odd and decreasing if n is even.
Then for even n we choose M,, so that
Pn+1 _ Py, +M,P,
Qn+l - Qn + M, Qn—l
which is possible, since the limit for M, — oo of the quotient equals P,_1/Q0,—1 <
ay—1 < au41; for odd n we choose M,, so that
Poy1 Py +MyPyy
Qn+l - Qn + M, Qn—l
which is possible, since the limit for M, — oo of the quotient equals P,_1/Q0,—1 >

bn—1 > by41. Given a sequence of positive integers (M, ), as constructed above (and
therefore the sequence (k) ), all values (uy), are positive, if

Pot1 P )
“ €O<Q2n+l’ Q2n D[a’ IB]

Since every such value of # yields an invariant measure, we have infinitely many invariant
measures. There are exactly two ergodic invariant measures, corresponding to the extremal
values of u;.

< dap+1,

> b1,
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